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KOROVKIN TYPE APPROXIMATION THEOREMS VIA

f-STATISTICAL CONVERGENCE

VINOD K BHARDWAJ, SHWETA DHAWAN

Abstract. The concept of f -statistical convergence which is, in fact, a gener-
alization of statistical convergence, and is intermediate between the ordinary

convergence and the statistical convergence, has been introduced recently by

Aizpuru et al. (Quaest. Math. 37: 525-530, 2014). The main object of this
paper is to prove Korovkin type approximation theorems using the notion of f -

statistical convergence. A relationship between the newly established Korovkin

type approximation theorems via f -statistical convergence, the classical Ko-
rovkin theorems and their statistical analogs has been studied. A new concept

of f -statistical convergence of degree β(0 < β < 1) has also been introduced
and as an application a corresponding Korovkin type theorem is established.

1. Introduction

The idea of statistical convergence, which is in fact a generalization of the usual
notion of convergence, was first introduced by Fast [19] and Steinhaus [40] indepen-
dently in the same year 1951 and since then several generalizations and applications
of this concept have been investigated by various authors, namely Šalát [39], Fridy
[20], Connor [16], Aizpuru et al. [2], Işik and Akbaş [23], Aktuğlu [3], Gadjiev and
Orhan [21], Mursaleen and Alotaibi [35], Tripathy [41], Tripathy and Sen [44], Tri-
pathy and Dutta [43] and others.

Statistical convergence depends on the natural density of subsets of the set
N = {1, 2, 3, . . .}. The natural density d(K) of set K ⊆ N (see [36, Chapter 11]) is
defined by

d(K) = lim
n→∞

1

n
|{k ≤ n : k ∈ K}| , (1.1)

where |{ k ≤ n : k ∈ K}| denotes the number of elements of K not exceeding n.
Obviously we have d(K) = 0 provided that K is finite.

Definition 1.1. [26] Let X be a normed space. A sequence x = (xk) in X is said
to be statistically convergent to some x ∈ X, if, for each ε > 0 the set { k ∈ N :
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‖xk − x‖ ≥ ε } has natural density zero, i.e.,

lim
n→∞

1

n
|{ k ≤ n : ‖xk − x‖ ≥ ε }| = 0,

and we write it as st− limxk = x.

Recall [31, 38] that a modulus f is a function from R+ to R+ such that (i)
f(x) = 0 if and only if x = 0, (ii) f(x + y) ≤ f(x) + f(y) for x ≥ 0, y ≥ 0, (iii) f
is increasing, (iv) f is continuous from the right at 0. If f , g are moduli and a, b
are positive real numbers, then f ◦ g, af + bg, and f ∨ g are moduli. A mod-
ulus may be unbounded or bounded. For example, the modulus f(x) = xp where
0 < p ≤ 1, is unbounded, but g(x) = x

(1+x) is bounded. For the work related to

sequence spaces defined by a modulus one may refer to [2, 7, 8, 9, 10, 11, 22, 31, 42]
and others.

Aizpuru et al. [2] have recently introduced a new concept of density by moduli
and consequently obtained a new concept of non-matrix convergence, namely, f -
statistical convergence which is, in fact, a generalization of the concept of statistical
convergence and intermediate between the ordinary convergence and the statistical
convergence. This idea of replacing natural density with density by moduli has
also been used to study the concepts of f -statistical convergence of order α [7],
f -lacunary statistical convergence [8], f -statistical boundedness [10] and deferred
f -statistical convergence [22].

Definition 1.2. [2] For any unbounded modulus f , the f -density of a set K ⊂ N
is denoted by df (K) and is defined by

df (K) = lim
n→∞

f(|{k ≤ n : k ∈ K}|)
f(n)

in case this limit exists.

Definition 1.3. [2] Let f be an unbounded modulus and X be a normed space. A
sequence x = (xk) in X is said to be f -statistically convergent to x, if, for each
ε > 0,

df ({k ∈ N : ‖xk − x‖ ≥ ε}) = 0,

i.e., lim
n→∞

1

f(n)
f (|{ k ≤ n : ‖xk − x‖ ≥ ε}|) = 0,

and we write it as f − st lim xk = x.

Remark 1.4. [2] For any unbounded modulus f , every convergent sequence is f -
statistically convergent which in turn is statistically convergent, but not conversely.

Korovkin-type approximation theorems provide basic and effective tools to de-
termine whether a given sequence of positive linear operators, acting on some func-
tion spaces is an approximation process or, equivalently, converges strongly to the
identity operator. Actually, these theorems present a variety of test functions which
guarantee that the approximation property holds on the whole space provided it
holds on them.

The custom of calling these kinds of results “Korovkin-type theorems” refers to
P.P. Korovkin who in 1953 discovered such a property for the functions 1, x, x2 in
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the space C([0, 1]) of all continuous functions on the interval [0, 1] as well as for the
functions 1, cos, sin in the space of all 2π periodic continuous functions on the real
line [28, 29]

A quite comprehensive picture of what has been achieved in this field until 2010
is documented in the survey article of Altomare [5].

Statistical convergence had not been examined in approximation theory until
2002. The Korovkin first and second approximation theorems were first proved
via statistical convergence by Gadjiev and Orhan [21] and Duman [17], in years
2002 and 2003, respectively. After this, Korovkin-type approximation theorems
were studied via various summability methods by many mathematicians. For more
detailed account one may refer to [1, 3, 4, 6, 13, 14, 18, 24, 25, 32, 33, 34, 35] and
others.

In this paper we mainly prove Korovkin-type approximation theorems via f -
statistical convergence and study a relationship between the classical Korovkin
theorems and their statistical and f -statistical analogs.

