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HOMOGENEOUS EQUATION BETWEEN BANACH A-MODULES

ALI BAHRAINI, GHOLAMREZA ASKARI

Abstract. Using fixed point methods, we prove the stability of the homoge-
neous functional equation of degree k between Banach A- Modules.

1. Introduction

The functional equation f(ax) = akf(x) (where k is a fixed real constant) is
called the homogeneous functional equation of degree k. In the case when k = 1
in the above equation, the equation is simply called the homogeneous functional
equation. In Section 5.1 [13] the Hyers-Ulam-Rassias stability of the homogeneous
functional equation of degree k between real Banach algebras will be proved in
the case when k is a positive integer. It will especially be proved that every ap-
proximately homogeneous function of degree k is a real homogeneous function of
degree k. Section 5.2 [13] deals with the superstability property of the homogeneous
equation on a restricted domain and an asymptotic behavior of the homogeneous
functions. The stability problem of the equation between vector spaces will be dis-
cussed in Section 5.3 [13]. Let E be a real commutative Banach algebra with the
following additional properties:
(i) ‖xy‖ = ‖x‖‖y‖ for every x, y ∈ E,
(ii) E contains an identity e 6= 0 such that ex = xe = x for each x ∈ E,
(iii) (E, .) is a group.

It then follows from (i) and (ii) that ‖e‖ = 1. We will write x2, x3, ... instead of
x·x, (x·x)·x, .... By x−1 we will denote the multiplicative inverse of x. Analogously,
we write x−2, x−3, ... instead x−1 · x−1, (x−1 · x−1) · x−1, .... It is obvious that
‖x−n‖ = ‖x‖−n for any n ∈ N. Let k be a fixed positive integer. The equation

f(yx) = ykf(x) (1.1)

is said to be the homogeneous functional equation of degree k. Every solution of
the homogeneous functional equation of degree k is called a homogeneous function
of degree k. In the case of k = 1 in the above equation, the corresponding equation
is simply called the homogeneous functional equation and each solution of the
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homogeneous functional equation is called a homogeneous function. It is well-
known that every homogeneous function f : [0,∞) → R of degree k is of the form
f(x) = cxk where c is a real constant [5]. Let ϕ : E → [0,∞) be a function such
that

Φz(x) =

∞∑
j=0

‖z‖−(j+1)kϕ(zjx, z) <∞

or

Φ̃z(x) =

∞∑
j=0

‖z‖jkϕ(z−(j+1)kx, z) <∞

for some z ∈ E with ‖z‖ > 1 and for all x ∈ E. Moreover, we assume that,{
Φz(wnx) = o(‖w‖nk) as n→∞(for Φz(x) <∞)

Φ̃z(wnx) = o(‖w‖nk) as n→∞(for Φ̃z(x) <∞)

for some w ∈ E and for all x ∈ E.
S. M. Jung [13] proved the following theorem concerning the Hyers-Ulam- Rassias

stability of the homogeneous functional equation of degree k.

Theorem 1.1. Let E be a real commutative Banach algebra with properties (i),
(ii) and (iii). If a function f : E → E satisfies f(0) = 0,

‖f(yx)− ykf(x)‖ ≤ ϕ(x, y)

and {
ϕ(znx, y) = o(‖f(znx)‖) as n→∞ (for Φz(x) <∞)

ϕ(z−nx, y) = o(‖f(z−nx)‖) as n→∞ (for Φ̃z(x) <∞)

for all x, y ∈ E\{0}, then there exists a unique homogeneous function H : E → E
of degree k such that,

‖f(x)−H(x)‖ ≤
{

Φz(x) (for Φz(x) <∞)

Φ̃z(x) (for Φ̃z(x) <∞)

for all x ∈ E.

For more details about the result concerning such problems, we refer the reader
to ([1], [6]-[15]).

In particular, Diaz and Margolis [16] presented set the following definition and
fixed point theorem in a generalized complete metric space.

Theorem 1.2. (The Alternative of Fixed Point) Suppose that we are given a
complete generalized metric space (X,m) and a strictly contractive mapping T :
X −→ X with Lipschitz constant L. Then, for each given element x ∈ X, either
m(Tnx, Tn+1x) = +∞ for all nonnegative integers n or there exists a positive in-
teger n0 such that m(Tnx, Tn+1x) < +∞ for all n ≥ n0. If the second alternative
holds, then
? The sequence (Tnx) is convergent to a fixed point y∗ of T ;
? y∗ is the unique fixed point of T in the set Y = {y ∈ X,m(Tn0x, y) < +∞};
? m(y, y∗) ≤ 1

1−Lm(y, Ty) , y ∈ Y .
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In 2003 Cadariu and Radu applied the fixed point method to the investigation of
the Jensen functional equation [2]. They could present a short and a simple proof
( different of the ” direct method ”, initiated by Hyers in 1941 ) for the general-
ized Hyers-Ulam stability of Jensen functional equation [2] for Cauchy functional
equation [4] and for quadratic functional equation [3]. Using such an elegant idea,
several authors applied the method to investigate the stability of some functional
equations (see [17]-[23]).

