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ON SOME SUBSETS OF SOFT SETS AND SOFT CONTINUITY

VIA SOFT IDEALS

YUNUS YUMAK, AYNUR KESKIN KAYMAKCI

Abstract. Firstly, we introduce the notion called soft fJ̃ -set in soft ideal
topological spaces. Secondly, we obtain some properties of it. Then, by using

related some notions we have two diagrams as Diagram I and Diagram III.

We also introduce the notions of soft semi-J̃-regular, soft tJ̃ -set and almost

soft-J̃-open. Besides, we define the notion of soft fJ̃ -continuity. Finally,

we give a decomposition of soft RJ̃C-continuity and obtain that restriction
function for soft open sets both them is preserved.

1. Introduction

It may not be easy to understand the realities of the world we live in. So, we
need to do some mathematical modeling to understand the facts. But the models
you have are not enough to solve all the problems. Especially when modeling in
fields such as engineering, economics, physics, social sciences, computer science, the
insufficiency and uncertainty of the data prevent us from reaching the result with
existing methods. These problems have encouraged mathematicians to constantly
find new mathematical models. One of these models is the soft set theory revealed
by Molodtsov[16]. Soft set theory provides very useful methods for parameters.
Since this theory has a wide range of applications in the literature, many researchers
have worked on this theory ([4], [6], [17], [20]). Studies on topological structures
of soft sets were first initiated in 2011 by Shabir and Naz[19]. They defined a
starter set with the aid of a set of fixed parameters on soft topological spaces
and examined some principal properties of soft topology and soft topological space
concepts as soft closed set, soft open set, soft closure point, soft interior point,
soft Ti-spaces, soft subspace, etc. On the other hand, most researchers analyzed
soft topological spaces of concepts known in general topological spaces. Sahin and
Kucuk[18] uses soft sets to define the soft ideal concept. Kandil and colleagues
studied [10] the concept of ideal soft in detail. In addition, they introduced some
new concepts related to this concept to the literature ([11],[12],[13],[14]). Some

of them are soft local functions, soft connected spaces, soft semi-J̃-compact
spaces and soft ∗-topology. With the help of these concepts they obtained new
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soft topologies called soft ideal and soft ideal topological space. In 2016, Yumak
and Kaymakcı[20] identified a new soft set named soft regular-J̃-closed set and
examined the properties of this concept.

In this study, we introduce the notion called soft fJ̃ -set in soft ideal topological
spaces and we obtain some properties belong to it. Then, by using some related
notions we have a few diagrams. Also we introduce the notions of soft semi-
J̃-regular, soft tJ̃ -set and almost soft-J̃-open. In addition to these, we define
the notion of soft fJ̃ -continuity. In the final, we give a decomposition of soft
RJ̃C-continuity and obtain that restriction function for soft open sets both them
is preserved.

2. Preliminaries

Let U be an universe set and Q be the set of parameters that contain all the
possible properties of elements in U . Besides, let P (U) be collection of all subsets
of U and A ⊆ Q.

Definition 2.1. [16] Given a mapping F defined as F : A −→ P (U). In this case,
the (F,A) pair is called a soft set on U . The family of all soft sets on U denoted
by SS(U)A.

Definition 2.2. [15] Let A,B ⊆ Q and (F,A), (G,B) ∈ SS(U)Q. If (i) A ⊆ B,
and (ii) ∀e ∈ A, F (q) ⊆ G(q), then (F,A) is a soft subset of (G,B) and we can
write (F,A) ⊆̃ (G,B).

Definition 2.3. [15] (F,Q) ∈ SS(U)Q is called to be (i) null soft set indicated by

Φ, if ∀ q ∈ Q, F (q) = φ, (ii) absolute soft set indicated by Ũ , if ∀ q ∈ Q, F (q) =
U .

Definition 2.4. Let A1,A2 ⊆ Q and (F,A1), (G,A2) ∈ SS(U)Q.

a) [15] soft union of (F,A1) and (G,A2) is equal to (K,A3), where A3 = A1

∪ A2 and ∀ q ∈ A3,

K(q) =

 F (q)
G(q)
F (q) ∪G(q)

,
,
,

if q ∈ A1 −A2

if q ∈ A2 −A1

if q ∈ A1 ∩A2

We write (F,A1) ∪̃ (G,A2) = (K,A3).

b) [8] soft intersection of (F,A1) and (G,A2) is equal to (K,A3), where A3 =
A1 ∩ A2, and ∀ q ∈ A3, K(q) = F (q) ∩ G(q). We write (F,A1) ∩̃ (G,A2)
= (K,A3).

Definition 2.5. [19] Let u ∈ U and (F,Q) ∈ SS(U)Q. Then,
i) u ∈ (F,Q) ⇐⇒ u ∈ F (q), ∀ q ∈ Q,
ii) u /∈ (F,Q) ⇐⇒ u /∈ F (q), ∃ q ∈ Q.

Definition 2.6. [2] The relative complement belongs to (H,Q) soft set is denoted
by (H,Q)′ and is also described by (H,Q)′ = (H ′, Q) where H ′ : Q −→ P (U) is a
mapping given by H ′(q) = U −H(q) for all q ∈ Q.
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Definition 2.7. [19] Let λ ⊆̃ SS(U)Q. In this case, λ and (U, λ,Q) are said to be
soft topology and soft topological space (briefly, STS) over U respectively if

1) Φ, Ũ ∈ λ,

2) the union of any number of soft sets in λ belongs to λ,

3) the intersection of any two soft sets in λ belongs to λ.