2. Correct reformulation of the statistical analog of the classical
Korovkin first theorem

The authors wish to thank Professor F. Altomare for his help in the correct
reformulation of the various analogs of the classical Korovkin first theorem.

For a given closed and bounded interval [a, b], we first introduce the following spaces:

Fc([a, b]) = { g : R→ R | g is continuous at every point of [a, b] },
Fcb([a, b]) = { g : R→ R | g is bounded on R and continuous at every point of [a, b] },
F ∗c ([a, b]) = { g : R→ R | g has period 2π and continuous at every point of [a, b] },
F ∗cb([a, b]) = {g : R→ R | g has period 2π, bounded on R and continuous at every point of [a, b]},
B([a, b]) = { g : [a, b]→ R | g is bounded }.

The space B([a, b]) is a Banach space with norm ‖g‖B = supx∈[a,b] |g(x)|, g ∈
B([a, b]).

Let X,Y be linear spaces of real functions, then we know [37] that

(1) The mapping L : X → Y is called linear operator if

L(αf + βg) = αL(f) + βL(g) for f, g ∈ X and α, β ∈ R.

(2) If f ≥ 0, f ∈ X ⇒ Lf ≥ 0, then L is a positive linear operator.
(3) In order to highlight the argument of the function Lf ∈ Y we use the

notation L(f, x).

The classical Korovkin [29] first theorem is stated in Gadjiev and Orhan[21] as
follows.

Theorem 2.1. If the sequence of positive linear operators Ln : CM [a, b]→ B([a, b])
satisfies the conditions

‖Ln(1, x)− 1‖B → 0, as n→∞,
‖Ln(t, x)− x‖B → 0, as n→∞,
‖Ln(t2, x)− x2‖B → 0, as n→∞,
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then for any function g ∈ CM [a, b], we have

‖Ln(g, x)− g(x)‖B → 0, as n→∞,

where CM [a, b] denotes the space of all functions g which are continuous at every
point of the interval [a, b] and bounded on the entire line.

Remark 2.2. The space CM [a, b] of Gadjiev and Orhan[21] is essentially the same
as the space Fcb([a, b]) defined above. A new notation for the same space has been
introduced for the sake of notational uniformity.

Remark 2.3. There is some inaccuracy in the statement of Theorem 2.1 above,
since the equations

lim ‖Ln(t, x)− x‖B = 0, and

lim ‖Ln(t2, x)− x2‖B = 0,

do not make any sense because the test functions t and t2 /∈ CM [a, b]. It is necessary,
indeed, to enlarge the domain of positive linear operators Ln by considering the
linear subspace D([a, b]) of Fc([a, b]) generated by Fcb([a, b]) and the functions 1, t
and t2(We could have taken only t and t2 instead of 1, t and t2 since the constant
function 1 already belongs to Fcb([a, b]). This has been done just to place the three
test functions 1, t and t2 together ). D([a, b]) is, surely, the minimal subspace of
Fc([a, b]) on which the linear operators Ln must be defined in order to correctly state
the result.

From now onwards, D([a, b]) will denote the linear subspace of Fc([a, b]) gener-
ated by Fcb([a, b]) ∪ {1, t, t2}.

We are now ready to give the correct reformulation of Theorem 2.1 as follows.

Theorem 2.4. If the sequence (Ln) of positive linear operators Ln : D([a, b]) →
B([a, b]) satisfies the conditions

lim ‖Ln(1, x)− 1‖B = 0,

lim ‖Ln(t, x)− x‖B = 0,

lim ‖Ln(t2, x)− x2‖B = 0,

then for any function g ∈ Fcb([a, b]), we have

lim ‖Ln(g, x)− g(x)‖B = 0.

In the same paper [21], Gadjiev and Orhan have given the statistical analog of
Korovkin first theorem as follows.

Theorem 2.5. If the sequence of positive linear operators Ln : CM [a, b]→ B([a, b])
satisfies the conditions

st− lim‖Ln(1, x)− 1‖B = 0,

st− lim‖Ln(t, x)− x‖B = 0,

st− lim‖Ln(t2, x)− x2‖B = 0,

then for any function g ∈ CM [a, b], we have

st− lim ‖Ln(g, x)− g(x)‖B = 0.
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Remark 2.6. Same inaccuracy gets repeated in the statement of Theorem 2.5. The
corrected version is as follows.

Theorem 2.7. If the sequence (Ln) of positive linear operators Ln : D([a, b]) →
B([a, b]) satisfies the conditions

st− lim ‖Ln(1, x)− 1‖B = 0,

st− lim ‖Ln(t, x)− x‖B = 0,

st− lim ‖Ln(t2, x)− x2‖B = 0,

then for any function g ∈ Fcb([a, b]), we have

st− lim ‖Ln(g, x)− g(x)‖B = 0.

3. f-statistical analog of Korovkin first theorem

In order to prove an f -statistical analog of Korovkin first theorem, we need the
following lemma due to Korovkin.

Lemma 3.1. [29] If the function f : R → R is continuous in the interval [a, b],
continuous on the right at the point b and on the left at the point a, then we find a
δ > 0 for ε > 0 such that the inequality

| f(y)− f(x) | < ε

is true if |y − x| < δ, a ≤ x ≤ b.

Remark 3.2. In the above lemma, there is an inaccuracy in the sense that, when
Korovkin assumes that “f is continuous in the interval [a, b]”, then this means for
him that f |[a, b] is continuous. For these reasons he adds the additional hypotheses
that f is continuous on the right at the point b and that f is continuous on the
left at the point a. According to the modern terminologies, when we assume that
f ∈ Fc([a, b]), then f is continuous at every points of [a, b] and, hence, in particular
at a (both on the right and on the left) as well as at b (both on the right and on
the left). Therefore, in the statement of Theorem 2.5 above, due to Gadjiev and
Orhan [21], it is correctly stated that formula st− lim ‖Ln(g, x)− g(x)‖B = 0 holds
for every g ∈ CM [a, b] (i.e., Fcb([a, b])) because, for such functions Lemma 3.1 of
Korovkin can be applied.