In this paper, we establish the Hyers-Ulam-Rassias stability of the homogeneous
functional equation of degree k on Banach A- Modules via fixed point methods for
the functional equation (1.1).

2. Main results

Let A be a real commutative Banach algebra and M be a Banach A- Module
with properties:
(i) ‖ax‖ = ‖a‖‖x‖ for every a ∈ A and x ∈M,
(ii) A contains an identity e 6= 0 such that ex = xe = x for each x ∈ A,
(iii) (A\{0}, .) is a group.
It then follows from (i) and (ii) that ‖e‖ = 1. We will write a2, a3, ...instead of
a ·a, (a ·a) ·a, .... By a−1 we will denote the multiplicative inverse of a. Analogously,
we write a−2, a−3, ... instead a−1 · a−1, (a−1 · a−1) · a−1, .... It is obvious that
‖a−n‖ = ‖a‖−n for any n ∈ N.

Let ϕ :M×A→ [0,∞) be a function such that,

Φz(x) =

∞∑
j=0

‖z‖−(j+1)kϕ(zjx, z) <∞ (2.1)

or

Φ̃z(x) =

∞∑
j=0

‖z‖jkϕ(z−(j+1)kx, z) <∞ (2.2)

for some z ∈ A with ‖z‖ > 1 and for all x ∈M. Moreover, we assume that,{
Φz(wnx) = o(‖w‖nk) as n→∞(for Φz(x) <∞)

Φ̃z(wnx) = o(‖w‖nk) as n→∞(for Φ̃z(x) <∞)
(2.3)

for some w ∈ A and for all x ∈M.

Theorem 2.1. Let A be a real commutative Banach algebra and M be a Banach
A- Module with properties (i), (ii) and (iii). If a function f : M → M satisfies
f(0) = 0,

‖f(ax)− akf(x)‖ ≤ ϕ(x, a) (2.4)

and {
ϕ(znx, a) = o(‖f(znx)‖) as n→∞(for Φz(x) <∞)

ϕ(z−nx, a) = o(‖f(z−nx)‖) as n→∞(for Φ̃z(x) <∞)
(2.5)

for all a ∈ A\{0} and x ∈ M, then there exists a unique homogeneous function
H :M→M of degree k such that,

‖f(x)−H(x)‖ ≤
{

Φz(x) (for Φz(x) <∞)

Φ̃z(x) (for Φ̃z(x) <∞)
(2.6)

for all x ∈ E.
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Proof. We define the set

X := {g| g :M→M, g(0) = 0}

and introduce a generalized metric d : X2 → [0,∞] by

d(f, g) = sup
x∈ M

‖f(x)− g(x)‖.

We know that (X, d) is complete.
Now, we define an operator Λ : X → X by,

(Λg)(x) = z−kg(zx) (x ∈ M).

By using induction on n we have,

(Λng)(x) = z−nkg(znx) (x ∈ M)

where z ∈ A fixed and ‖z‖ > 1.
First, we consider the case when Φz(x) < ∞ for some z ∈ A with ‖z‖ > 1 and

x ∈M. We have,

‖(Λg)(x)−(Λh)(x)‖ = ‖z−kg(zx)−z−kh(zx)‖ = ‖z‖−k‖g(zx)−h(zx)‖ ≤ ‖z‖−kd(g, h).

Which implies that,

d(Λg,Λh) ≤ ‖z‖−kd(g, h).

Furthermore,

d(f,Λf) = sup
x∈M

‖f(x)− (Λf)(x)‖ = sup
x∈ M

‖f(x)− z−kf(zx)‖

= ‖z‖−k sup
x∈M

‖zkf(x)− f(zx)‖ ≤ ‖z‖−kϕ(x, z) <∞.

According to Theorem 1.2 there exists a function H : M → M which is a fixed
point of Λ, i.e., Λ(H) = H. In addition, H is uniquely determined in the set:

X∗ = {g ∈ X; d(f, g) <∞}.

Moreover, due to Theorem 1.2 we see that,

d(Λnf,H)→ 0 as n→∞ (2.7)

and

H(x) = lim
n→∞

(Λnf)(x) = lim
n→∞

z−nkf(znx)

for some z ∈ A with ‖z‖ > 1 and x ∈M. We have, H(x) = (ΛH)(x) = z−kH(zx),
as well as,

H(zx) = zkH(x) (2.8)

for some z ∈ A with ‖z‖ > 1 and x ∈ M. Using the triangle inequality, we now
deduce

d(f,Λnf) ≤
n−1∑
j=0

d(Λjf,Λj+1f)

=

n−1∑
j=0

d(z−jkf(zjx), z−(j+1)kf(z(j+1)x))

≤
n−1∑
j=0

sup
x∈M

‖z−jkf(zjx)− z−(j+1)kf(z(j+1)x)‖
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=

n−1∑
j=0

‖z‖−jk sup
x∈M

‖f(zjx)− z−kf(z · zjx)‖

≤
n−1∑
j=0

‖z‖−(j+1)kϕ(zjx, z) ≤ Φz(x).

