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ATTRACTIVE POINTS AND THE VISCOSITY ITERATIVE

ALGORITHM FOR THE IMPLICIT MIDPOINT RULE

MOHAMMAD FARID, SYED SHAKAIB IRFAN, MOHAMMAD FIRDOSH KHAN

Abstract. In this paper, we introduce a viscosity implicit midpoint rule to
approximate the solution of an attractive fixed point problem for a nonexpan-

sive mapping in a real Hilbert space. Further, we obtain a weak convergence

theorem for the sequence generated by the proposed iterative scheme. Further-
more, we derive some consequence from our main result. The result presented

in this paper extended and unify many of the previously known results in this

area.

1. Introduction

Throughout the paper unless otherwise stated, let E be a real Hilbert space with
inner product 〈., .〉 and ‖.‖ denote the norm of E. Let K be a nonempty subset of
E. A mapping S : K → E is said to be nonexpansive if

‖Su− Sv‖ ≤ ‖u− v‖, ∀u, v ∈ K.

Takahashi and Takeuchi [9] introduced the concept of attractive points of a non-
linear mapping in a Hilbert space and they proved a mean convergence convergence
theorem of Baillon’s type [2] without convexity for generalized hybrid mappings.

Recently, Takahashi et al. [10] studied the following Halpern’s type [3] iterative
scheme and proved a strong convergence theorem for finding attractive points of
generalized hybrid mappings in a Hilbert space

xn+1 = αnz + (1− αn)(βnxn + (1− βn)Sxn).

Very recently, Zheng [12] studied the following Ishikawa iterative scheme and
proved weak and strong convergence theorems for finding attractive points of gen-
eralized hybrid mappings in Banach space
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{
xn+1 = αnxn + (1− αn)Syn
yn = βnxn + (1− βn)Sxn.

Motivated by the work of Takahashi and Takeuchi [9], Takahashi et al. [10],
Zheng [12], and by the ongoing research in this direction, we introduce an iterative
method based on viscosity implicit midpoint method for finding an attractive point
in a real Hilbert space. We obtain a weak convergence theorem for the sequence
generated by the proposed iterative scheme. Finally, we derive some consequence
from our main result. The result presented in this paper extended and unify many
of the previously known results in this area, see instance [5, 6, 2, 4, 1, 7].

2. Preliminaries

We recall some concepts and results that are needed in the sequel.

In a real Hilbert space E, it is well known that

‖µx+ (1− µ)y‖2 = µ‖x‖2 + (1− µ)‖y‖2 − µ(1− µ)‖x− y‖2, (2.1)

for all x, y ∈ E and µ ∈ [0, 1] and

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀x, y ∈ E. (2.2)

Let S : K → E be a mapping. Then, F (S) denote the set of fixed points of S
and A(S) the set of attractive points of S, and defined as

F (S) = {u ∈ K : Su = u}

and

A(S) = {x ∈ E : ‖Su− x‖ ≤ ‖u− x‖, ∀ u ∈ K}.

Lemma 2.1. [9] Let K be a nonempty subset E and let S be a mapping from K
into E. Then, A(S) is closed and convex subset of E.

Lemma 2.2. [9] Let K be a nonempty subset of E. Let S : K → E be a quasi-
nonexpansive mapping. Then, A(S)

⋂
K = F (S).

Lemma 2.3. [10] Let K be a nonempty subset of E. Let S : K → E be a generalized
hybrid mapping. If un ⇀ x0 and un − Sun → 0, then x0 ∈ A(S).

Lemma 2.4. [11] Assume an is a sequence of nonnegative real numbers such that

an+1 ≤ (1− γn)an + δn, n ≥ 0,

where {γn} is a sequence in (0, 1) and δn is a sequence in R such that

(i)
∑∞
n=1 γn =∞, and

(ii) either lim supn→∞
δn
γn
≤ 0 or

∑∞
n=1 |δn| <∞.

Then, limn→∞ an = 0.
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3. Weak convergence theorem

We prove a weak convergence theorem for finding attractive points of a general-
ized hybrid mapping in a Hilbert space.

