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ϕ-CONTRACTIVE MAPPINGS ON GENERALIZED

PROBABILISTIC METRIC SPACES

RASHID ALI, SAMINA BATUL, MUHAMMAD RAFIQUE, DUR-E-SHEHWAR

Abstract. In this paper we use a specific function to investigate a new con-
traction in generalized probabilistic metric spaces. In this way, we establish

certain fixed point theorems in recently introduced concept of generalized prob-

abilistic metric spaces. Our result generalize/extend the existing results in
literature.

1. Introduction

In 1942, Menger [12] proposed a probabilistic generalization of metric spaces
called Menger probabilistic metric spaces (briefly, Menger PM-space). The idea
behind was to replace the nonnegative real values of a metric by the values obtain
by a distribution function. The structure was further investigated by Schweizer and
Sklar [16]. Since then, many authors have considered the development of fixed point
theory in PM-spaces and its applications. For instance, see the work presented in
[3, 5, 6, 9, 10, 11, 13] and the references therein.

On the other hand, many authors are working on the generalization of the con-
cept of a metric space; see, for instance [7, 8, 19]. One scuh concept is the new class
of generalized metric spaces (known as G-metric spaces) introduced by Mustafa
and Sims [14] in 2006. The authors proved that the notion of G-metric space
generalizes the notion of a standard metric space. Later on many authors (see
[1, 2, 4, 15, 17, 18]) studied generalized metric spaces and proved some interesting
fixed point theorems for various mappings defined on G-metric spaces.

Recently, Zhou et al. [20] introduce the notion of a generalized probabilistic met-
ric space and proved some fixed point theorems as the probabilistic analogue of the
corresponding results in metric spaces and G-metric spaces. The objective of this
research is to further extend the theory of fixed point of mappings in probabilistic
G-metric spaces by introducing a new contraction on such spaces.
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2. Preliminaries

From now on, by R we mean the set of all real numbers, R+ will be used for
the set of nonnegative real numbers, and R∗ = R ∪ {−∞,+∞}. The notion of a
G-metric is defined in [14] as given below.

Definition 2.1. Let X be a nonempty set and G : X ×X ×X → R+ be a function
satisfying the following conditions:

GM1: G(x, y, z) = 0 when z = y = x for all x, y, z ∈ X;
GM2: 0 < G(x, x, y) for all x, y ∈ X and y 6= x;
GM3: G(x, x, y) ≤ G(x, y, z) for all x, y, z ∈ X and z 6= y ;
GM4: G(x, y, z) = G(x, z, y) = G(y, z, x) = · · · for all x, y, z ∈ X (symmetry in

all three variables);
GM5: G(x, y, z) ≤ G(x, a, a) +G(a, y, z) for all a, x, y, z ∈ X.

Then G is called a generalized metric (G-metric) on X and the pair (X,G) is called
a G-metric space.

For examples and some interesting results in G-metric spaces we refer to [2, 4,
14, 17, 18].

Recall that a distribution function is a mapping F : R∗ −→ [0, 1] such that F
is left continuous and non-decreasing on R with F (−∞) = 0 and F (+∞) = 1. We
shall denote L the set of all distribution functions and H will always denote the
specific distribution function defined by

H(x) =

{
0 ifx ≤ 0

1 ifx > 0
(2.1)

This function is also called Heaviside function.

Definition 2.2. A binary operation T : [0, 1] × [0, 1] → [0, 1] is called a continu-
ous triangular norm (t-norm for short) if for all x, y, z, w ∈ [0, 1] it satisfies the
following properties:

T1: T (x, y) = T (y, x) (commutative);
T2: T (x, T (y, z)) = T (T (x, y), z) (associativity);
T3: T is continuous;
T4: T (x, 1) = x (boundary condition)
T5: T (x, y) ≤ T (z, w) whenever x ≤ z and y ≤ w.

Some well known examples of continuous t-norms are Tmin(x, y) = min{x, y}
and Tp(x, y) = xy for all x, y ∈ [0, 1]. From the above definition of a continuous
t-norm T it follows that T (x, y) ≤ min(x, y) for all x, y ∈ [0, 1].