We are now in a position to state and prove the f -statistical analogue of the
Korovkin first theorem.

Theorem 3.3. Let f be an unbounded modulus and (Ln) be a sequence of positive
linear operators Ln : D([a, b])→ B([a, b]). Then, for all g ∈ D([a, b]),

f − st lim ‖Ln(g, x)− g(x)‖B = 0 (3.1)

if and only if

f − st lim ‖Ln(1, x)− 1‖B = 0, (3.2)

f − st lim ‖Ln(t, x)− x‖B = 0, (3.3)

f − st lim ‖Ln(t2, x)− x2‖B = 0. (3.4)
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Proof. Since each of 1, t, t2 belongs to D([a, b]), conditions (3.2) - (3.4) follow
immediately from (3.1). Now, let the conditions (3.2) - (3.4) hold. To prove (3.1),
we first prove that for any g′ ∈ Fcb([a, b]),

f − st lim ‖Ln(g′, x)− g′(x)‖B = 0.

We follow the proof of Theorem 1 of Korovkin [29] up to a certain stage. Since the
function g′ is bounded on the whole real axis, we can write

|g′(t)− g′(x)| < 2M, −∞ < t, x <∞. (3.5)

Further, in view of Lemma 3.1, there exists a δ > 0 for each ε > 0 such that

|g′(t)− g′(x)| < ε for a ≤ x ≤ b, |t− x| < δ. (3.6)

Putting ψ(t) = (t− x)2 (x an arbitrary number but fixed in the interval [a,b]) and
using inequalities (3.5) and (3.6), we have

|g′(t)− g′(x)| < ε+
2M

δ2
ψ(t) for all t ∈ (−∞,∞).

This means,

− ε− 2M

δ2
ψ(t) < g′(t)− g′(x) < ε+

2M

δ2
ψ(t) for all t ∈ (−∞,∞). (3.7)

In fact, if |t − x| < δ, then (3.6) implies (3.7) since ψ(t) = (t − x)2 ≥ 0, and if
|t− x| ≥ δ, then

2M

δ2
ψ(t) ≥ 2M

δ2
δ2 = 2M,

and (3.7) follows from (3.5) since ε > 0.
In view of monotonicity and linearity of the operators Ln(g′, x) the inequality (3.7)
implies,

−εLn(1, x)− 2M

δ2
Ln(ψ, x) ≤ Ln(g′, x)− Ln(g′(x), x) ≤ εLn(1, x) +

2M

δ2
Ln(ψ, x).

Note that x is fixed and so g′(x) is a constant number. Therefore,

− εLn(1, x)− 2M

δ2
Ln(ψ, x) ≤ Ln(g′, x)− g′(x)Ln(1, x) ≤ εLn(1, x) +

2M

δ2
Ln(ψ, x).

(3.8)
But

Ln(g′, x)− g′(x) = [Ln(g′, x)− g′(x)Ln(1, x)] + g′(x)[Ln(1, x)− 1]. (3.9)

Using (3.8) and (3.9), we have

Ln(g′, x)− g′(x) ≤ εLn(1, x) +
2M

δ2
Ln(ψ, x) + g′(x)[Ln(1, x)− 1]. (3.10)

Now, let us estimate Ln(ψ, x).

Ln(ψ, x) = Ln(t2 − 2tx+ x2, x)

= Ln(t2, x)− 2xLn(t, x) + x2Ln(1, x)

= [Ln(t2, x)− x2]− 2x[Ln(t, x)− x] + x2[Ln(1, x)− 1]. (3.11)
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Using (3.11) in (3.10), we have

Ln(g′, x)− g′(x)

≤ εLn(1, x) +
2M

δ2
{

[Ln(t2, x)− x2]− 2x[Ln(t, x)− x] + x2[Ln(1, x)− 1]
}

+ g′(x)[Ln(1, x)− 1]

=

(
ε+

2M

δ2
x2 + g′(x)

)
[Ln(1, x)− 1] +

2M

δ2
[Ln(t2, x)− x2]− 4M

δ2
x[Ln(t, x)− x] + ε.

Therefore,

‖Ln(g′, x)− g′(x)‖B

≤
(
ε+

2M

δ2
k1 +M

)
‖Ln(1, x)− 1‖B +

2M

δ2
‖Ln(t2, x)− x2‖B +

4M

δ2
k2‖Ln(t, x)− x‖B + ε

≤ K
(
‖Ln(1, x)− 1‖B + ‖Ln(t, x)− x‖B + ‖Ln(t2, x)− x2‖B

)
+ ε, (3.12)

where k1 = max{a2, b2}, k2 = max{|a|, |b|} andK = max
{
ε+ 2M

δ2 k1 +M, 4Mδ2 k2,
2M
δ2

}
.

For any ε′ > 0, choose ε > 0 such that ε < ε′. Now, from inequality (3.12), we have

|{n ≤ N : ‖Ln(g′, x)− g′(x)‖B ≥ ε′}|

≤
∣∣∣∣{n ≤ N : ‖Ln(1, x)− 1‖B + ‖Ln(t, x)− x‖B + ‖Ln(t2, x)− x2‖B ≥

ε′ − ε
K

}∣∣∣∣ .
(3.13)

Now, write

D :=

{
n : ‖Ln(1, x)− 1‖B + ‖Ln(t, x)− x‖B + ‖Ln(t2, x)− x2‖B ≥

ε′ − ε
K

}
,

D1 :=

{
n : ‖Ln(1, x)− 1‖B ≥

ε′ − ε
3K

}
,

D2 :=

{
n : ‖Ln(t, x)− x‖B ≥

ε′ − ε
3K

}
,

D3 :=

{
n : ‖Ln(t2, x)− x2‖B ≥

ε′ − ε
3K

}
.