Hence, the validity of the first inequality in (2.6) easily follows from the (2.7) and
the triangle inequality. Suppose a ∈ A\{0} and x ∈M are given. It is obvious that
a ∈ A is unbounded. Hence, there exists η ∈ A such that ‖η‖ > 1 and ‖ηa‖ > 1.
By (2.8) we have,

H(ax) = η−kηkH(ax) = η−kH((ηa)x) = η−k(ηa)kH(x) = akH(x).

In addition, it is not difficult to show that H(0) = 0. Hence, we conclude that
H(ax) = akH(x) for all a ∈ A and x ∈M.

Furthermore, let H ′ : M → M be another homogeneous function of degree k
satisfying (2.6). By using (2.3) and (2.6), we get,

‖H(x)−H ′(x)‖ = ‖w−nkH(wnx)− w−nkH ′(wnx)‖

= ‖w‖−nk‖H(wnx)−H ′(wnx)‖

≤ 2‖w‖−nkΦz(wnx)→ 0 as n→∞
Hence, we conclude that H(x) = H ′(x) for all x ∈M.

Now, we consider the case of Φ̃z(x) < ∞ for some z ∈ A with ‖z‖ < 1 and for
x ∈M. We define an operator Λ : X → X by,

(Λg)(x) = zkg(z−1x) (x ∈ M).

By using induction on n we have,

(Λng)(x) = znkg(z−nx).

where z ∈ A fixed and ‖z‖ < 1. We have,

‖(Λg)(x)−(Λh)(x)‖ = ‖zkg(z−1x)−zkh(z−1x)‖ = ‖z‖k‖g(z−1x)−h(z−1x)‖ ≤ ‖z‖kd(g, h).

Which implies that,

d(Λg,Λh) ≤ ‖z‖kd(g, h).

Furthermore,

d(f,Λf) = sup
x∈M

‖f(x)− (Λf)(x)‖ = sup
x∈M

‖f(x)− zkf(z−1x)‖

= ‖z‖k sup
x∈M

‖(z−1)kf(x)− f(z−1x)‖ ≤ ‖z‖kϕ(x, z−1) <∞.

According to Theorem 1.2 there exists a function H : M → M which is a fixed
point of Λ, i.e., Λ(H) = H. In addition, H is uniquely determined in the set

X∗ = {g ∈ X; d(f, g) <∞}.

Moreover, due to Theorem 1.2 we see that,

d(Λnf,H)→ 0 as n→∞ (2.9)

and

H(x) = lim
n→∞

(Λnf)(x) = lim
n→∞

znkf(z−nx)
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for some z ∈ A with ‖z‖ < 1 and x ∈ M. We have, H(xz) = (ΛH)(xz) =
zkH(z−1xz) = zkH(x), as well as,

H(zx) = zkH(x) (2.10)

for some z ∈ A with ‖z‖ < 1 and x ∈ M. Using the triangle inequality, we now
deduce

d(f,Λnf) ≤
n−1∑
j=0

d(Λjf,Λj+1f)

=

n−1∑
j=0

d(zjkf(z−jx), z(j+1)kf(z−(j+1)x))

≤
n−1∑
j=0

sup
x∈M

‖zjkf(z−jx)− z(j+1)kf(z−(j+1)x)‖

=

n−1∑
j=0

‖z‖jk sup
x∈M

‖f(z−jx)− zkf(z−(j+1)x)‖

=

n−1∑
j=0

‖z‖jk sup
x∈M

‖f(z · z−(j+1)x)− zkf(z−(j+1)x)‖

≤
n−1∑
j=0

‖z‖jkϕ(z−(j+)x, z) ≤ Φ̃z(x)

Hence, the validity of the second inequality in (2.6) easily follows from the (2.9)
and the triangle inequality. Suppose a ∈ A and x ∈ M are given. There exists
η ∈ A such that ‖η‖ < 1 and ‖ηa‖ < 1, (i.e.,η = e

‖a‖+1 ). By (2.10) we have,

H(ax) = η−kηkH(ax) = η−kH((ηa)x) = η−k(ηa)kH(x) = akH(x).

Hence, we conclude that H(ax) = akH(x) for all a ∈ A and x ∈M.
Furthermore, let H ′ : M → M be another homogeneous function of degree k

satisfying (2.6). By using (2.3) and (2.6), we get,

‖H(x)−H ′(x)‖ = ‖wnkH(w−nx)− wnkH ′(w−nx)‖

= ‖w′‖−nk‖H((w′)nx)−H ′((w′)nx)‖

≤ 2‖w′‖−nkΦ̃z((w′)nx)→ 0 as n→∞.

Hence, we conclude that H(x) = H ′(x) for all x ∈M. �
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