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FIXED POINT THEOREMS FOR α− ψ− CONTRACTIVE

MAPPING IN Sb-METRIC SPACES

NABIL MLAIKI, AYMEN MUKHEIMER, YUMNAM ROHEN, NIZAR SOUAYAH, THABET

ABDELJAWAD

Abstract. In this paper, we introduce α-ψ-contractive mapping in Sb-metric

spaces and we prove the existence of a fixed point for such mapping under

some conditions.

1. Introduction

Throughout this paper, denote all natural numbers by N and all real number
by R. The work in this paper is inspired by Samet’s generalization of Banach’s
contraction principles in partial metric spaces by introducing α-ψ-contraction in [1].
In this paper, we prove the same results but for three dimension metric spaces which
has a totally different topology. However, fixed point theory is a very interesting
field of mathematics and that is due to the fact that it has many applications in
different discipline. Many recent results in the past few years showing the existence
of a fixed point for a contractive self mapping in different types of metric spaces,
see [2], [4], [5], [6], [14], [8], [9], [10],[16], [19], [18] [20], [21],[22], [23], [24], [25], [26].

Definition 1.1. [3] Let X be a nonempty set. An S-metric on X is a function
S : X3 −→ [0,∞) that satisfies the following conditions, for all x, y, z, t ∈ X :

(i) S(x, y, z) = 0 if and only if x = y = z.
(ii) S(x, y, z) ≤ S(x, x, t) + S(y, y, t) + S(z, z, t).

The pair (X,S) is called an S-metric space.

Now, we give the definition of the Sb-metric space.

Definition 1.2. [13] Let X be a nonempty set and let s ≥ 1 be a given real
number. A function Sb : X3 → [0,∞) is said to be Sb-metric if and only if for all
x, y, z, t ∈ X : the following conditions hold:

(i) Sb(x, y, z) = 0 if and only if x = y = z
(ii) Sb(x, x, y) = Sb(y, y, x) for all x, y ∈ X.

(iii) Sb(x, y, z) ≤ s[Sb(x, x, t) + Sb(y, y, t) + Sb(z, z, t)].

The pair (X,Sb) is called a Sb-metric space.
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Remark. Note that the class of Sb-metric spaces is larger than the class of S-metric
spaces. Indeed, every S-metric space is an Sb-metric space with s = 1. However,
the converse is not always true.

Example 1.3. Let X be a nonempty set and card(X) ≥ 5. Suppose X = X1 ∪X2

a partition of X such that card(X1) ≥ 4. Let s ≥ 1. Then

Sb(x, y, z) =


0 if x = y = z = 0

3s if (x, y, z) ∈ X3
1

1 if (x, y, z) /∈ X3
1

for all x, y, z ∈ X Sb is a Sb-metric on X with coefficient s ≥ 1.

Proof. i) If x = y = z then Sb(x, y, z) = 0. Thus the first assertion of the
definition of the Sb-metric space is satisfied.

ii) Let’s prove the triangle inequality: Sb(x, y, z) ≤ s[Sb(x, x, t) + Sb(y, y, t) +
Sb(z, z, t)] (∗).
• Case 1: If (x, y, z) /∈ X3

1 .
We have Sb(x, y, z) = 1, Sb(x, x, t) ≥ 1, Sb(y, y, t) ≥ 1, and Sb(z, z, t) ≥
1, for all t ∈ X. Thus (∗) is holds (1 ≤ 3s).

• Case 2: If (x, y, z) ∈ X3
1 .

We distinguish two sub-cases:
◦ if t ∈ X1, (∗) is satisfied since Sb(x, y, z) = Sb(x, x, t) = Sb(y, y, t) =
Sb(z, z, t) = 3s.

◦ if t /∈ X1, we have Sb(x, x, t) = Sb(y, y, t) = Sb(z, z, t) = 1 and
Sb(x, y, z) = 3s. Then, (∗) holds.

�

Definition 1.4. Let (X,Sb) be an Sb-metric space and {xn} be a sequence in X.
Then

(i) A sequence {xn} is called convergent if and only if there exists z ∈ X such
that Sb(xn, xn, z) −→ 0 as n −→∞. In this case we write lim

n−→∞
xn = z.

(ii) A sequence {xn} is called a Cauchy sequence if and only if Sb(xn, xn, xm) −→
0 as n,m −→∞.

(iii) (X,Sb) is said to be a complete Sb-metric space if every Cauchy sequence
{xn} converges to a point x ∈ X such that

lim
n,m→∞

Sb(xn, xn, xm) = lim
n,m→∞

Sb(xn, xn, x) = Sb(x, x, x).

Definition 1.5. [1] Denote by Ψ the family of nondecreasing functions ψ : [0,+∞)→
[0,+∞) such that

∑+∞
n=1 ψ

n(t) < +∞ for each t > 0, where ψn is the n-th iterate
of ψ.