If (H,Q) ∈ λ, (H,Q) is called a soft open sets in U .

Throughout this article SO(U) (SC(U)) will identify all soft open(closed) sets.

Definition 2.8. Let (U, λ,Q) be a STS and (F,Q) ∈ SS(U)Q. In this case,

a) [9] int(F,Q) =
∼⋃{

(F,Q)⊇̃(G,Q) : (G,Q) ∈ λ
}

,

b) [19] cl(F,Q) =
∼⋂{

(G,Q)⊇̃(F,Q) : (G,Q) ∈ λ′
}

.

Proposition 2.9. [9] Let (U, λ,Q) be a STS and (H,Q), (L,Q) ∈ SS(U)Q. Then,

i) int (int (H,Q)) = int (H,Q),
ii) (H,Q) ⊆̃ (L,Q) =⇒ int(H,Q) ⊆̃ int(L,Q),
iii) cl(cl(H,Q)) = cl(H,Q),
iv) (H,Q) ⊆̃ (L,Q) =⇒ cl(H,Q) ⊆̃ cl(L,Q).

Definition 2.10. [5] If for any element q ∈ Q, L(q) = {u} and for all q′ ∈ (Q−{q})
L(q′) = φ, the (L,Q) soft set which is in SS(U)Q is named a soft point and it is
presented by (uq, Q) or uq.

Definition 2.11. [22] Let uq be a soft point over U and (L,Q) ∈ SS(U)Q. uq ∈
(H,Q) if and only if for the element q ∈ Q, L(q) ⊆̃ H(q).

Definition 2.12. [22] Let (U, λ,Q) be a STS and (G,Q) ∈ SS(U)Q. (G,Q) is
called a soft neighborhood of the soft point uq if there exists an open soft set (H,Q)

such that uq ∈ (H,Q) ⊆̃ (G,Q). A soft set (G,Q) in a STS (U, λ,Q) is called a
soft neighborhood of the soft set (F,Q) if there exists an open soft set (H,Q) such
that (F,Q) ⊆̃ (H,Q) ⊆̃ (G,Q). The neighborhood system of a soft point uq, denoted
by Nλ(uq), is the family of all its neighborhoods.

Definition 2.13. [1] Let SS(U)A and SS(Y )B be families of soft sets, u : U → Y
and p : A → B be mappings. Let
fpu : SS(U)A → SS(Y )B be mapping. Then,

1) If (H,A) ∈ SS(U)A. Then the image of (H,A) under fpu, written as fpu(H,A)
= (fpu(H), p(A)), is a soft set in SS(Y )B such that

fpu(H)(b) =

{ ⋃
a∈p−1(b)∩A u(H(a)) , p−1(b) ∩A 6= φ

φ , otherwise.

for all b ∈ B.

2) Let (L,B) ∈ SS(Y )B. The inverse image of (L,B) under fpu, written as
f−1
pu (L,B) = (f−1

pu (L), p−1(B)) is a soft set in SS(U)A such that

f−1
pu (L)(a) =

{
u−1(L(p(a))) , p(a) ∈ B
φ , otherwise.

for all a ∈ A.
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Definition 2.14. [10] Let J̃ ⊆ SS(U)Q and J̃ 6= Φ, then J̃ is named a soft ideal
on U and with a fixed set Q if

i) If (H,Q) and (L,Q) are in J̃ , then the union of (H,Q) and (L,Q) are in J̃ ,

ii) If (H,Q) is in J̃ and (L,Q) ⊆̃ (H,Q), then (L,Q) is in J̃ .

Definition 2.15. [10] Let (U, λ,Q, J̃) be a soft ideal topological space (briefly,
SITS). Then,

(H,Q)∗
(J̃,λ)

= H∗Q =
⋃̃
{uq ∈ ε : Ouq

∩̃ (H,Q) /∈ J̃ , ∀Ouq
∈ λ}

is called the soft local function of (H,Q) with respect to J̃ and λ, where uq ∈
Ouq

⊆̃ λ.

Theorem 2.16. [10] For a SITS (U, λ,Q, J̃), the cl∗ : SS(U)Q → SS(U)Q soft
closure operator which is describe by: cl∗(H,Q) = (H,Q) ∪̃ (H,Q)∗ satisfies the
axioms of Kuratowski.

The following lemma and theorem are useful in this study:

Lemma 2.17. [10] Let (U, λ,Q, J̃) be a SITS and (H,Q),(L,Q) ∈ SS(U)Q. In
this case, we can say the following features:

a) (H,Q) ⊆̃ (L,Q) ⇒ (H,Q)∗ ⊆̃ (L,Q)∗,
b) (H,Q)∗ = cl((H,Q)∗) ⊆̃ cl(H,Q),
c) ((H,Q)∗)∗ ⊆̃ (H,Q)∗,
d) ((H,Q) ∪̃ (L,Q))∗ = (H,Q)∗ ∪̃ (L,Q)∗,
e) (K,Q) ∈ λ ⇒ (K,Q) ∩̃ (H,Q)∗ ⊆̃ ((H,Q) ∩̃ (K,Q))∗.

f)
⋃̃
α(Fα, Q)∗ = (

⋃̃
α(Fα, Q))∗.

