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NONLINEAR α-TYPE CONTRACTIONS ON A SPACE

ENDOWED WITH GRAPH

MARIA SAMREEN, TAYYAB KAMRAN

Abstract. In this paper we establish fixed point theorems to abridge the
notion of α − ψ contractions. We establish some fixed point theorems for α-

type nonlinear contractions when underlying space is endowed with a graph.
We also shed some light on some pre-existing results in literature that subsume

the class of α-type contractions. Subsequently, several fixed point results for

α-type contractions are rediscovered as important consequences.

1. Introduction

Banach [4] showed that every contraction on a complete metric space has a unique
fixed point. Ran and Reurings [25] initiated the study of fixed points of mappings on
partially ordered complete metric spaces. In this context many authors undertook
further investigations, see e.g., [20, 23, 25]. Jachymski [15] proved the existence of
fixed point of a mapping on a complete metric space endowed with a graph provided
that the mapping satisfy contraction condition for pairs of points which form edges
in the graph. Further advancements are being made in this direction by analyzing
contractive condition and connectivity of graph, see e.g., [5, 8, 30, 31]. Matkowski
[19] introduced the class of ψ-contraction in metric fixed point theory. Afterwards,
many authors contributed to further developments in this direction by analyzing
the properties on function ψ (see, [3, 6, 7, 10, 11, 22, 24, 27, 28, 34, 35]). Most of the
fixed point theorems for such class of mappings are established wherein iterative
sequence converges to the fixed point. This stimulated the study in developing
multi-step iteration methods, with application to numerical analysis and image
recovery [36, 37].

Jachymski [15] established a generalized and novel variant by utilizing the graph
theoretic approach instead of partial ordering and unified the results given by au-
thors [20, 23, 25]. From then on, investigations have been carried out to obtain
better and generalized results by weakening contraction condition and analyzing
connectivity of graph (see, [1, 8, 9, 30, 31]). Jachymski [15] showed that a map-
ping on a complete metric space still has a fixed point provided that the mapping
satisfied contraction condition for pairs of points which form edges in the graph.
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2. Preliminaries

In this section we recollect some basic notions from [6, 15, 22]. Let ψ : [0,∞)→
[0,∞). Assume the following properties:

(i)ψ ψ is monotone nondecreasing, i.e., t1 ≤ t2 =⇒ ψ(t1) ≤ ψ(t2) for all t1, t1 ∈
[0,∞).
(ii)ψ limn→∞ ψn(t) = 0 for all t > 0.
(iii)ψ

∑∞
n=0 ψ

n(t) <∞ for all t > 0.

Definition 2.1. (Berinde [6]) A function ψ : [0,∞) → [0,∞) satisfying (i)ψ and
(ii)ψ is said to be a comparison function. A function ψ : [0,∞)→ [0,∞) satisfying
(i)ψ and (iii)ψ is said to be a (c)-comparison function.

Example 2.2. (Berinde [6]) Let ψ : R+ → R+ be defined by ψ(t) = t
1+t ; t ∈ R+

is a comparison function but not a (c)-comparison function. On the other hand
define ψ : R+ → R+ as ψ(t) = t

2 ; 0 ≤ t ≤ 1 and ψ(t) = t − 1
2 ; t > 1, then ψ is a

(c)-comparison function.

It follows from above example that any (c)-comparison function is a comparison
function but converse may not be true.

Remark 2.3. For a comparison function ψ we note that ψ(t) < t for all t > 0,
ψ(0) = 0 and ψ is right continuous at t = 0.

We recall that in b-metric space (X, d), the triangle inequality is generalized in
the following way:

d(x, z) ≤ s[d(x, y) + d(y, z)], ∀x, y ∈ X,

where s ≥ 1 is any fixed real number. In [7], author investigated ψ contractions
and established some fixed point theorems when the underlying space considered
was b-metric space. He imposed a stronger condition to the function ψ as follows.

Definition 2.4. Let s ≥ 1 be a fixed real number. The function ψ is said to be a
b-comparison function if it satisfies (i)ψ, (ii)ψ and the following condition:

(iv)ψ
∑∞
n=0 s

nψn(t) <∞ for all t > 0.