It be easily verified that D ⊂ D1 ∪D2 ∪D3. Now, from (3.13), we have

|{n ≤ N : ‖Ln(g′, x)− g′(x)‖B ≥ ε′}| ≤
∣∣∣∣{n ≤ N : ‖Ln(1, x)− 1‖B ≥

ε′ − ε
3K

}∣∣∣∣
+

∣∣∣∣{n ≤ N : ‖Ln(t, x)− x‖B ≥
ε′ − ε
3K

}∣∣∣∣
+

∣∣∣∣{n ≤ N : ‖Ln(t2, x)− x2‖B ≥
ε′ − ε
3K

}∣∣∣∣ .
(3.14)
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Thus (3.14), yields that

1

f(N)
f(|{n ≤ N : ‖Ln(g′, x)− g′(x)‖B ≥ ε′}|)

≤ 1

f(N)
f

(∣∣∣∣{n ≤ N : ‖Ln(1, x)− 1‖B ≥
ε′ − ε
3K

}∣∣∣∣)
+

1

f(N)
f

(∣∣∣∣{n ≤ N : ‖Ln(t, x)− x‖B ≥
ε′ − ε
3K

}∣∣∣∣)
+

1

f(N)
f

(∣∣∣∣{n ≤ N : ‖Ln(t2, x)− x2‖B ≥
ε′ − ε
3K

}∣∣∣∣)
and, using (3.2) – (3.4), we get

f − st lim ‖Ln(g′, x)− g′(x)‖B = 0, for all g′ ∈ Fcb([a, b]). (3.15)

Now, let g ∈ D([a, b]) . This implies that g = α1g1 + α2g2 + · · · + αmgm for some
m ∈ N, where αi ∈ R, and gi ∈ Fcb([a, b]) ∪ {1, t, t2}, 1 ≤ i ≤ m.
Now,

‖Ln(g, x)− g(x)‖B
= ‖Ln(α1g1 + α2g2 + · · ·+ αmgm, x)− (α1g1 + α2g2 + · · ·+ αmgm)(x)‖B
≤ K ′ (‖Ln(g1, x)− g1(x)‖B + ‖Ln(g2, x)− g2(x)‖B + · · ·+ ‖Ln(gm, x)− gm(x)‖B) ,

where K ′ = max{|α1|, |α2|, . . . , |αm|}.
Thus, for any ε′′ > 0, we have

1

f(N)
f(|{n ≤ N : ‖Ln(g, x)− g(x)‖B ≥ ε′′}|)

≤ 1

f(N)
f

(∣∣∣∣{n ≤ N : ‖Ln(g1, x)− g1(x)‖B ≥
ε′′

mK ′

}∣∣∣∣)
+

1

f(N)
f

(∣∣∣∣{n ≤ N : ‖Ln(g2, x)− g2(x)‖B ≥
ε′′

mK ′

}∣∣∣∣)
+ · · ·+ 1

f(N)
f

(∣∣∣∣{n ≤ N : ‖Ln(gm, x)− gm(x)‖B ≥
ε′′

mK ′

}∣∣∣∣)
and using (3.15), we get

f − st lim ‖Ln(g, x)− g(x)‖B = 0 for all g ∈ D([a, b]).

We now give an example of a sequence of positive linear operators which satis-
fies the conditions of Theorem 3.3 but does not satisfy the conditions of classical
Korovkin first theorem.

Example 3.4. Following Gadjiev and Orhan [21], consider the sequence Qn :
D([0, 1])→ B([0, 1]) of positive linear operators defined by

Qn(g, x) = (1 + αn)Bn(g, x),

where (Bn) is the sequence of classical Bernstein polynomials defined by

Bn(g, x) =

n∑
k=0

g

(
k

n

)(
n

k

)
xk(1− x)n−k; 0 ≤ x ≤ 1,
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and (αn) is the sequence of scalars which is f -statistically convergent to zero for
some unbounded modulus f but not convergent to zero. It is known [29] that

Bn(1, x) = 1, Bn(t, x) = x and Bn(t2, x) = x2 +
(x− x2)

n
.

Hence, for the sequence (Qn), conditions (3.2) — (3.4) of Theorem 3.3 are appar-
ently satisfied. So, we have

f − st lim ‖Qn(g, x)− g(x)‖B = 0 for all g ∈ D([0, 1]).

On the other hand,

Qn(1, x) = (1 + αn)Bn(1, x) = (1 + αn).

So,

lim ‖Qn(1, x)− 1‖B = lim ‖1 + αn − 1‖ = lim ‖αn‖ = lim |αn| 6= 0.

From this we conclude that (Qn) does not satisfy the classical Korovkin first theo-
rem.

The next example shows the existence of a sequence of positive linear operators
which satisfies the conditions of the statistical analog of Korovkin first theorem but
does not satisfy the conditions of Theorem 3.3.

Example 3.5. Consider the sequence Qn : D([0, 1]) → B([0, 1]) of positive linear
operators defined by

Qn(g, x) = (1 + αn)Bn(g, x),

where (Bn) is the sequence of classical Bernstein polynomials and (αn) is the se-
quence of scalars which is statistically convergent to zero but not f -statistically
convergent to zero for some unbounded modulus f . In the same way as in Example
3.4, it is easy to see that the sequence (Qn) statisfy the statistical analog of Korovkin
first theorem but does not satisfy the f -statistical analog of Korovkin first theorem .