Definition 2.18. A soft subset (F,Q) of a SITS (U, λ,Q, J̃) is called

a) soft ∗-dense-in-itself (briefly, S∗d) [21] if (F,Q) ⊆̃ (F,Q)∗,

b) soft λ∗-closed (briefly, Sλ∗C) [21] if (F,Q)∗ ⊆̃ (F,Q),
c) soft ∗-perfect (briefly, S∗p) [21] if (F,Q) = (F,Q)∗,

d) soft semi-J̃-open (briefly, SSJ̃O) [11] if (F,Q) ⊆̃ cl∗(int(F,Q)),

e) soft β-J̃-open (briefly, SβJ̃O) [11] if (F,Q) ⊆̃ cl(int(cl∗(F,Q))),

f) soft regular-J̃-closed (briefly, SRJ̃C) [21] if (F,Q) = (int(F,Q))∗,

g) soft α∗-J̃-open (briefly, Sα∗
J̃
O) [21] if int(F,Q) = int(cl∗(int(F,Q))),

h) soft semi-open (briefly, SSO) [7] if (F,Q) ⊆̃ cl(int(F,Q)).

3. Soft fJ̃ -sets

Definition 3.1. A soft subset (H,Q) of SITS (U, λ,Q, J̃) is called a soft fJ̃ -set if

(H,Q) ⊆̃ (int(H,Q))∗.

We denoted the family of all soft fJ̃ -sets subset of (U, λ,Q, J̃) by SfJ̃(U).

Proposition 3.2. For a soft subset (H,Q) of a SITS (U, λ,Q, J̃), the following
properties are hold:

a) (H,Q) ∈ SRJ̃C(U) =⇒ (H,Q) ∈ SfJ̃(U)
b) (H,Q) ∈ SfJ̃(U) =⇒ (H,Q) ∈ SSJ̃O
c) (H,Q) ∈ SfJ̃(U) =⇒ (H,Q) ∈ S∗d(U)
d) (H,Q) ∈ S∗p(U) =⇒ (H,Q) ∈ S∗d(U) and (H,Q) ∈ Sλ∗C(U).
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Proof. a) Let (H,Q) ∈ SRJ̃C(U). Then we have (H,Q) = (int(H,Q))∗. Therefore

we have (H,Q) ⊆̃ (int(H,Q))∗ and hence (H,Q) ∈ SfJ̃(U).

b) Let (H,Q) ∈ SfJ̃(U). Then we have (H,Q) ⊆̃ (int(H,Q))∗. Therefore (H,Q)

⊆̃ (int(H,Q))∗ ⊆̃ cl∗(int(H,Q)) and hence (H,Q) ∈ SSJ̃O.

c) Let (H,Q) ∈ SfJ̃(U). Then we have (H,Q) ⊆̃ (int(H,Q))
∗
. Therefore (H,Q)

⊆̃ (int(H,Q))
∗ ⊆̃ (H,Q)

∗
and hence (H,Q) ∈ S∗d(U).

d) It is obvious.
�

Remark 3.3. For the relationship related to several soft sets defined above, we have
the following diagram by using Proposition 3.2 and results in [11], [20] and [21]:

Sα∗J̃O(U) ← SRJ̃C(U) → S∗p(U) → Sλ∗C(U)
↓ ↓

SfJ̃(U) → S∗d(U)
↓

SO(U) SSJ̃O(U) → SSO(U)
↓ ↗ ↓ ↓

SαJ̃O(U) SβJ̃O(U) → SβO(U)
↘ ↑ ↑

SJ̃O(U) → SPJ̃O(U) → SPO(U)

Diagram I

.

Remark 3.4. The following example show that the converse of the properties given
in Proposition 3.2 is not correct in general.

Example 3.5. Let U = {u1, u2, u3, u4}, Q = {q1, q2} and λ = {Φ, Ũ , (F1, Q),

(F2, Q), (F3, Q)}, J̃ = {Φ, (G1, Q), (G2, Q), (G3, Q)}, where (F1, Q), (F2, Q),
(F3, Q), (G1, Q), (G2, Q), (G3, Q) are soft sets over U , defined as follows. F1(q1) =
{u1, u3}, F1(q2) = φ, F2(q1) = {u4}, F2(q2) = {u4}, F3(q1) = {u1, u3, u4}, F3(q2) =
{u4}, G1(q1) = {u4}, G1(q2) = φ, G2(q1) = φ, G2(q2) = {u4}, G3(q1) = {u4},
G3(q2) = {u4}. Then λ defines a soft topology and J̃ defines soft ideal on U . Hence

(U, λ,Q, J̃) is a SITS over U .

1) Soft open set (F1, Q) = {{u1, u3}, φ}. Then (F1, Q) ∈ SfJ̃(U) and (F1, Q)

/∈ SRJ̃C(U), since (int(F1, Q))∗ = {{u1, u2, u3}, {u1, u2, u3}} ⊇̃ {{u1, u3}, φ} =
(F1, Q).

2) Let (H,Q) = {{u1, u3, u4}, {u2, u3, u4}}. Then (H,Q) ∈ SSJ̃O(U) and (H,Q)

/∈ SfJ̃(U), since cl∗(int(H,Q)) = Ũ ⊇̃ (H,Q) and (int(H,Q))∗ = {{u1, u2, u3},
{u1, u2, u3}} +̃ (H,Q).

3) Let (H,Q) = {{u1}, {u1}}. Then (H,Q) ∈ S∗d(U), (H,Q) /∈ SfJ̃(U) and

(H,Q) /∈ S∗p(U), since (H,Q)
∗

= {{u1, u2, u3}, {u1, u2, u3}} ⊇̃ (H,Q), (int(H,Q))
∗

= Φ +̃ (H,Q) and (H,Q)
∗ 6= (H,Q).