For some recent developments on subject see [2, 33] and the references therein.
In [29] Samet et al. introduced the notion of α − ψ contractive mappings. Soon
after that a huge literature emerged consuming this idea in each and every possible
way to extend the notion (see e.g., [14, 16, 18]).

Definition 2.5. (Samet et al. [29]) Let (X, d) be a metric space and α : X ×X →
[0,∞). A mapping f : X → X is said to be α-admissible if

α(x, y) ≥ 1⇒ α(fx, fy) ≥ 1, ∀ x, y ∈ X. (2.1)

Definition 2.6. (Samet et al. [29]) Let (X, d) be a metric space and f : X → X.
Then f is said to be an α− ψ contractive mapping if

α(x, y)d(fx, fy) ≤ ψ(d(x, y)) for all x, y ∈ X, (2.2)

where ψ : [0,∞) → [0,∞) is nondecreasing such that
∑∞
n=1 ψ

n(t) < ∞ for each
t > 0 and α : X ×X → [0,∞).
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In support of their main results [29, Theorem 2.1, 2.2] the authors established
the following self-mappings [29, Example 2.3, 2.4]. Let X = R endowed with the
usual metric d. Define f, g : X → X by

fx =


2x− 3

2 if x > 1
x
2 if 0 ≤ x ≤ 1

0 if x < 0

and gx =


2x− 3

2 if x > 1
x
4 if 0 ≤ x ≤ 1

0 if x < 0

It is evident that both the self mappings f and g are simple Banach contractions on a
complete subspace [0, 1] of the Euclidean metric space R. Which is sufficient enough
to serve the purpose to have fixed points. Precisely, the selfmappings f and g used in
[29, Example 2.3, 2.4] do not substantiate the concreteness of validity of main results
of [29] over the preexisting results (even the simplest Banach’s theorem). Later on,
Bojor [8] obtained some results in such settings by weakening the condition of
Banach G-contraction and introducing some new type of connectivity of the graph.
We state, for convenience the following definition and main result due to Jachymski
[15]. First we need to recollect some definitive notations. Let X be a complete
metric space with metric d (unless specified otherwise) and Ω is the diagonal of the
Cartesian product X × X. Let G be a directed graph such that the set V (G) of
its vertices coincides with X, and the set E(G) of its edges contains all loops, i.e.,
E(G) ⊇ Ω. Assume that G has no parallel edges. We may treat G as a weighted
graph by assigning to each edge the distance between its vertices. For compactness
we write graph as ordered pair of its vertex and edge sets i.e., G = (V (G), E(G)).

Definition 2.7. (Jachymski [15, Definition 2.1]) A mapping f : X → X is called
a Banach G-contraction or simply G-contraction if f preserves edges of G, i.e.,

for all x, y ∈ X, (x, y) ∈ E(G)⇒ (fx, fy) ∈ E(G), (2.3)

and f decreases weights of edges of G in the following way:

∃ κ ∈ (0, 1) for all x, y ∈ X, (x, y) ∈ E(G)⇒ d(fx, fy) ≤ κ d(x, y). (2.4)

Note that for the graph G0 = (X,X × X), Definition 2.7 coincides with the
classic definition of Banach contraction mapping.

Theorem 2.8. (Jachymski [15, Theorem 3.2]) Let (X, d) be a complete metric
space endowed with a graph G and f : X → X be a G-contraction. Assume the
triplet (X, d,G) has the following property:

: (C) : for any sequence {xn} in X, if xn → x ∈ X and (xn, xn+1) ∈ E(G) for
n ∈ N then there exists a subsequence {xnk

} such that (xnk
, x) ∈ E(G) for

k ∈ N;
or
f is continuous.

Let x0 ∈ Xf := {x ∈ X : (x, fx) ∈ E(G)}. Then f has a fixed point.

Later on Bojor [8] extended the notion in the following way.