3. Generalized Probabilistic Metric Spaces

The probabilistic version of Definition 2.1 of a G-metric is introduced in [20] as
follows:

Definition 3.1. Let X be a nonempty, T be a continuous t-norm and G∗ be map-
ping from X × X × X into L. That is, for each x, y, z ∈ X, G∗(x, y, z) is a
distribution function denoted by G∗x,y,z. The triple (X,G∗, T ) is called a Menger
probabilistic G-metric space (shortly PGM-space) if for x, y, z, a ∈ X, G∗ satisfies
the following conditions:

PGM1: G∗x,y,z(t) = 1 and t > 0 if and only if x = y = z;
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PGM2: G∗x,x,y(t) ≤ G∗x,y,z(t) with z 6= y and t > 0;
PGM3: G∗x,y,z(t) = G∗x,z,y(t) = G∗y,x,z(t) = · · · (symmetric in all 3 variables);
PGM4: G∗x,y,z(t+ s) ≥ T (G∗x,a,a(t), G∗a,y,z(s)) for all s, t ≥ 0.

Example 3.1. Let (X,G) be a G-metric space. For any t > 0 define G∗ : X×X×
X → L by

G∗x,y,z(t) =

H(t) if x = y = z

f(
t

G(x, y, z)
) otherwise

where H is as defined in (2.1) and f is the distribution function given by

f(t) =

{
0 if t = 0

1− et if t > 0.

Taking the t-norm T = Tmin, one can show that the triple (X,G∗, T ) is a proba-
bilistic G-metric space.

If (X,G∗, T ) is a Menger PGM-space with a continuous t-norm then it also a
Hausdorff space in the topology induced by the family of all (ε, δ)-neighbourhoods
Nx0(ε, δ) of x0 ∈ X given as

Nx0
(ε, δ) = {x ∈ X : G∗x0,x,x(ε) > 1− δ, G∗x,x0,x0

(ε) > 1− δ.

For further details and examples of PGM spaces we refer to [20] where it is also
proved that the notion of a PGM-space is the generalization of the idea of a Menger
PM-space. The following definitions will be used in our main results.

Definition 3.2. Let (X,G∗, T ) be a PGM-space.

(1) A sequence {xn} in X is said to be convergent to a point x ∈ X if for every
ε > 0 and 0 < δ < 1, there exist a positive integer Mε,δ such that

G∗x,xn,xn
(ε) > 1− δ and G∗xn,x,x(ε) > 1− δ whenever n > Mε,δ.

We then write xn −→ x as n −→∞.
(2) A sequence {xn} in X is said to be a Cauchy sequence in X if for every

ε > 0 and 0 < δ < 1, there exist a positive integer Mε,δ such that

G∗xn,xm,x`
(ε) > 1− δ whenever n,m, ` > Mε,δ.

(3) A PGM-space (X,G∗, T ) is said to be complete if every Cauchy sequence
in X converges to a point in X.

Choudhoury and Das [6] established a fixed point result for ϕ-contractive map-
pings in Menger PM-spaces where ϕ is a kind of an altering distance function in
the context of Menger space. In fact, they use the function ϕ as per the following
definition.

Definition 3.3. A function ϕ : R → R+ is said to satisfy the condition ∗ if it
satisfies the following conditions:

i) ϕ(t) = 0 if and only if t = 0.
ii) ϕ(t) is increasing and ϕ(t)→∞ as t→∞.

iii) ϕ is left continuous in (0,∞).
iv) ϕ is continuous at 0.
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4. Main Result

In this section we prove our main theorems for PGM-spaces. First using Defini-
tion 3.3 we define the notion of ϕ-contractive mapping in a PGM-space as follows:

Definition 4.1. Let (X,G∗, T ) be a PGM-space. A self mapping f : X → X is
said to be ϕ-contracative if there is c ∈ (0, 1) such that

G∗fx,fy,fz (ϕ(t)) ≥ G∗x,y,z
(
ϕ

(
t

c

))
where x, y, z ∈ X and t > 0 and ϕ satisfies Condition ∗.

Our next theorem is the PGM-analogue of Theorem 2.1 in [6].

Theorem 4.1. Let (X,G∗, T ) be a complete PGM-space and g : X → X be a ϕ-
contractive. For a fixed x0 ∈ X consider the iterative sequence {xn} in X given
by

xn = gxn−1 where n = 1, 2, 3, . . . (4.1)

If the sequence {xn} is convergent in X then it will converge to a unique fixed point
of g.

Proof. From the conditions given in Definition 3.3, one can find a positive number
β for any α > 0 such that α > ϕ(β).