Thus, in view of Examples 3.4, 3.5 and Remark 1.4 we have the following

Remark 3.6. The classical Korovkin first theorem implies its f -statistical analog
which in turn implies the statistical analog of Korovkin first theorem. But converse
of these implications is not true.

Since a convergent sequence is f -statistically convergent but not conversely, so
the following result is quite interesting.

Theorem 3.7. Let f be an unbounded modulus and Ln : D([a, b]) → B([a, b]) be
a sequence of positive linear operator satisfy conditions (3.3) and (3.4) of Theorem
3.3 and the condition

lim ‖Ln(1, x)− 1‖B = 0.

Then, for any g ∈ D([a, b]), we have

lim
N→∞

N∑
n=1

‖Ln(g, x)− g(x)‖B = 0.
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The proof runs similar to that of proof of Theorem 2 of Gadjiev and Orhan [21]
and hence is omitted.

It is well known that every bounded statistically convergent sequence is strongly
Cesàro summable with respect to a modulus f [27]. In view of fact the that every
f -statistically convergent sequence is statistically convergent we can say that every
bounded f -statistically convergent sequence is also strongly Cesàro summable with
respect to a modulus f . We now wish to establish a similar result in case of positive
linear operators defined on the function space D([a, b]).

Theorem 3.8. Let f be an unbounded modulus and Ln : D([a, b])→ B([a, b]) be a
sequence of positive linear operator such that for any g ∈ D([a, b]),

f − st lim ‖Ln(g, x)− g(x)‖B = 0

and ‖Ln(g, x)‖B ≤Mg for n = 1, 2, 3, . . . . (3.16)

Then, for any g ∈ D([a, b]), we have

lim
N→∞

N∑
n=1

f(‖Ln(g, x)− g(x)‖B) = 0.

Proof. Since

f − st lim ‖Ln(g, x)− g(x)‖B = 0 for all g ∈ D([a, b]).

Therefore, in view of Remark 1.4, we have

st− lim ‖Ln(g, x)− g(x)‖B = 0 for all g ∈ D([a, b]). (3.17)

Since every bounded statistically convergent sequence is strongly Cesàro summable
with respect to f .
Hence, from (3.16) and (3.17), we have

lim
N→∞

N∑
n=1

f(‖Ln(g, x)− g(x)‖B) = 0 for all g ∈ D([a, b]). (3.18)

4. f-statistical analog of Korovkin second theorem

Throughout D∗([a, b]) denote the linear subspace of F ∗c ([a, b]) generated by
F ∗cb([a, b]) and the functions 1, cos t, sin t.

The classical Korovkin second theorem [29] may be stated as follows.

Theorem 4.1. If the sequence (Ln) of positive linear operators Ln : D∗([a, b]) →
B([a, b]) satisfies the conditions

lim ‖Ln(1, x)− 1‖B = 0,

lim ‖Ln(cos t, x)− cosx‖B = 0,

lim ‖Ln(sin t, x)− sinx‖B = 0,

then for any function g ∈ F ∗cb([a, b]), we have

lim ‖Ln(g, x)− g(x)‖B = 0.

The statistical analog of the classical Korovkin second theorem as given in [17]
may be reformulated as follows.
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Theorem 4.2. If the sequence (Ln) of positive linear operators Ln : D∗([a, b]) →
B([a, b]) satisfies the conditions

st− lim ‖Ln(1, x)− 1‖B = 0,

st− lim ‖Ln(cos t, x)− cosx‖B = 0,

st− lim ‖Ln(sin t, x)− sinx‖B = 0,

then for any function g ∈ F ∗cb([a, b]), we have

st− lim ‖Ln(g, x)− g(x)‖B = 0.

We now prove an f -statistical analog of the Korovkin second theorem 4.1.

Theorem 4.3. Let f be an unbounded modulus and (Ln) be a sequence of positive
linear operators Ln : D∗([a, b])→ B([a, b]). Then, for all g ∈ D∗([a, b]),

f − st lim ‖Ln(g, x)− g(x)‖B = 0 (4.1)

if and only if

f − st lim ‖Ln(1, x)− 1‖B = 0, (4.2)

f − st lim ‖Ln(cos t, x)− cosx‖B = 0, (4.3)

f − st lim ‖Ln(sin t, x)− sinx‖B = 0. (4.4)

Proof. Since each of 1, cos t, sin t belongs to D∗([a, b]), conditions (4.2) - (4.4)
follow immediately from (4.1). Now, let the conditions (4.2) — (4.4) hold. To prove
(4.1), we first prove that for any g′ ∈ F ∗cb([a, b]),

f − st lim ‖Ln(g′, x)− g′(x)‖B = 0.

We follow the proof of Theorem 2 of Korovkin [29] up to a certain stage. Since the
function g′ is bounded on the whole real axis, we can write

|g′(t)− g′(x)| < 2M, −∞ < t, x <∞. (4.5)

Further, in view of Lemma 3.1, there exists a δ > 0 for each ε > 0 such that

|g′(t)− g′(x)| < ε for a ≤ x ≤ b, |t− x| < δ. (4.6)

Now we take the subinterval x − δ < t ≤ 2π + x − δ of length 2π, where x ∈ [a, b]

is fixed. Taking ψ(t) = sin2 (t−x)
2 and using (4.5) and (4.6), we have

|g′(t)− g′(x)| < ε+
2M

sin2 δ
2

ψ(t) for all t ∈ (x− δ, 2π + x− δ].