Definition 2.9. (Bojor [8, Definition 2.1]) A mapping f : X → X is called a
(ψ,G)-contraction if f preserves edges of G, i.e.,

for all x, y ∈ X, (x, y) ∈ E(G)⇒ (fx, fy) ∈ E(G), (2.5)

and there exists a comparison function ψ : R+ → R+ such that:

⇒ d(fx, fy) ≤ ψ(d(x, y)) for all x, y ∈ X, (x, y) ∈ E(G). (2.6)
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Theorem 2.10. (Bojor [8, Theorem 2.3]) Let (X, d) be a complete metric space en-
dowed with a graph G and f : X → X be a (ψ,G) contraction for a (c)−comparison
function ψ. Assume the triplet (X, d,G) has the following property:

: (C) : for any sequence {xn} in X, if xn → x ∈ X and (xn, xn+1) ∈ E(G) for
n ∈ N then there exists a subsequence {xnk

} such that (xnk
, x) ∈ E(G) for

k ∈ N;
or
f is continuous.

Let x0 ∈ Xf := {x ∈ X : (x, fx) ∈ E(G)}. Then f has a fixed point.

3. Main results

Proinov [24, Theorem 4.1] generalized Banach fixed point theorem using a con-
tractive condition which involved (c)-comparison function. Furthermore, to calcu-
late priori and posteriori estimates to approach the fixed point the author considered
Bianchini-Grandolfi gauge function [24, Theorem 4.2]. The obtained results sub-
sume many results (see e.g.,[26, 13, 21, 12]). Inspired from Proinov, we included a
fixed point theorem which follows rather simpler techniques.

Theorem 3.1. Let (X, d) be a complete metric space and f : D ⊂ X → X be a
mapping. Suppose there exists x0 ∈ D such that O(x0) = {x0, fx0, f2x0, · · · } ⊂ D.
Assume that

d(fy, f2y) ≤ ψ(d(y, fy)) ∀ y ∈ O(x0), (3.1)

where ψ is a (c)-comparison function. Then fnx0 → ξ ∈ X. If ξ ∈ D then ξ is a
fixed point of f if and only if G(x) = d(x, fx) is lower semi-continuous on ξ.

Proof. For x0 ∈ D, consider the iterative sequence xn = fnx0; n = 0, 1, 2, · · · .
Since, x0 ∈ O(x0) so that (3.1) implies

d(x1, x2) ≤ ψ(d(x0, x1)). (3.2)

Similarly, for x1 ∈ O(x0), we have

d(x2, x3) ≤ ψ(d(x1, x2))

≤ ψ2(d(x0, x1)). (using (3.2))

Thus by successive application of contraction inequality (3.1), we obtain

d(xn, xn+1) ≤ ψn(d(x0, x1)), n = 1, 2, · · · . (3.3)

For m > n, using triangle inequality and (3.3), we obtain

d(xn, xm) ≤ d(xn, xn+1) + d(xn+1, xn+2) + · · ·+ d(xm−1, xm)

≤ ψn(d(x0, x1)) + ψn+1(d(x0, x1)) + · · ·+ ψm−1(d(x0, x1)).

Since,
∑∞
j=0 ψ

j(d(x0, x1)) < ∞. Hence, {xn} is a Cauchy sequence in X. The
completeness of X infers xn = fnx0 → ξ ∈ X. Let ξ ∈ D. Assume that G is lower
semi continuous at ξ ∈ D, then

d(ξ, fξ) ≤ lim inf
n→∞

d(fnx0, f
n+1x0) (3.4)

≤ lim inf
n→∞

ψn
(
d(x0, x1)

)
= 0. (3.5)

Conversely, let ξ = fξ and xn → ξ. Then,

G(ξ) = dθ(ξ, fξ) = 0 ≤ lim inf
n→∞

G(xn) = dθ(f
nx0, f

n+1x0). (3.6)
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�

Remark 3.2. Note that the lower semi-continuity of G can be trivially replaced by
orbital lower semi-continuity. In this context by setting ψ(t) = κt for all t ∈ [0,∞)
where 0 < κ < 1, Theorem 3.1 subsumes main result by Hicks and Rhoades [13].
Theorem 3.1 also yields some results by Proinove [24, Theorem 4.1].