Theorem 3.1. Let K be a nonempty convex subset of a real Hilbert space E. Let
S : K → K be a nonexpansive mapping with A(S) 6= ∅ and g : K → K be a
contraction with coefficient θ ∈ [0, 1). Let {wn} be a sequence in K generated by

wn+1 = λng(wn) + (1− λn)S(
wn + wn+1

2
), ∀ n ≥ 0,

where {λn} ∈ (0, 1) such that

(i) limn→∞ λn = 0,
∑∞
n=0 λn =∞;

(ii) either
∑∞
n=0 |λn+1 − λn| <∞ or limn→∞

λn+1

λn
= 1.

Then, {wn} converges weakly to an attractive point x0 of S.

Proof. We divide the proof into four claims.

Claim 1. {wn} is bounded.

Let q ∈ A(S) and estimate

‖wn+1 − q‖ = ‖λng(wn) + (1− λn)S(wn+wn+1

2 )− q‖
≤ (1− λn)‖wn+wn+1

2 − q‖+ λn(‖g(wn)− g(q)‖+ ‖g(q)− q‖)
≤ 1−λn

2 (‖wn − q‖+ ‖wn+1 − q‖) + λn(‖g(wn)− g(q)‖+ ‖g(q)− q‖)
≤ 1−λn

2 (‖wn − q‖+ ‖wn+1 − q‖) + λn(θ‖wn − q‖+ ‖g(q)− q‖).
Further,

1 + λn
2
‖wn+1 − q‖ ≤

1 + (2θ − 1)λn
2

‖wn − q‖+ λn‖g(q)− q‖

Furthermore,

‖wn+1 − q‖ ≤ 1+(2θ−1)λn

1+λn
‖wn − q‖+ 2λn

1+λn
‖g(q)− q‖

= (1− 2(1−θ)λn

1+λn
)‖wn − q‖+ 2(1−θ)λn

1+λn
( 1
1−θ‖g(q)− q‖)

≤ max{‖wn − q‖, 1
1−θ‖g(q)− q‖}

.

.

.
≤ max{‖w0 − q‖, 1

1−θ‖g(q)− q‖}, ∀ n.
Hence, {wn} is bounded.

Claim 2. limn→∞ ‖wn+1 − wn‖ = 0.
We estimate

‖wn+1 − wn‖ = ‖λng(wn) + (1− λn)S(wn+wn+1

2 )

−(λn−1g(wn−1) + (1− λn−1)S(wn−1+wn

2 ))‖
= ‖(1− λn)(S(wn+wn+1

2 )− S(wn−1+wn

2 ))

+(λn−1 − λn)(S(wn−1+wn

2 )− g(wn−1)) + λn(g(wn)− g(wn−1))‖
≤ (1− λn)‖ 12 (wn+1 − wn−1)‖+ ξ|λn−1 − λn|+ θλn‖wn − wn−1‖
≤ 1

2 (1− λn)(‖wn+1 − wn‖+ ‖wn − wn−1‖) + ξ|λn−1 − λn|
+θλn‖wn − wn−1‖,

where ξ > 0 be a constant such that ξ ≥ supn≥1 ‖S(wn+wn+1

2 )− g(wn)‖.



ATTRACTIVE POINTS AND THE VISCOSITY ITERATIVE ALGORITHM 137

Thus,

1 + λn
2
‖wn+1 − wn‖ ≤ (

1

2
(1− λn) + θλn)‖wn − wn−1‖+ ξ|λn−1 − λn|

Further,

‖wn+1 − wn‖ ≤ 1+(2θ−1)λn

1+λn
‖wn − wn−1‖+ 2ξ

1+λn
|λn−1 − λn|

= (1− 2(1−θ)λn

1+λn
)‖wn − wn−1‖+ 2ξ

1+λn
|λn−1 − λn|.