ON SOME SUBSETS OF SOFT SETS AND SOFT CONTINUITY VIA SOFT IDEALS 147

4) Let (H,Q) = {{u1, u2, u3}, U}. Then (H,Q) ∈ Sλ∗C(U) and (H,Q) /∈ S∗p(U),

since (H,Q)
∗

= {{u1, u2, u3}, {u1, u2, u3}} ⊆̃ (H,Q) and (H,Q)
∗ 6= (H,Q).

5) Let (H,Q) = {{u2, u4},{u4}}. Then (H,Q) ∈ SSO(U) and (H,Q) /∈ SSJ̃O(U),

since (H,Q) ⊆̃ {{u2, u4}, U} = cl(int(H,Q)) and {{u4}, {u4}} = cl∗(int(H,Q)) +̃
(H,Q).

Example 3.6. We consider the ideal topological space in Example 3.5. Let (K,Q)
= {{u2, u4}, φ}. Then (K,Q) ∈ SβO(U) and (K,Q) /∈ SβJ̃O(U), since (K,Q) ⊆̃
{{u2, u4}, U} = cl(int(cl(K,Q))) and cl(int(cl∗(K,Q))) = Φ +̃ (K,Q).

Remark 3.7. The counterexamples related to other properties in Diagram I are
given in [11], [20] and [21].

Proposition 3.8. Let (U, λ,Q, J̃) be a SITS with an arbitrary index set ∆. In this
case, we can write the following features:

a) If {(Fα, Q) : α ∈ ∆} ⊆̃ SfJ̃(U), then
⋃̃
α∈∆(Fα, Q) ∈ SfJ̃(U),

b) If (F,Q) ∈ SfJ̃(U) and (H,Q) ∈ λ, then [(F,Q) ∩̃ (H,Q)] ∈ SfJ̃(U).

Proof. a) Since {(Fα, Q) : α ∈ ∆} ⊆̃ SfJ̃(U), (Fα, Q) ⊆̃ (int(F,Q))∗ for every α ∈
∆. Thus we obtain that

⋃̃
α∈∆(Fα, Q) ⊆̃

⋃̃
α∈∆(int(Fα, Q))∗ ⊆̃ (

⋃̃
α∈∆(int(Fα, Q)))∗

⊆̃ (int(
⋃̃
α∈∆(Fα, Q)))∗ by using Lemma 2.17 f). Hence

⋃̃
α∈∆(Fα, Q) ∈ SfJ̃(U).

b) By assumption (F,Q) ⊆̃ (int(F,Q))∗ and (H,Q) ⊆̃ int(H,Q). Thus we ob-
tain that [(F,Q) ∩̃ (H,Q)] ⊆̃ [(int(F,Q))∗ ∩̃ int(H,Q)] ⊆̃ [(int(F,Q) ∩̃ int(H,Q)]∗

= (int[(F,Q) ∩̃ (H,Q)])∗ by using Lemma 2.17. Hence [(F,Q) ∩̃ (H,Q)] ∈ SfJ̃(U).
�

Corollary 3.9. Let (U, λ,Q, J̃) be a SITS with an arbitrary index set ∆. In this
case, we can say the following features:

a) If {(Fα, Q) : α ∈ ∆} ⊆̃ SRJ̃C(U), then
⋃̃
α∈∆(Fα, Q) ∈ SfJ̃(U),

b) If (F,Q) ∈ SRJ̃C(U) and (H,Q) ∈ λ, then [(F,Q) ∩̃ (H,Q)] ∈ SfJ̃(U).

Proof. The proof can easily be done from Proposition 3.2. �

Definition 3.10. Let (F,Q) is a soft set on (U, λ,Q, J̃). (F,Q) is called almost

soft-J̃-open (briefly, aSJ̃O) if (F,Q) ⊆̃ cl(int(F,Q)∗).

Proposition 3.11. Let (U, λ,Q, J̃) be a SITS and J̃ = {Φ} or J̃ = J̃n, where J̃n
is the soft ideal of all nowhere dense soft sets in (U, λ,Q, J̃). In this case, we can
say the following features:

a) If J̃ = {Φ} or J̃ = J̃n, then three properties SfJ̃ -set, SSJ̃O and SSO are
equivalent to other.

b) If J̃ = SS(U), then each SfJ̃ -set and each aSJ̃O set are equivalent each other.

Proof. a) Let J̃ = {Φ}. Then (F,Q)∗ = cl(F,Q) for any soft subset (F,Q) of U and
cl∗(F,Q) = (F,Q) ∪̃ (F,Q)∗ = cl(F,Q). Therefore, we have (F,Q) ⊆̃ cl(int(F,Q))
= (int(F,Q))∗. This shows that every SSO set is a SfJ̃ -set.
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Let J̃ = J̃n. Then (F,Q)∗ = cl(int(cl(F,Q))) for any soft subset (F,Q) of
U . If (F,Q) is SSO, (F,Q) ⊆̃ cl(int(F,Q)) = cl(int(cl(int(F,Q)))) = (int(F,Q))∗.
This shows that every SSO set is a SfJ̃ -set.

b) Let J̃ = SS(U). Then (F,Q)∗ = Φ for any soft subset (F,Q) of U and
cl∗(F,Q) = (F,Q) ∪̃ (F,Q)∗ = (F,Q). If (F,Q) is an aSJ̃O set, then we have

(F,Q) ⊆̃ cl(int(F,Q)∗) = Φ. Besides, we put int(F,Q) instead of (F,Q). If (F,Q)
is a SfJ̃ -set, then (F,Q) ⊆̃ (int(F,Q))∗ = Φ and hence (F,Q) is aSJ̃O. This show
that every aSJ̃O set is a SfJ̃ -set.