In what follows one can intuitively translate Definitions 2.5 & 2.6 in the sense of
graph theoretic approach.

Definition 3.3. Let (X, d) be a metric space endowed with a graph G and α :
X ×X → [0,∞). A mapping f : X → X is said to be α−G admissible if

α(x, y) ≥ 1⇒ α(fx, fy) ≥ 1 for all (x, y) ∈ E(G). (3.7)

Definition 3.4. Let (X, d) be a metric space endowed with a graph G and f :
X → X. Then f is said to be an α− ψ −G contractive mapping if

α(x, y)d(fx, fy) ≤ ψ(d(x, y)) for all (x, y) ∈ E(G), (3.8)

where ψ : [0,∞) → [0,∞) is nondecreasing such that
∑∞
n=1 ψ

n(t) < ∞ for each
t > 0 and α : X ×X → [0,∞).

Remark 3.5. By taking graph G0 = (X,X ×X), Definitions 3.3 & 3.4 reduce to
the Definitions 2.5 & 2.6.

The following variant is immediate.

Theorem 3.6. Let (X, d) be a complete metric space endowed with a graph G.
Let f : X → X be a α−ψ−G contractive mapping such that f is α−G admissible.
Assume the triplet (X, d,G) has the following property:

: (C′) : for any sequence {xn} in X, if xn → x ∈ X and α(xn, xn+1) ≥ 1 with
(xn, xn+1) ∈ E(G) for n ∈ N then there exists a subsequence {xnk

} such
that α(xnk

, x) ≥ 1 and (xnk
, x) ∈ E(G) for k ∈ N;

or
f is continuous.

Furthermore, assume that x0 ∈ Xf := {x ∈ X : (x, fx) ∈ E(G)} with α(x0, fx0) ≥
1. Then f has a fixed point.

Proof. Consider the graph G1 :=
(
V (G1), E(G1)

)
consisting of

V (G1) := X and E(G1) := {(x, y) ∈ X ×X : α(x, y) ≥ 1}.
For the graph G1, the α − G1 admissibility yields that f preserves edges. Let
(x, y) ∈ E(G1) then α(x, y) ≥ 1 and since, f is α − ψ −G contractive mapping so
we have

d(fx, fy) ≤ ψ(d(x, y)). (3.9)

Thus f is (ψ,G1) contraction. Also observe that α(x0, fx0) ≥ 1 which implies
(x0, fx0) ∈ E(G1). The property (C′) implies α(xnk

, x) ≥ 1, thus (xnk
, x) ∈ E(G1).

This invokes property (C) of Theorem 2.10 is satisfied. Hence conclusion follows
from Theorem 2.10.

�

Remark 3.7. Note that when G0 = (X,X × X) Theorem 3.6 reduces to [29,
Theorem 2.1 & 2.2].
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Remark 3.8. It is important to mention here that more analogues of Theorem 3.6
can be obtained by replacing contractive inequality with various other inequalities
as consequences of [30, Theorem 2.7] [31, Theorem 18 & 27].

Theorem 3.9. Let (X, d) be a complete metric space endowed with a graph G.
Let f : X → X be α−G admissible and satisfy

α(x, y)d(fx, fy) ≤ d(x, y)− ψ(d(x, y)), for all (x, y) ∈ E(G), (3.10)

where α : X × X → [0,∞) and ψ : [0,∞) → [0,∞) is continuous nondecreasing
such that ψ is positive on (0,+∞) and ψ(0) = 0. Assume the triplet (X, d,G) has
the following property:

: (C′) : for any sequence {xn} in X, if xn → x ∈ X and α(xn, xn+1) ≥ 1 with
(xn, xn+1) ∈ E(G) for n ∈ N then there exists a subsequence {xnk

} such
that α(xnk

, x) ≥ 1 and (xnk
, x) ∈ E(G) for k ∈ N;

or
f is continuous.

Furthermore, assume that x0 ∈ Xf := {x ∈ X : (x, fx) ∈ E(G)} with α(x0, fx0) ≥
1. Then f has a fixed point.