So, for any α > 0 we will have

G∗xn,xn+1,xn+1
(α) ≥ G∗xn,xn+1,xn+1

(ϕ(β))

Using (4.1) we get

G∗xn,xn+1,xn+1
(α) ≥ G∗gxn−1

,gxn ,gxn
(ϕ(β)),

and since g is ϕ-contractive, there is c ∈ (0, 1) such that

G∗xn,xn+1,xn+1
(α) ≥ G∗xn−1,xn,xn

(ϕ(
β

c
)).

Continuously applying (4.1) and using the fact that g is ϕ-contractive we will get

G∗xn,xn+1,xn+1
(α) ≥ G∗x0,x1,x1

(ϕ(
β

cn
)).

Applying n→∞, we will have

G∗xn,xn+1,xn+1
(α)→ 1 as n→∞.

As it is given that {xn} is a convergent sequence, so there is u ∈ X such that

xn → u as n→∞.
We claim that u is, in fact, the only fixed point of g. From the condition ∗ of ϕ it
follows that for given δ > 0, there exist δ1 > such that

δ > ϕ(δ1) > 0.

Writing δ = ϕ(δ1) + δ − ϕ(δ1) and using PGM4 of Definition 3.1 we have for all
n ∈ N

G∗gu,u,u(δ) ≥ T (G∗gu,xn,xn
(ϕ(δ1)), G∗xn,u,u(δ − ϕ(δ1)))

= T (G∗gu,gxn−1,gxn−1
(ϕ(δ1)), G∗xn,u,u(δ − ϕ(δ1)))

≥ T

(
G∗u,xn−1,xn−1

(
ϕ

(
δ1
c

))
, G∗xn,u,u(δ − ϕ (δ1))

)
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As T is continuous t-norm and xn → u as n → ∞, letting n → ∞ in the above
inequality we get

G∗u,xn−1,xn−1

(
ϕ

(
δ1
a

))
→ 1 and G∗xn,u,u (δ − ϕ (δ1))→ 1.

Which in turn implies that for for all δ > 0, G∗gu,u,u(δ) = 1. That is gu = u.
To show that u is the unique fixed point of g, we proceed as follows:
Let us suppose that u1 and u2 are two fixed points g . As before, for every δ > 0

we can choose a δ1 > 0 such that δ > ϕ(δ1). Then

G∗u1,u2,u2
(δ) ≥ G∗gu1

,gu2
,gu2

(δ)

≥ G∗gu1
,gu2

,gu2
(ϕ(δ1))

≥ G∗u1,u2,u2
(ϕ(

δ1
c

))

= G∗gu1
,gu2

,gu2
(ϕ(

δ1
c

))

≥ G∗u1,u2,u2
(ϕ(

δ1
c2

)).

Continuing the process, we see that for any δ > 0,

G∗u1,u2,u2
(δ) ≥ G∗u1,u2,u2

(ϕ(
δ1
cn

))→ 1 as n→∞.

Hence u1 = u2. �

In the following, we extend Theorem 2.2 [6] for PGM-spaces.

Theorem 4.2. Let (X,G∗, Tm) be a complete PGM-space equipped with the con-
tinuous t-norm Tmin, defined by Tmin(a, b) = min(a, b). Let g : X → X be a ϕ-
contractive. Then g has a unique fixed point in X.

Proof. For a point x0 ∈ X, we start by generating a sequence {xn} through iterative
process given by

xn = gxn−1 where n = 1, 2, 3, . . . .

We claim that {xn} is a Cauchy sequence in X. To prove our claim, suppose on
contrary that {xn} is not a Cauchy sequence. By Definition 3.2, we can find δ > 0
and 0 < λ∗ < 1 such that for every number k′ ∈ N there are some positive integers
`(k′),m(k′), n(k′) ≥ k′ such that

G∗x`(k′),xm(k′),xn(k′)
(δ) < 1− λ∗. (4.2)

We may select `(k′) < m(k′) < n(k′) such that m(k′) is the smallest integer cor-
responding to `(k′) and n(k′) is the smallest integer corresponding to both `(k′)
and m(k′) satisfying Inequality (4.2). It follows that with such selection of integers
there exist δ > 0, 0 < λ∗ < 1 and increasing sequences {n(k′)} , {m(k′)}, and
{`(k′)} of integers satisfying the following inequalities:

n(k′) > m(k′) > `(k′),

G∗x`(k′),xm(k′)−1,xn(k′)−1
(δ) ≥ 1− λ∗ (4.3)

and
G∗x`(k′),xm(k′),xn(k′)