�

Proposition 3.12. Let (U, λ,Q, J̃) be a SITS and (F,Q) be a soft subset of U. If
(F,Q) ∈ λ and (F,Q) ∈ S∗d(U), then (F,Q) ∈ SfJ̃(U).

Proof. Let (F,Q) ∈ λ and (F,Q) ∈ S∗d(U). Then, we have (F,Q) = int(F,Q) and

(F,Q) ⊆̃ (F,Q)∗, respectively. Hence, we have (F,Q) ⊆̃ (int(F,Q))∗. This show
that (F,Q) ∈ SfJ̃(U). �

Proposition 3.13. Let (F,Q) be a soft subset in STS (U, λ,Q, J̃). Then, (F,Q)
∈ SRJ̃C(U) if and only if (F,Q) ∈ SfJ̃(U) and (F,Q) ∈ Sλ∗C(U).

Proof. ⇒ The proof can easily be made from Proposition 3.2 a) and ([21], Corollary
3.7).

⇐ Let (F,Q) ∈ SfJ̃(U) and (F,Q) ∈ Sλ∗C(U). Then, we have (F,Q) ⊆̃
(int(F,Q))∗ and (F,Q)∗ ⊆̃ (F,Q), respectively. Besides, since int(F,Q) ⊆̃ (F,Q)
we obtain that (int(F,Q))∗ ⊆̃ (F,Q)∗ by Lemma 2.17. Hence, we have (int(F,Q))∗

⊆̃ (F,Q)∗ ⊆̃ (F,Q) ⊆̃ (int(F,Q))∗ and (F,Q) = (int(F,Q))∗. This shows that
(F,Q) ∈ SRJ̃C(U).

�

Definition 3.14. A soft subset (F,Q) of a SITS (U, λ,Q, J̃) is called;

a) soft tJ̃ -set if int(F,Q) = int(cl∗(F,Q)),

b) soft semi-J̃-regular if (F,Q) is both a soft tJ̃ -set and a SSJ̃O set.

We use the notion SSJ̃R(U) (StJ̃(U)) for the family of all soft semi-J̃-regular

set (soft tJ̃ -set) of (U, λ,Q, J̃).

Remark 3.15. The following examples show that StJ̃ -set and SSJ̃O set are inde-
pendent concepts.

Example 3.16. Let us consider the (U, λ,Q, J̃) SITS in Example 3.5.

Let (H,Q) = {{u1, u3, u4}, {u2, u3, u4}}. Then (H,Q) is a SSJ̃O but not a StJ̃ -

set, since cl∗(int(H,Q)) = Ũ ⊇̃ (H,Q) and int(H,Q) = {{u1, u3, u4}, {u4}} 6= Ũ
= int(cl∗(H,Q)).

Let (K,Q) = {{u2, u4}, φ}. Then (K,Q) is a StJ̃ -set but not a SSJ̃O set, since

int(K,Q) = Φ = int(cl∗(K,Q)) and cl∗(int(K,Q)) = Φ +̃ (K,Q).

Proposition 3.17. For a soft subset (H,Q) of a SITS (U, λ,Q, J̃), the following
properties hold:

a) (H,Q) ∈ SRJ̃C(U) =⇒ (H,Q) ∈ SSJ̃R(U).

b) (H,Q) ∈ SSJ̃R(U) =⇒ (H,Q) ∈ SSJ̃O(U).
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c) (H,Q) ∈ SSJ̃R(U) =⇒ (H,Q) ∈ StJ̃(U).

d) (H,Q) ∈ Sλ∗C(U) =⇒ (H,Q) ∈ StJ̃(U).

Proof. a) Let (H,Q) be a SRJ̃C set. According to Diagram I, (H,Q) is a SSJ̃O
set. Also, (H,Q) = (int(H,Q))∗ ⇒ int(H,Q) = int[(int(H,Q))∗]....(I) and (H,Q)
= (int(H,Q))∗ ⇒ cl∗(H,Q) = cl∗[(int(H,Q))∗] = (int(H,Q))∗ ∪̃ ((int(H,Q))∗)∗

= (int(H,Q))∗ ⇒ int(cl∗(H,Q)) = int[(int(H,Q))∗]....(II). From (I) and (II),
int(H,Q) = int(cl∗(H,Q)). Then, (H,Q) is a StJ̃ -set. So, (H,Q) is a SSJ̃R
set.

b), c) The proof can easily be done as seen Definition 3.14.

d) It is obvious. �

By Proposition 3.17 and Diagram I, we obtain the following diagram:

soft regular-J̃-closed −→ soft ∗-perfect −→ soft λ∗-closed
↓ ↓

soft semi-J̃-regular −→ soft tJ̃ -set
↓

soft semi-J̃-open

Diagram II

Remark 3.18. The following example show that the converse of the properties
given in Proposition 3.17 is generally not correct.