Proof. By considering graph G1 consisting of V (G1) := X and E(G1) := {(x, y) ∈
X ×X : α(x, y) ≥ 1} the assertion follows from [30, Theorem 2.7]. �

Theorem 3.10. Let (X, d) be a complete b-metric space endowed with a graph G
such that d is a continuous functional. Let f : X → X be α − G admissible and
satisfy

α(x, y)d(fx, fy) ≤ ψ(d(x, y)), for all (x, y) ∈ E(G), (3.11)

where α : X ×X → [0,∞) and ψ : R+ → R+ be a b-comparison function. Assume
the triplet (X, d,G) has the following property:

: (C′) : for any sequence {xn} in X, if xn → x ∈ X and α(xn, xn+1) ≥ 1 with
(xn, xn+1) ∈ E(G) for n ∈ N then there exists a subsequence {xnk

} such
that α(xnk

, x) ≥ 1 and (xnk
, x) ∈ E(G) for k ∈ N;

or
f is continuous.

Furthermore, assume that x0 ∈ Xf := {x ∈ X : (x, fx) ∈ E(G)} with α(x0, fx0) ≥
1. Then f has a fixed point.

Proof. By considering graph G1 consisting of V (G1) := X and E(G1) := {(x, y) ∈
X ×X : α(x, y) ≥ 1} the assertion follows from [31, Theorem 18]. �

Theorem 3.11. Let (X, d) be a complete metric space endowed with a graph G
such that d is a continuous functional. Let f : X → X be α − G admissible and
satisfy

α(x, y)d(fx, fy) ≤ δd(x, y)+β[d(x, fx)+d(y, fy)]+γ[d(x, fy)+d(y, fx)], for all x, y ∈ X.
(3.12)

where, δ, β, γ ≥ 0 with sδ + s(s + 1)β + s(s + 1)γ < 1 and α : X × X → [0,∞).
Assume the triplet (X, d,G) has the following property:

: (C′) : for any sequence {xn} in X, if xn → x ∈ X and α(xn, xn+1) ≥ 1 with
(xn, xn+1) ∈ E(G) for n ∈ N then there exists a subsequence {xnk

} such
that α(xnk

, x) ≥ 1 and (xnk
, x) ∈ E(G) for k ∈ N;
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or
f is continuous.

Furthermore, assume that x0 ∈ Xf := {x ∈ X : (x, fx) ∈ E(G)} with α(x0, fx0) ≥
1. Then f has a fixed point.

Proof. By considering graph G1 consisting of V (G1) := X and E(G1) := {(x, y) ∈
X ×X : α(x, y) ≥ 1} the assertion follows from [31, Theorem 27]. �

3.1. Consequences. Now we establish some fixed point theorems for mappings
satisfying contraction inequality involving function α. The obtained results are
important consequences of some pre-existing results. In the following we include
our first result due to Samet et al. [29] which is followed from Theorem 3.1.

Theorem 3.12. (Samet et al. [29, Theorem 2.1]) Let (X, d) be a complete metric
space and f : X → X be an α − ψ contractive mapping satisfying the following
conditions:

: (i) f is α-admissible, i.e., α(x, y) ≥ 1⇒ α(fx, fy) ≥ 1 for every x, y ∈ X;
: (ii) there exists x0 ∈ X such that α(x0, fx0) ≥ 1;
: (iii) f is continuous.

Then f has a fixed point.

Proof. Let x0 ∈ X. Since, f is α− ψ contraction then for n = 1, 2, · · · we obtain

α(fnx0, f
n+1x0)d(fnx0, f

n+1x0) ≤ ψ(d(fn−1x0, f
nx0)). (3.13)

From condition (ii) α(x0, fx0) ≥ 1. By induction the α-admissibility of f implies

α(fnx0, f
n+1x0) ≥ 1 for n = 0, 1, 2, · · · . (3.14)

Thus from (3.13), for n = 1, 2, · · · , we have

d(fnx0, f
n+1x0) ≤ ψ(d(fn−1x0, f

nx0)). (3.15)

Obviously, (3.15) can also be written as under

d(fy, f2y) ≤ ψ(d(y, fy)) for y ∈ O(x0). (3.16)

Since, the continuity of f also vindicates the continuity of G(x) = d(x, fx). Hence
the conclusion follows from Theorem 3.1.