(δ) < 1− λ∗ (4.4)
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Because of our assumption that the sequence is not a Cauchy sequence, with the
above construction we can find a point xn(k′) in the sequence with n(k′) > m(k′) >
`(k′) that lies outside the set {z : G∗x`(k′),xm(k′),z

(δ) ≥ 1 − λ∗} but its immediate

predecessor xn(k′)−1 falls inside it.
As for all u ∈ X, λ∗ > 0 and 0 < δ1 < δ2 the set {x : G∗x,u,u(δ1) ≥ 1 − λ∗} is

contained in the set {x : G∗x,u,u(δ2) ≥ 1− λ∗}, it follows that with every possibility
of the above construction for δ > 0, and 0 < λ∗ < 1, it will also be possible to
construct {n(k′)}, {m(k′)} and {`(k′)} satisfying the inequalities (4.3) and (4.4)
corresponding to δ′ > 0 and 0 < λ∗ < 1, whenever δ′ < δ. Now by the condition ∗
for the function ϕ, we can find a δ′ > 0 for a give δ > 0 such that δ > ϕ(δ′).

In the light of the above discussion and the Condition ∗ of the function ϕ, we
choose a δ in (4.3), (4.4) such that δ = ϕ(δ1) for some δ1 > 0 such that

ϕ(
δ1
c

) > ϕ(δ1).

We get, from (4.3) and (4.4) that

G∗x`(k′),xm(k′)−1,xn(k′)−1
(ϕ (δ1)) ≥ 1− λ∗

whereas

G∗x`(k′),xm(k′),xn(k′)
(ϕ (δ1)) < 1− λ∗. (4.5)

Since g is ϕ-contractive, this leads to

1− λ∗ > G∗x`(k′),xm(k′),xn(k′)
(ϕ (δ1))

= G∗gx`(k′)−1,gxm(k′)−1,gxn(k′)−1
(ϕ (δ1))

≥ G∗x`(k′)−1,xm(k′)−1,xn(k′)−1

(
ϕ

(
δ1
c

))
.

Now choose a positive real number µ such that µ < ϕ( δ1a ) − φ(δ1). With this

choice we can rewrite the inequality as ϕ( δ1c )− µ > ϕ(δ1).
Keeping in mind Theorem 4.1 we can choose k′ large enough to satisfy

G∗x`(k′),x`(k′),x`(k′)−1
(µ) > 1− λ1

for a given 0 < λ1 < λ∗ < 1. Together from (4.3), (4.5), the above inequality and
the choice of µ and k′ we get

1− λ∗ > G∗x`(k′)−1,xm(k′)−1,xn(k′)−1

(
ϕ

(
δ1
c

))
= G∗x`(k′)−1,xm(k′)−1,xn(k′)−1

((
ϕ

(
δ1
c

)
− µ

)
+ µ

)
≥ Tmin

(
G∗x`(k′),xm(k′)−1,xn(k′)−1

(
ϕ

(
δ1
c

)
− µ

)
, G∗x`(k′)−1,x`(k′),x`(k′)

(µ)

)
≥ Tmin

(
G∗x`(k′),xm(k′)−1,xn(k′)−1

(ϕ (δ1)) , G∗x`(k′)−1,x`(k′),x`(k′)
(µ)
)

≥ Tmin (1− λ∗, 1− λ1)

= 1− λ∗.
This resulted in a contradiction and so {xn} is a Cauchy sequence. Now the proof
follows immediately as an application of Theorem 4.1.

�
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Remark. Since every PGM-space is also Menger PM-space [20], the main results
in [6] become the special cases of Theorem 4.1 and Theorem 4.2.

5. Conclusion

Motivated by the theory of fixed points for mappings in G-metric spaces, the
current research is devoted to the study of a class of contractive mappings in prob-
abilistic generalized metric spaces. Our results generalize the main results in [6]
and extend the theory of fixed points for mappings on probabilistic G-metric spaces.
The study of G-metric spaces seems to be interesting for applied mathematics and
for further studies, one can establish a probabilistic analogue of the results pre-
sented in [2, 4, 17, 18]. Further, our main Theorem 4.2 holds only for a specific
t-norm, namely, T = Tmin and validity of the theorem for other t-norms is still an
open problem.
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