Also, this next lemma is very useful for our purpose.

Lemma 1.6. [1] For every function ψ : [0,+∞)→ [0,+∞) the following holds:
if ψ is nondecreasing, then for each t > 0, limn→+∞ ψn(t) = 0 implies that ψ(t) < t.

Now, we define the α-ψ-contractive self mapping in Sb-metric space.
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Definition 1.7. Let T be a self mapping on a complete S-metric space (X,S). We
say that T is α-ψ-contractive self mapping if there exists a function α : X×X×X →
[0,∞) and ψ ∈ Ψ such that for all x, y ∈ X we have

α(x, y, z)Sb(Tx, Ty, Tz) ≤ ψ(Sb(x, y, z)).

Definition 1.8. Let (X,S) be a Sb-metric space and T be a self mapping on X. We
say that T is α−admissible if x, y ∈ X, α(x, y, z) ≥ 1 implies that α(Tx, Ty, Tz) ≥
1.

Example 1.9. LetX = [0,∞), d the ordinary b-metric space onX, then S(x, y, z) =
d(x, z) + d(y, z) is an Sb-metric space. Let α : X ×X ×X −→ [0,∞) define T by:

Tx =
√
x,

and define α by

α(x, y, z) = emax{x,y}−z if max{x, y} ≥ z
and

α(x, y, z) = 0 if max{x, y} < z.

It is easy to see that T is α−admissible.

2. Fixed point of α-ψ-contractive self mapping in Sb-metric space

In this section we prove the existence of a fixed point for an α-ψ-contractive self
mapping.

Theorem 2.1. Let T be an α-ψ-contractive self mapping on a complete Sb-metric
space (X,Sb), where ψ ∈ Ψ, satisfying the following conditions:
(i) T is α-admissible;
(ii) there exists x0 ∈ X such that α(x0, x0, Tx0) ≥ 1;
(iii) T is continuous.
Then, T has a fixed point.

Proof. Consider the sequence {xn} defined by x1 = Tx0, x2 = Tx1 = T 2x0, · · · , xn =
Txn−1 = Tnx0, · · · . By assumption we know that α(x0, x0, Tx0) ≥ 1, hence since T
is α-admissible, therefore, α(x1, x1, x2) ≥ 1. So, using the fact that T is α-admissible
and by induction on n we conclude that

α(xn, xn, xn+1) ≥ 1.

Now, since for n ∈ N we have α(xn, xn, xn+1) ≥ 1 and T be an α-ψ-contractive
we deduce,

Sb(xn, xn, xn+1) = Sb(Txn−1, Txn−1, Txn) ≤ α(xn−1, xn−1, xn)Sb(Txn−1, Txn−1, Txn)

≤ ψ(Sb(xn−1, xn−1, xn)).

Hence, by induction on n we get,

Sb(xn, xn, xn+1) ≤ ψn(Sb(x0, x0, x1)) for all n ∈ N.

Let ε > 0. Let n be a natural number such that ψn(ε) <
ε

3s
.

Let F = Tn and xk = F k(x0) for k ∈ N. Then for x, y ∈ X and β = ψn we have

Sb(Fx, Fx, Fy) ≤ ψn(Sb(x, x, y))

= β(Sb(x, x, y)).
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Hence, for k ∈ N Sb(xk+1, xk+1, xk) −→ 0 as k −→ ∞. Therefore, let k be such
that

Sb(xk+1, xk+1, xk) <
ε

3s
.

Let define the ballB(xk, ε) such that for every z ∈ B(xk, ε) := {y ∈ X|Sb(xk, xk, y) ≤
ε}. Note that xk ∈ B(xk, ε), therefore B(xk, ε) 6= ∅.
Hence, for all z ∈ B(xk, ε) we have

Sb(Fz, Fz, Fxk
) ≤ α(z, z, xk)Sb(Fz, Fz, Fxk

)

≤ β(Sb(xk, xk, z))

≤ β(ε) = ψn(ε) <
ε

3s
. (2.1)

Since Sb(Fxk
, Fxk

, Fxk
) = Sb(xk+1, xk+1, xk) <

ε

3s
. Thus,

Sb(xk, xk, Fz) ≤ s[Sb(xk, xk, xk+1) + Sb(xk, xk, xk+1) + Sb(Fz, Fz, xk+1)]

= s[2Sb(xk, xk, xk+1) + Sb(Fz, Fz, xk+1)]

≤ s[2
ε

3s
+

ε

3s
] = ε.

Hence, F maps B(xk, ε) to it self.
Since xk ∈ B(xk, ε), we have Fxk

∈ B(xk, ε). By repeating this process we get

Fm
xk
∈ B(xk, ε) for all m ∈ N.