�

Subsequently, we show that the fixed point results when the underlying space is
endowed with the graph can easily be reduced to the α-type analogues. Throughout
this section let X be a non-empty set and f : X → X. Consider the graph
G1 :=

(
V (G1), E(G1)

)
consisting of

V (G1) := X and E(G1) := {(x, y) ∈ X ×X : α(x, y) ≥ 1}.
Where α : X ×X → [0,∞). We note that for the graph G1, the admissibility of f
yields that f preserves edges.
In the following we show that the main result due to Samet et al. [29] can be easily
deduced from Theorem 2.10.

Theorem 3.13. (Samet et al. [29, Theorem 2.2]) Let (X, d) be a complete metric
space and f : X → X be an α − ψ contractive mapping satisfying the following
conditions:

: (i) f is α-admissible, i.e., α(x, y) ≥ 1⇒ α(fx, fy) ≥ 1 for every x, y ∈ X;
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: (ii) there exists x0 ∈ X such that α(x0, fx0) ≥ 1;
: (iii) if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n ∈ N and
xn → x ∈ X as n→∞ then α(xn, x) ≥ 1 for all n.

Then f has a fixed point.

Proof. Consider the graph G1. For (x, y) ∈ E(G1) we have

α(x, y)d(x, y) ≤ ψ(d(x, y)).

Using α(x, y) ≥ 1 we obtain

d(x, y) ≤ α(x, y)d(x, y) ≤ ψ(d(x, y)) for all (x, y) ∈ E(G1). (3.17)

Which yields that f is (ψ,G1) contractive mapping. The condition (ii) guarantees
the existence of some x0 ∈ X such that x0 ∈ Xf . Moreover assertion (iii) vindicates
that the graph G1 = (V (G1), E(G1)) satisfies property (C). Thus all the conditions
of Theorem 2.10 are satisfied. Hence f has a fixed point. �

In the following we establish an α-type analogue for weakly contractive mappings
which is a direct consequence of [30, Theorem 2.7].

Theorem 3.14. Let (X, d) be a complete metric space. Suppose that f : X → X
satisfies

α(x, y)d(fx, fy) ≤ d(x, y)− ψ(d(x, y)), for all x, y ∈ X, (3.18)

where α : X × X → [0,∞) and ψ : [0,∞) → [0,∞) is continuous nondecreasing
such that ψ is positive on (0,+∞) and ψ(0) = 0.
Assume the following conditions:

: (i) f is α-admissible, i.e., α(x, y) ≥ 1⇒ α(fx, fy) ≥ 1 for every x, y ∈ X;
: (ii) there exists x0 ∈ X such that α(x0, fx0) ≥ 1;
: (iii) if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n ∈ N and
xn → x ∈ X as n→∞ then α(xn, x) ≥ 1 for all n.

Then f has a fixed point.

Proof. Consider the graph G1 Let (x, y) ∈ E(G1) then α(x, y) ≥ 1 and inequality
(3.18) yields

d(fx, fy) ≤ α(x, y)d(fx, fy) ≤ (.x, y)− ψ(d(x, y)). (3.19)

Thus f is weakly G1-contractive mapping. The condition (ii) invokes the existence
of some x0 ∈ X with (x0, fx0) ∈ E(G1). Moreover it is easy to observe that con-
dition (iii) is equivalent to property (C). Hence all the conditions of [30, Theorem
2.7] are satisfied and the conclusion follows. �

Now we move to establish fixed point theorems for mappings satisfying α-type
contraction inequality when the underlying ambient space is endowed with b-metric.