This means,

−ε− 2M

sin2 δ
2

ψ(t) < g′(t)−g′(x) < ε+
2M

sin2 δ
2

ψ(t) for all t ∈ (x−δ, 2π+x−δ]. (4.7)

In fact, if |t − x| < δ, then the inequality (4.7) follows from (4.6), since ψ(t) =

sin2 (t−x)
2 ≥ 0. If δ ≤ t− x ≤ 2π − δ, then δ

2 ≤
t−x
2 ≤ π − δ

2 , and thus sin( t−x2 ) ≥
sin δ

2 , ψ(t) = sin2( t−x2 ) ≥ sin2 δ
2 , 2M

sin2 δ
2

ψ(t) ≥ 2M , and the inequality (4.7) follows

from the inequality (4.5) since ε > 0.
Thus the inequality (4.7), on which the proof of this theorem is based, has not
yet been established for all t but it holds for t belonging to the subinterval (x −
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δ, 2π + x− δ] of length 2π. In order to prove validity of the inequality (4.7) for all
t ∈ (−∞,∞) we note that the function

ψ(t) = sin2

(
t− x

2

)
=

1− cos(t− x)

2

has period 2π and according to the conditions of the theorem the function g′(t)
also has period 2π, i.e.,

ψ(t+ 2kπ) = ψ(t), and g′(t+ 2kπ) = g′(t).

Therefore, we find from (4.7) that

− ε− 2M

sin2 δ
2

ψ(t+ 2kπ) < g′(t+ 2kπ)− g′(x) < ε+
2M

sin2 δ
2

ψ(t+ 2kπ). (4.8)

But if t varies in the subinterval (x − δ, 2π + x − δ], then t + 2π will vary in the
subinterval (2π+x− δ, 4π+x− δ], t+ 4π in the subinterval (4π+x− δ, 6π+x− δ],
and in general t+ 2kπ in the subinterval
(2kπ + x− δ, 2kπ + 2π + x− δ], k = 0,±1,±2,±3, . . . .
Totality of these subintervals covers without any gap the whole real axis, and thus
the inequality (4.7), whose validity on every subinterval follows from (4.8), is proved
for all values of t.
Using the inequality (4.7) and monotonicity of the operator Ln(g′, x), we obtain

−εLn(1, x)− 2M

sin2 δ
2

Ln(ψ, x) ≤ Ln(g′, x)−Ln(g′(x), x) ≤ εLn(1, x)+
2M

sin2 δ
2

Ln(ψ, x).

We know that x is fixed and so g′(x) is a constant number. Therefore,

−εLn(1, x)− 2M

sin2 δ
2

Ln(ψ, x) ≤ Ln(g′, x)−g′(x)Ln(1, x) ≤ εLn(1, x)+
2M

sin2 δ
2

Ln(ψ, x).

(4.9)
Also,

Ln(g′, x)− g′(x) = [Ln(g′, x)− g′(x)Ln(1, x)] + g′(x)[Ln(1, x)− 1]. (4.10)

From (4.9) and (4.10), we have

Ln(g′, x)− g′(x) ≤ εLn(1, x) +
2M

sin2 δ
2

Ln(ψ, x) + g′(x)[Ln(1, x)− 1]. (4.11)

Now,

Ln(ψ, x) = Ln(sin2 (t− x)

2
, x)

= Ln

(
1

2
(1− cos t cosx− sin t sinx), x

)
=

1

2
{Ln(1, x)− cosxLn(cos t, x)− sinxLn(sin t, x)}

=
1

2
{[Ln(1, x)− 1]− cosx[Ln(cos t, x)− cosx]− sinx[Ln(sin t, x)− sinx]} .
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Substituting the value of Ln(ψ, x) in (4.11), we get

Ln(g′, x)− g′(x)

≤ εLn(1, x) +
M

sin2 δ
2

{[Ln(1, x)− 1]− cosx[Ln(cos t, x)− cosx]− sinx[Ln(sin t, x)− sinx]}

+ g′(x)[Ln(1, x)− 1]

=
M

sin2 δ
2

{[Ln(1, x)− 1]− cosx[Ln(cos t, x)− cosx]− sinx[Ln(sin t, x)− sinx]}

+ ε[Ln(1, x)− 1] + ε+ g′(x)[Ln(1, x)− 1]

=

(
ε+

M

sin2 δ
2

+ g′(x)

)
[Ln(1, x)− 1]− M

sin2 δ
2

cosx[Ln(cos t, x)− cosx]

− M

sin2 δ
2

sinx[Ln(sin t, x)− sinx] + ε.

Since |g′(x)| ≤M , | cosx| ≤ 1 and | sinx| ≤ 1, for all x ∈ [a, b], therefore

‖Ln(g′, x)− g′(x)‖B

≤

(
ε+

M

sin2 δ
2

+M

)
‖Ln(1, x)− 1‖B +

M

sin2 δ
2

‖Ln(cos t, x)− cosx‖B

+
M

sin2 δ
2

‖Ln(sin t, x)− sinx‖B + ε,

≤ K (‖Ln(1, x)− 1‖B + ‖Ln(cos t, x)− cosx‖B + ‖Ln(sin t, x)− sinx‖B) + ε,
(4.12)

where K = max
{
ε+ M

sin2 δ
2

+M, M
sin2 δ

2

}
.