Using (i) and (ii), and Lemma 2.4, in above inequality, we get

lim
n→∞

‖wn+1 − wn‖ = 0. (3.1)

Claim 3. limn→∞ ‖wn − Swn‖ = 0.
We estimate

‖wn − Swn‖ = ‖wn − wn+1 + wn+1 − S(wn+wn+1

2 ) + S(wn+wn+1

2 )− Swn‖
≤ ‖wn − wn+1‖+ ‖wn+1 − S(wn+wn+1

2 )‖+ ‖S(wn+wn+1

2 )− Swn‖
≤ ‖wn − wn+1‖+ λn‖g(wn)− S(wn+wn+1

2 )‖+ 1
2‖wn − wn+1‖

≤ 3
2‖wn − wn+1‖+ ξλn.

By 3.1, we have

‖wn − Swn‖ → 0 as n→∞. (3.2)

Claim 4. x0 ∈ A(S) and wn ⇀ x0.

Since {wn} is bounded therefore there exists a subsequence {wni} of {wn} such
that wni ⇀ x0. By 3.1 and Lemma 2.3, we have that x0 ∈ A(S).

Finally, we prove {wn} converges weakly to x0. On contrary suppose that there

exists another subsequence {wnj
} of {wn} which weakly converges to some x

′

0 6= x0.

By 3.2 and Lemma 2.3, we have x
′

0 ∈ A(S).
Now,

limm→∞ ‖wm − x0‖2 = lim`→∞ ‖wm`
− x0‖2

= lim`→∞(‖wm`
− x′0‖2 + 2〈wm`

− x′0, x
′

0 − x0〉+ ‖x′0 − x0‖2)

= lim`→∞ ‖wm`
− x′0‖2 + 2〈x0 − x

′

0, x
′

0 − x0〉+ ‖x′0 − x0‖2
= lim`→∞ ‖wm`

− x′0‖2 − ‖x
′

0 − x0‖2
= limm→∞ ‖wm − x

′

0‖2 − ‖x
′

0 − x0‖2
= limj→∞ ‖wmj

− x′0‖2 − ‖x
′

0 − x0‖2
= limj→∞(‖wmj

− x0‖2 + 2〈wmj
− x0, x0 − x

′

0〉+ ‖x0 − x
′

0‖2)

−‖x′0 − x0‖2
= limj→∞ ‖wmj − x0‖2 − 2‖x0 − x

′

0‖2
= limm→∞ ‖wm − x0‖2 − 2‖x0 − x

′

0‖2.

This implies that x0 = x
′

0, a contradiction.
Thus, the sequence {wn} converges weakly to an attractive point x0 of S. This
completes the proof. �

Using Theorem 3.1, we can prove the following corollary:
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Corollary 3.2. Let K be a nonempty closed and convex subset of a real Hilbert
space E. Let S : K → K be a nonexpansive mapping with A(S) 6= ∅ and g : K → K
be a contraction with coefficient θ ∈ [0, 1). Let {wn} be a sequence in K generated
by

wn+1 = λng(wn) + (1− λn)S(
wn + wn+1

2
), ∀ n ≥ 0,

where {λn} ∈ (0, 1) such that

(i) limn→∞ λn = 0,
∑∞
n=0 λn =∞;

(ii) either
∑∞
n=0 |λn+1 − λn| <∞ or limn→∞

λn+1

λn
= 1.

Then, {wn} converges weakly to a fixed point x0 of S.

Proof. As S : K → K be a nonexpansive mapping then

‖Su− Sv‖ ≤ ‖u− v‖, ∀u, v ∈ K. (3.3)

Let w ∈ Fix(S) and replacing v by w in 3.3, we have

‖Su− w‖ ≤ ‖u− w‖, ∀ v ∈ K.
This implies that w ∈ A(S). Thus, Fix(S) ⊂ A(S). Hence, A(S) 6= ∅. By Theorem
3.1, it follows that {wn} converges weakly to x0 ∈ A(S). Since K is closed and
convex therefore by Lemma 2.2, A(S)

⋂
K = Fix(S). Therefore, {wn} converges

weakly to an element x0 ∈ Fix(S). �
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