Theorem 3.15. Let (X, d) be a complete b-metric space such that d is a continuous
functional. Suppose that f : X → X satisfies

α(x, y)d(fx, fy) ≤ ψ(d(x, y)), for all x, y ∈ X, (3.20)

where α : X ×X → [0,∞) and ψ : R+ → R+ be a b-comparison functions.
Assume the following conditions:

: (i) f is α-admissible, i.e., α(x, y) ≥ 1⇒ α(fx, fy) ≥ 1 for every x, y ∈ X;
: (ii) there exists x0 ∈ X such that α(x0, fx0) ≥ 1;
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: (iii) if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n ∈ N and
xn → x ∈ X as n→∞ then α(xn, x) ≥ 1 for all n.

Then f has a fixed point.

Proof. Consider the graph G1. For (x, y) ∈ E(G1) then α(x, y) ≥ 1 and from
inequality (3.20) we obtain

d(fx, fy) ≤ α(x, y)d(fx, fy) ≤ ψ(d(x, y)) (3.21)

Thus f is b-(ψ,G) contraction [31, Definition 4]. The condition (ii) vindicates the
existence of some x0 ∈ X with (x0, fx0) ∈ E(G). Furthermore it is easy to observe
that the condition (iii) implies that G is a (C)-graph. Hence all the conditions of
[31, Theorem 18] are satisfied and the conclusion follows. �

Remark 3.16. Theorem 3.15 extends [29, Samet et al.,Theorem 2.1, 2.2] to the
case of b-metric spaces. Thus for (s = 1) when d is a simple metric, Theorem 3.15
subsumes [29, Theorem 2.1, 2.2] as a special case.

Theorem 3.17. Let (X, d) be a complete b-metric space such that d is a continuous
functional. Suppose that there exist δ, β, γ ≥ 0 with sδ+ s(s+ 1)β + s(s+ 1)γ < 1
and α : X × X → [0,∞) such that f : X → X satisfies the following contractive
condition:

α(x, y)d(fx, fy) ≤ δd(x, y)+β[d(x, fx)+d(y, fy)]+γ[d(x, fy)+d(y, fx)], for all x, y ∈ X.
(3.22)

Assume the following conditions hold:

: (i) f is α-admissible, i.e., α(x, y) ≥ 1⇒ α(fx, fy) ≥ 1 for every x, y ∈ X;
: (ii) there exists x0 ∈ X such that α(x0, fx0) ≥ 1;
: (iii) if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n ∈ N and
xn → x ∈ X as n→∞ then α(xn, x) ≥ 1 for all n.

Then f has a fixed point.

Proof. Consider the graph G1. Let (x, y) ∈ E(G1) then α(x, y) ≥ 1 and from
inequality (3.22) we obtain

d(fx, fy) ≤ α(x, y)d(fx, fy) ≤ δd(x, y)+β[d(x, fx)+d(y, fy)]+γ[d(x, fy)+d(y, fx)].
(3.23)

Thus f satisfies contraction inequality of [31, Theorem 18]. The condition (ii)
infers the existence of some x0 ∈ X such that (x0, fx0) ∈ E(G). Furthermore,
the condition (iii) implies that G is a (C)-graph. Hence all the conditions of [31,
Theorem 27] are satisfied and the conclusion follows. �

Remark 3.18. Since we have recorded a few results for mappings satisfying α-
type contraction inequalities. Some more analogues of Theorems 2.1 can easily be
obtained from main results in [5, 17, 32].

4. Conclusion

In this paper we have established some fixed point results (Theorem 3.1 & 3.6 to
subsume the class of α−ψ contractions. The aim of this paper is to show that α−ψ
type contractive inequality along with α admissibility of f does not stipulate much
substantial notion. Even our introduced new notion α−ψ−G contractive mapping
is a simple (ψ,G) contraction. Note that where ever α is used in any contraction
inequality it is always greater than or equal to one, reducing the inequality to the
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regular contractive inequality without α (see, e.g., inequalities (3.16), (3.17), (3.19),
(3.21), (3.23)). Thus the α function does not seem to play any roll for the existence
of the fixed point of any mapping. Precisely, if f is α admissible then the role of α
function seems quite quiescent making it superfluous and redundant. On the other
hand it shall be very interesting to investigate the conditions which are weaker than
α admissibility of f to guarantee the existence of fixed point for α-type contraction
mapping.
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