For any ε′ > 0, choose ε > 0 such that ε < ε′. Now, from inequality (4.12), we have

|{n ≤ N : ‖Ln(g′, x)− g′(x)‖B ≥ ε′}|

≤
∣∣∣∣{n ≤ N : ‖Ln(1, x)− 1‖B + ‖Ln(cos t, x)− cosx‖B + ‖Ln(sin t, x)− sinx‖B ≥

ε′ − ε
K

}∣∣∣∣ .
(4.13)

Write

D :=

{
n : ‖Ln(1, x)− 1‖B + ‖Ln(cos t, x)− cosx‖B + ‖Ln(sin t, x)− sinx‖B ≥

ε′ − ε
K

}
,

D1 :=

{
n : ‖Ln(1, x)− 1‖B ≥

ε′ − ε
3K

}
,

D2 :=

{
n : ‖Ln(cos t, x)− cosx‖B ≥

ε′ − ε
3K

}
,

D3 :=

{
n : ‖Ln(sin t, x)− sinx‖B ≥

ε′ − ε
3K

}
.
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Then it is easy to see that D ⊂ D1 ∪D2 ∪D3. Now, from (4.13), we have

|{n ≤ N : ‖Ln(g′, x)− g′(x)‖B ≥ ε′}| ≤
∣∣∣∣{n ≤ N : ‖Ln(1, x)− 1‖B ≥

ε′ − ε
3K

}∣∣∣∣
+

∣∣∣∣{n ≤ N : ‖Ln(cos t, x)− cosx‖B ≥
ε′ − ε
3K

}∣∣∣∣
+

∣∣∣∣{n ≤ N : ‖Ln(sin t, x)− sinx‖B ≥
ε′ − ε
3K

}∣∣∣∣ .
(4.14)

Thus (4.14), yields that

1

f(N)
f(|{n ≤ N : ‖Ln(g′, x)− g′(x)‖B ≥ ε′}|)

≤ 1

f(N)
f

(∣∣∣∣{n ≤ N : ‖Ln(1, x)− 1‖B ≥
ε′ − ε
3K

}∣∣∣∣)
+

1

f(N)
f

(∣∣∣∣{n ≤ N : ‖Ln(cos t, x)− cosx‖B ≥
ε′ − ε
3K

}∣∣∣∣)
+

1

f(N)
f

(∣∣∣∣{n ≤ N : ‖Ln(sin t, x)− sinx‖B ≥
ε′ − ε
3K

}∣∣∣∣)
and, using (4.2) — (4.4), we get

f − st lim ‖Ln(g′, x)− g′(x)‖B = 0 for all g′ ∈ F ∗cb([a, b]).

From here onwards, we proceed as in the proof of Theorem 3.3 to get

f − st lim ‖Ln(g, x)− g(x)‖B = 0 for all g ∈ D∗([a, b]).

We now give an example of a sequence of positive linear operators which satis-
fies the conditions of Theorem 4.3 but does not satisfy the conditions of classical
Korovkin second theorem.

Example 4.4. Following Duman [17], consider the sequence Qn : D∗([−π, π]) →
B([−π, π]) of positive linear operators defined by

Qn(g, x) = (1 + αn)Fn(g, x),

where (Fn) is the sequence of Fejer operators defined by

Fn(g, x) =
1

nπ

∫ π

−π
g(t)

sin2
(
n
2 (t− x

)
)

2 sin2
(
t−x
2

) dt, g ∈ D∗([−π, π]),

and (αn) is the sequence of scalars which is f -statistically convergent to zero for
some unbounded modulus f but not convergent to zero. It is known [29] that

Fn(1, x) = 1, Fn(cos t, x) =
n− 1

n
cosx and Fn(sin t, x) =

n− 1

n
sinx.

Hence, the sequence (Qn) satisfies the conditions (4.2) — (4.4) of Theorem 4.3. So,
we have

f − st lim ‖Qn(g, x)− g(x)‖B = 0 for all g ∈ D∗([−π, π]).

On the other hand,

Qn(1, x) = (1 + αn)Fn(1, x) = (1 + αn).
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So,

lim ‖Qn(1, x)− 1‖B = lim ‖1 + αn − 1‖ = lim ‖αn‖ = lim |αn| 6= 0.

From this we conclude that (Qn) does not satisfy the conditions of classical Korovkin
second theorem.

Remark 4.5. In Example 4.4 if we take (αn) to be the sequence which is statistically
convergent to zero but not f -statistically convergent to zero for some unbounded
modulus f , then we obtain a sequence of positive linear operators which satisfies the
conditions of statistical analog of Korovkin second theorem but does not satisfy the
conditions of f -statistical analog of Korovkin second theorem.

Thus, in view of the Example 4.4 and the Remarks 1.4 and 4.5, we have the
following

Remark 4.6. The classical Korovkin second theorem implies its f -statistical ana-
log which in turn implies the statistical analog of Korovkin second theorem. But
converse of these implications is not true.

5. The order of f-statistical convergence

The idea of statistical convergence with degree β (0 < β < 1) for sequences of
numbers was introduced by Gadjiev and Orhan [21] as follows.

Definition 5.1. The number sequence x = (xk) is said to be statistically convergent
to the number l with degree 0 < β < 1 if, for each ε > 0,

lim
n→∞

1

n1−β
|{k ≤ n : |xk − l| ≥ ε}| = 0.

In this case, we write

xk − l = st− o(k−β), as k →∞.

The concept of statistical convergence of order α was introduced by Çolak [15]
and Bhunia et al. [12], independently, as follows.

Definition 5.2. Let 0 < α ≤ 1. The number sequence x = (xk) is said to be
statistically convergent of order α to the number l if, for each ε > 0,

lim
n→∞

1

nα
|{k ≤ n : |xk − l| ≥ ε}| = 0.

From Definition 5.1 and 5.2, we have the following

Remark 5.3. A sequence is statistically convergent of degree β if and only if it is
statistically convergent of order 1− β, where 0 < β < 1.

We now introduce a new concept of f -statistical convergence with degree 0 <
β < 1 for X-valued sequences, where X is a normed space.

Definition 5.4. Let X be a normed space. A sequence (xk) in X is said to be
f -statistically convergent to some x ∈ X with degree 0 < β < 1 if, for each ε > 0,

lim
n→∞

1

f(n1−β)
f(|{k ≤ n : ‖xk − x‖ ≥ ε}|) = 0.

In this case, we write

xk − l = f − st− o(k−β), as k →∞.
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We state the following result without proof, it can be established by using stan-
dard technique.