Example 3.19. Let us consider the (U, λ,Q, J̃) SITS in Example 3.5.

a) Let (F1, Q) = {{u1, u3}, φ}. Then (F1, Q) is a SSJ̃R but not a SRJ̃C, since
int(F1, Q) = {{u1, u3}, φ} = int(cl∗(F1, Q)) and cl∗(int(F1, Q)) = {{u1, u2, u3},
{u1, u2, u3}} ⊇̃ (F1, Q). Hence from Definition 3.14 b) (F1, Q) is a SSJ̃R. In
Example 3.5 we already showed that (F1, Q) is not a SRJ̃C.

b) In Example 3.16 we showed that (H,Q) = {{u1, u3, u4}, {u2, u3, u4}} is a a
SSJ̃O but not a StJ̃ -set. Hence (H,Q) is not a SSJ̃R set.

c) In Example 3.16 we showed that (K,Q) = {{u2, u4}, φ} is a StJ̃ -set but not
a SSJ̃O. Hence (K,Q) is not a SSJ̃R set.

d) In Example 3.16 we showed that (K,Q) = {{u2, u4}, φ} is a StJ̃ -set. But it

is not a Sλ∗C-set, since (K,Q) +̃ (K,Q)
∗

= {{u2}, {u1, u2, u3}}.

Remark 3.20. The counterexamples related to other properties in Diagram II are
given in Example 3.5 and [21].

Proposition 3.21. For a soft subset (H,Q) of a SITS (U, λ,Q, J̃), the following
property hold: (H,Q) is a SRJ̃C set if and only if (H,Q) is a SSJ̃O set and S∗p
set.

Proof. Necessity. The proof can easily be done ([21], Proposition 3.4).

Sufficiency. Let (H,Q) be a SSJ̃O set and S∗p set. Since (H,Q) is a SSJ̃O

set, there is (H,Q) ⊆̃ cl∗(int(H,Q)). Respectively, by using Lemma 2.17 a), d)
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and c) (H,Q)∗ ⊆̃ (cl∗(int(H,Q)))∗ = [int(H,Q) ∪̃ (int(H,Q))∗]∗ = (int(H,Q))∗

∪̃ ((int(H,Q))∗)∗ = (int(H,Q))∗ and hence we have (H,Q)∗ ⊆̃ (int(H,Q))∗. Be-
sides, since int(H,Q) ⊆̃ (H,Q), we already have ((int(H,Q))∗ ⊆̃ (H,Q)∗ using
Lemma 2.17 a). Therefore, we obtain that (H,Q)∗ = ((int(H,Q))∗. Furthermore
by hypothesis, since (H,Q) is also a S∗p set, we have (H,Q) = (H,Q)∗. So, (H,Q)
= (H,Q)∗ = ((int(H,Q))∗; that is, (H,Q) = ((int(H,Q))∗ and hence (H,Q)∗ is a
SRJ̃C set. �

Definition 3.22. [21] A SITS (U, λ,Q, J̃) is called soft Hayashi-Samuels space

(biriefly, SHSS) if Ũ∗ = Ũ .

Theorem 3.23. Let (U, λ,Q, J̃) be a SITS. The next are equivalent:

a) Ũ∗ = Ũ ,

b) λ ∩̃ J̃ = {Φ},
c) If (H,Q) ∈ J̃ , then int(H,Q) = Φ,

d) For every (H,Q) ∈ λ, (H,Q) ⊆̃ (H,Q)∗.

Proof. a) ⇒ b) Let Ũ∗ = Ũ . Then, for every uq ∈ Ũ and every uq ∈ (H,Q) ∈ λ,

(H,Q) ∩̃ Ũ = (H,Q) /∈ J̃ . Hence we obtain that λ ∩̃ J̃ = {Φ}.
b) ⇒ c) Let λ ∩̃ J̃ = {Φ}. If Φ 6= (L,Q) ∈ J̃ , (L,Q) /∈ λ. Suppose that

int(L,Q) 6= Φ. In this case there exist a uq ∈ Ũ such that uq ∈ int(L,Q). According
to definition of soft interior point, there exist a (H,Q) ∈ λ such that uq ∈ (H,Q)

⊆̃ (L,Q). From Definition 2.14 ii) it can be said (H,Q) ∈ J̃ , so λ ∩̃ J̃ 6= {Φ} which
is a contradiction. Then, int(L,Q) = Φ.

c) ⇒ d) Let (H,Q) ∈ λ and uq ∈ (H,Q). Suppose that uq /∈ (H,Q)∗. In

this case there exist a uq ∈ (L,Q) ∈ λ such that (L,Q) ∩̃ (H,Q) = (K,Q) ∈ J̃ .
We know that uq ∈ (K,Q) and int(K,Q) = (K,Q) = Φ which is a contradiction.

Then, it can be said that uq ∈ (H,Q)∗ and (H,Q) ⊆̃ (H,Q)∗.

d) ⇒ a) According to soft local function Ũ∗ ⊆̃ Ũ . Also, since Ũ ∈ λ, Ũ ⊆̃
Ũ∗. Consequently, Ũ∗ = Ũ .

�

Proposition 3.24. For a soft subset (H,Q) of a SHSS (U, λ,Q, J̃), the next are
equivalent:

a) (H,Q) is a SRJ̃C set,

b) (H,Q) is a SSJ̃R set and Sλ∗C set,

c) (H,Q) is a SSJ̃O set and Sλ∗C set.

Proof. The implications a) ⇒ b) and b) ⇒ c) can easily be seen from Diagram II.

c) ⇒ a). Let (H,Q) be a SSJ̃O set and a Sλ∗C set. For every (H,Q) ⊆̃ Ũ ,

since int(H,Q) ⊆̃ (H,Q), we have (int(H,Q))∗ ⊆̃ (H,Q)∗ by using Lemma 2.17 a).
Moreover, since (H,Q) is a Sλ∗C set, we have (H,Q)∗ ⊆̃ (H,Q). Consequently, we
obtain (int(H,Q))∗ ⊆̃ (H,Q)∗ ⊆̃ (H,Q) and hence (int(H,Q))∗ ⊆̃ (H,Q). Since

(U, λ,Q, J̃) is SHSS, for int(H,Q) ∈ λ, we have int(H,Q) ⊆̃ (int(H,Q))∗ by
using Theorem 3.23 d). Besides, since (H,Q) is a SSJ̃O set, we have (H,Q) ⊆̃
cl∗(int(H,Q)). Therefore, we obtain that (H,Q) ⊆̃ cl∗(int(H,Q)) ⊆̃ (int(H,Q))∗;
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that is, (H,Q) ⊆̃ (int(H,Q))∗. Since (int(H,Q))∗ ⊆̃ (H,Q), we have (H,Q) =
(int(H,Q))∗. This shows that (H,Q) is a SRJ̃C set. �

4. Soft RJ̃C-continuity

Definition 4.1. [11] Let (U1, λ1, A, J̃) be a SITS and (U2, λ2, B) be a STS. Let

u : U1 → U2 and p : A→ B be mappings. Let fpu : (U1, λ1, A, J̃) → (U2, λ2, B) be

a function. Then, the function fpu is called soft semi-J̃-continuous[SSJ̃ -c] if for
every (V,B) ∈ λ2, f−1

pu (V,B) is SSJ̃O.

Definition 4.2. Let (U1, λ1, A, J̃) be a SITS and (U2, λ2, B) be a STS. Let u : U1

→ U2 and p : A → B be mappings. Let fpu : (U1, λ1, A, J̃) → (U2, λ2, B) be a func-

tion. Then, the function fpu is called soft regular-J̃-closed-continuous[SRJ̃C-

c] (resp. soft α∗
J̃

-continuous[Sα∗
J̃

-c], soft fJ̃ -continuous[SfJ̃ -c], soft semi-J̃-

regular-continuous[SSJ̃R-c], soft ∗-perfectly-continuous[S∗p-c], soft λ∗-closed-
continuous[Sλ∗C-c], soft ∗-dense-in-itself -continuous[S∗d-c]) if for every (V,B)
∈ λ2, f−1

pu (V,B) is SRJ̃C (resp. Sα∗
J̃
O, SfJ̃ , SSJ̃R, S∗p , Sλ∗C, S∗d) set of

(U1, λ1, A, J̃).

Remark 4.3. We obtained the soft continuity relationships given below by using
Definition 4.1, 4.2, Diagram I and results in [11].

Sα∗J̃ -c ← SRJ̃C-c → S∗p-c → Sλ∗C-c
↓ ↓

SfJ̃ -c → S∗d-c
↓

S-c SSJ̃ -c → SS-c
↓ ↗ ↓ ↓

SαJ̃ -c SβJ̃ -c → Sβ-c
↘ ↑ ↑

SJ̃ -c → SPJ̃ -c → SP -c

Diagram III

.

Remark 4.4. In the following example it is shown for some properties given in
Diagram III that the converses are not correct in general.

Example 4.5. Let X = {a, b, c, d, e}, A = {k1} and τ1 = {X̃, Φ, (F1, A), (F2, A),

(F3, A), (F4, A), (F5, A)}, J̃ = {Φ, (G1, A), (G2, A), (G3, A)}, where (F1, A) =
{a}, (F2, A) = {a, b}, (F3, A) = {a, b, c}, (F4, A) = {a, c, d}, (F5, A) = {a, b, c, d},
(G1, A) = {b}, (G2, A) = {c}, (G3, A) = {b, c} are soft sets over X. Then τ defines

a soft topology and J̃ defines soft ideal on X. Let Y = {f, g, h}, B = {k2}, τ2 =

{Ỹ , Φ, (L,B)} where (L,B) = {f, g}. Then (Y, τ2, B) is a soft topological space
over Y.

i) Let fpu : SS(X)A −→ SS(Y )B be a function defined as follows: u : X −→
Y, u(a) = f , u(b) = f , u(c) = g, u(d) = h, u(e) = h and p : A −→ B,
p(k1) = k2. Then, fpu is soft fJ̃ -c but not SRJ̃C-c and fpu is S∗d-c but
not S∗p-c.

ii) Let fpu : SS(X)A −→ SS(Y )B be a function defined as follows: u : X −→
Y, u(a) = h, u(b) = f , u(c) = f , u(d) = h, u(e) = g and p : A −→ B,
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p(k1) = k2. Then, fpu is soft α∗
J̃

-c but not SRJ̃C-c and fpu is Sλ∗C-c but
not S∗p-c.

iii) Let fpu : SS(X)A −→ SS(Y )B be a function defined as follows: u : X −→
Y, u(a) = h, u(b) = h, u(c) = h, u(d) = h, u(e) = g and p : A −→ B,
p(k1) = k2. Then, fpu is S∗p-c but not SRJ̃C-c and fpu is S∗d-c but not soft
fJ̃ -c.

Theorem 4.6. Let fpu is a soft function as in Definition 4.2. Then, the next are
equivalent:

a) fpu is SRJ̃C-c,

b) fpu is SSJ̃ -c and S∗p-c.