Theorem 5.5. Let f be an unbounded modulus. Let x = (xk) and y = (yk) be any
two sequences such that xk − l1 = f − st− o(k−β1) and yk − l2 = f − st− o(k−β2),
as k →∞. Then

(i) (xk + yk)− (l1 + l2) = f − st− o(k−β), where β = min (β1, β2),
(ii) α(xk − l1) = f − st− o(k−β1) for any real number α, as k →∞.

Theorem 5.6. Every f -statistically convergent sequence with degree 0 < β < 1 is
f -statistically convergent for any unbounded modulus f .

Proof. Since 0 < β < 1, therefore, 0 < 1− β < 1 . This implies that f(n1−β) ≤
f(n) and hence,

1

f(n)
f(|{k ≤ n : ‖xk − x‖ ≥ ε}|) ≤

1

f(n1−β)
f(|{k ≤ n : ‖xk − x‖ ≥ ε}|).

Theorem 5.7. Let 0 < α ≤ β < 1. If a sequence is f -statistically convergent with
degree β then it is statistically convergent with degree α.

Proof. Suppose x = (xk) is f -statistically convergent with degree β to l. Then,

lim
n→∞

1

f(n1−β)
f(|{k ≤ n : ‖xk − x‖ ≥ ε}|) = 0.

This implies that for given p ∈ N, there exists no ∈ N such that for n ≥ no, we have

f (|{ k ≤ n : ‖xk − x‖ ≥ ε}|) ≤
1

p
f(n1−β) ≤ 1

p
f(n1−α) ≤ 1

p
pf

(
n1−α

p

)
= f

(
n1−α

p

)
and since f is increasing, we have

1

n1−α
|{k ≤ n : ‖xk − x‖ ≥ ε}| ≤

1

p
.

Hence, x = (xk) is statistically convergent with degree α.

Maddox [30] proved that for any modulus f , limt→∞
f(t)
t exists. Making use of

this result we are in a position to find the degree of f -statistical convergence of the
sequence of positive linear operators in Theorem 3.3.

Theorem 5.8. Let f be an unbounded modulus such that limt→∞
f(t)
t > 0. Let

(Ln) be a sequence of positive linear operators Ln : D([a, b])→ B([a, b]) satisfy the
conditions

‖Ln(1, x)− 1‖B = f − st− o(n−β1), (5.1)

‖Ln(t, x)− x‖B = f − st− o(n−β2), (5.2)

‖Ln(t2, x)− x2‖B = f − st− o(n−β3), (5.3)

as n→∞.
Then, for all g′ ∈ Fcb([a, b]), we have

‖Ln(g′, x)− g′(x)‖B = f − st− o(n−β), as n→∞,

where β = min (β1, β2, β3).
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Proof. Proceeding as in the proof of Theorem 3.3, from inequality (3.14), we
have

1

f(N1−β)
f(|{n ≤ N : ‖Ln(g′, x)− g′(x)‖B ≥ ε′}|)

≤ 1

f(N1−β1)
f(|{n ≤ N : ‖Ln(1, x)− 1‖B ≥

ε′ − ε
3K
}|)f(N1−β1)

f(N1−β)

+
1

f(N1−β2)
f(|{n ≤ N : ‖Ln(t, x)− x‖B ≥

ε′ − ε
3K
}|)f(N1−β2)

f(N1−β)

+
1

f(N1−β3)
f(|{n ≤ N : ‖Ln(t2, x)− x2‖B ≥

ε′ − ε
3K
}|)f(N1−β3)

f(N1−β)

=
f(|{n ≤ N : ‖Ln(1, x)− 1‖B ≥ ε′−ε

3K }|)
f(N1−β1)

(
f(N1−β1)

N1−β1

)(
N1−β

f(N1−β)

)(
N1−β1

N1−β

)
+
f(|{n ≤ N : ‖Ln(t, x)− x‖B ≥ ε′−ε

3K }|)
f(N1−β2)

(
f(N1−β2)

N1−β2

)(
N1−β

f(N1−β)

)(
N1−β2

N1−β

)
+
f(|{n ≤ N : ‖Ln(t2, x)− x2‖B ≥ ε′−ε

3K }|)
f(N1−β3)

(
f(N1−β3)

N1−β3

)(
N1−β

f(N1−β)

)(
N1−β3

N1−β

)
.

By using conditions (5.1) – (5.3) and the fact that limt→∞
f(t)
t > 0, we have

‖Ln(g′, x)− g′(x)‖B = f − st− o(n−β), as n→∞,

where β = min (β1, β2, β3).

6. f-statistical approximation by positive linear operators in Lp[a, b]

In this section we shall consider the sequence of positive linear operators Ln :
Lp[a, b]→ Lp[a, b] and study a Korovkin type theorem via f -statistical convergence,
where f is an unbounded modulus and Lp[a, b] has the usual meaning.

Theorem 6.1. Let f be an unbounded modulus and (Ln) be the sequence of positive
linear operators Ln : Lp[a, b]→ Lp[a, b] such that the sequence (‖Ln‖) be uniformly
bounded. If

f − st lim ‖Ln(1, x)− 1‖Lp = 0,

f − st lim ‖Ln(t, x)− x‖Lp = 0,

f − st lim ‖Ln(t2, x)− x2‖Lp = 0,

then for any function g ∈ Lp[a, b], we have

f − st lim ‖Ln(g, x)− g(x)‖Lp = 0.

The proof uses ideas similar to those used in Theorem 7 of [21] and the fact that
if a sequence x = (xk) in a normed space X is f -statistically convergent to some
xo ∈ X then there exists A ⊂ N such that df (A) = 0 and limk∈N−A xk = xo.
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