Proof. It follows from Proposition 3.21. �

Theorem 4.7. Let fpu is a soft function as in Definition 4.2. Then, fpu is SRJ̃C-c
if and only if fpu is SfJ̃ -c and Sλ∗C-c.

Proof. This follows from Proposition 3.13. �

Theorem 4.8. Let (U1, λ1, A, J̃) be a SHSS and fpu is a soft function as in
Definition 4.2. Then, the next are equivalent:

a) fpu is SRJ̃C-c,

b) fpu is SSJ̃R-c and Sλ∗C-c,

c) fpu is SSJ̃ -c and Sλ∗C-c.

Proof. It follows from Proposition 3.24. �

A soft subset (G,Q) of a space (U, λ,Q, J̃) is a SITS with a soft ideal

J̃G = {(F,Q) ∈ J̃ : (F,Q) ⊆̃ (G,Q)} = {(F,Q) ∩̃ (G,Q) : (F,Q) ∈ J̃} on G with
a fixed set Q.

Theorem 4.9. Let (U, λ,Q, J̃) be a SITS and (F,Q) ⊆̃ (G,Q) ⊆̃ Ũ . Then,

(F,Q)∗
(J̃G,λ/G)

= (F,Q)∗
(J̃,λ)

∩̃ (G,Q)

holds.

Proof. Let uq /∈ (F,Q)∗
(J̃,λ)

∩̃ (G,Q). We consider the following two cases:

1) uq /∈ (G,Q) : Since (F,Q)∗
(J̃G,λ/G)

⊆̃ (G,Q), then uq /∈ (F,Q)∗
(J̃G,λ/G)

.

2) uq ∈ (G,Q) : In this case uq /∈ (F,Q)∗
(J̃,λ)

. There exists a soft set (V,Q) ∈ λ
such that uq ∈ (V,Q) and (V,Q) ∩̃ (F,Q) ∈ J̃ . Since uq ∈ (G,Q), we have a soft
set (G,Q) ∩̃ (V,Q) ∈ λ/G such that uq ∈ (G,Q) ∩̃ (V,Q) and [((G,Q) ∩̃ (V,Q))

∩̃ (F,Q)] ∈ J̃ and hence [((G,Q) ∩̃ (V,Q)) ∩̃ (F,Q)] ∈ J̃G. Consequently, uq /∈
(F,Q)∗

(J̃G,λ/G)
. Both cases show that (F,Q)∗

(J̃G,λ/G)
⊆̃ (F,Q)∗

(J̃,λ)
∩̃ (G,Q).

Let uq /∈ (F,Q)∗
(J̃G,λ/G)

. Then, for some soft open set (H,Q) ∩̃ (G,Q) of λ/G

containing uq, we have [((H,Q) ∩̃ (G,Q)) ∩̃ (F,Q)] ∈ J̃G. Since (F,Q) ⊆̃ (G,Q),

then (H,Q) ∩̃ (F,Q) ∈ J̃G ⊆̃ J̃ , i.e., (H,Q) ∩̃ (F,Q) ∈ J̃ for some (H,Q) ∈ λ
containing uq. This shows that uq /∈ (F,Q)∗

(J̃,λ)
. Therefore, (F,Q)∗

(J̃,λ)
∩̃ (G,Q)

⊆̃ (F,Q)∗
(J̃G,λ/G)

. Consequently, we can say that (F,Q)∗
(J̃G,λ/G)

= (F,Q)∗
(J̃,λ)

∩̃
(G,Q). �
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Proposition 4.10. Let (U, λ,Q, J̃) be a SITS and (F,Q) ⊆̃ (G,Q) ⊆̃ Ũ . If (F,Q)
∈ SfJ̃(U, λ) (resp. SRJ̃C(U, λ)) and (G,Q) ∈ λ, then (F,Q) ∈ SfJ̃(G,λ/G) (resp.
SRJ̃C(G,λ/G)).

Proof. Since int(F,Q) ⊆̃ (F,Q), we have (int(F,Q))∗
(J̃G,λ/G)

= (int(F,Q))∗
(J̃,λ)

∩̃
(G,Q) by Theorem 4.9.

1) Let (F,Q) ∈ SfJ̃(U, λ), we have (F,Q) ⊆̃ (int(F,Q))∗
(J̃,λ)

and hence

(F,Q) = (F,Q) ∩̃ (G,Q) ⊆̃ (int(F,Q))∗
(J̃,λ)

∩̃ (G,Q) = (int(F,Q))∗
(J̃G,λ/G)

. This

shows that (F,Q) ∈ SfJ̃(G,λ/G).

2) Let (F,Q) ∈ SRJ̃C(U, λ), we have (F,Q) = (int(F,Q))∗
(J̃,λ)

and hence

(F,Q) = (F,Q) ∩̃ (G,Q) = (int(F,Q))∗
(J̃,λ)

∩̃ (G,Q) = (int(F,Q))∗
(J̃G,λ/G)

. This

shows that (F,Q) ∈ SRJ̃C(G,λ/G).
�

Proposition 4.11. Let fpu is a soft function as in Definition 4.2 and (F,A) ⊆̃
(G,A) ⊆̃ Ũ1. If (G,A) ∈ λ and fpu is SfJ̃ -c (resp. SRJ̃C-c), then fpu/G :

(G,λ1/G,A, J̃G) → (U2, λ2, B) is also SfJ̃ -c (resp. SRJ̃C-c).

Proof. The proof can easily be done by Proposition 4.10. �
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