That is xl ∈ B(xk, ε) for all l ≥ k. Hence

Sb(xm, xm, xl) < ε for all m, l > k.

Therefore {xk} is a Cauchy sequence and by the completeness of X, there exists
u ∈ X such that xk −→ u as k −→∞. Moreover, u = lim

k→∞
xk+1 = lim

k→∞
xk = F (u),

and that is due to the fact that T is continuous. Thus, F has u as a fixed point.
Now, we show the uniqueness of the fixed point for F . Since β(t) = ψn(t) < t for
any t > 0, let u and u1 be two fixed points of F .

Sb(u, u, u1) ≤ α(u, u, u1)Sb(u, u, u1)

= α(u, u, u1)Sb(Fu, Fu, Fu1)

≤ ψn(u, u, u1)→ 0

which implies that Sb(u, u, u1) = 0, hence u = u1 and therefore, F has a unique
fixed point in X.
On the other hand, Tnk+r(x) = F k(T r(x)) −→ u as k −→∞. Hence, Tm

x −→ u as
m −→∞ for every x.
That is u = lim

m→∞
Txm = T (u). Thereby, T has a unique fixed point. �

In our next theorem we omit the continuity T hypothesis.

Theorem 2.2. Let T be an α-ψ-contractive self mapping on a complete Sb-metric
space (X,Sb), and ψ ∈ Ψ, satisfying the following conditions:
(i) T is α-admissible;
(ii) there exists x0 ∈ X such that α(x0, x0, Tx0) ≥ 1;
(iii) if {xn} is a sequence in X such that α(xn, xn, xn+1) ≥ 1 for all n ∈ N and xn
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converge to x, then α(xn, xn, x) ≥ 1 for all n ∈ N.
Then, T has a fixed point.

Proof. Using all the notations in the proof of Theorem2.1, and by that proof, we
know that {xn} converges say to a ∈ X. and for all n ∈ N we have,

α(xn, xn, a) ≥ 1.

So, by using Lemma 1.6, we deduce that,

Sb(Ta, Ta, a) ≤ s[2Sb(Ta, Ta, Txn) + Sb(a, a, xn+1)] = s[2Sb(Txn, Txn, Ta) + Sb(a, a, xn+1)]

≤ s[2α(xn, xn, a)Sb(Txn, Txn, Ta) + Sb(a, a, xn+1)]

≤ s[2ψ(Sb(xn, xn, a)) + Sb(a, a, xn+1)].

Since ψ is continuous at 0 and when we take the limit as n → +∞ we obtain
Sb(Ta, Ta, a) = 0. Hence, Ta = a. Hence, T has a fixed point as required.

�

Next, we prove the following corollary.

Corollary 2.3. Let T be a self mapping on a complete Sb-metric space (X,Sb),
T is α-admissible, and there exists x0 ∈ X such that α(x0, x0, Tx0) ≥ 1 and there
exists L ∈ [0, 1) such that for all x, y ∈ X we have

α(x, x, y)Sb(Tx, Tx, Ty) ≤ LSb(x, x, y),

then T has a fixed point.

Proof. Consider ψ(t) = Lt, it is not difficult to see that ψ ∈ Ψ. Also, by the
remark in section 3 of [3], we know that T is continuous. Thus, all the conditions
of Theorem 2.2 are satisfied. Therefore, T has a fixed point. �

To have uniqueness, we need have some restrictions on α.

Theorem 2.4. Let T be an α-ψ-contractive self mapping on an Sb-metric space
that satisfies all the hypothesis of Theorem 2.2, and assume that for every two fixed
points x, y of T, there exists z ∈ X such that α(x, x, z) ≥ 1 and α(y, y, z) ≥ 1. Then
the fixed point of T is unique.

Proof. Let x, y be two fixed points of T, we know by the hypothesis of the theorem
that there exists z ∈ X such that α(x, x, z) ≥ 1 and α(y, y, z) ≥ 1. Since T is
α-admissible and by induction on n, we obtain for all n α(x, x, Tnz) ≥ 1 and
α(y, y, Tnz) ≥ 1. Thus,

Sb(x, x, T
nz) = Sb(Tx, Tx, T (Tn−1z) (2.2)

≤ α(x, x, Tn−1z)Sb(Tx, Tx, T (Tn−1z)

≤ ψ(Sb(x, x, T
n−1z).

So, by induction on n we get,

Sb(x, x, T
nz) ≤ ψn(Sb(x, x, z)).

Hence, as n → +∞ we have Tnz → x. Similarly, as n → +∞ we have Tnz → y.
By the uniqueness of the limit we obtain x = y as desired. �
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Example 2.5. Let X = [0, 1]∪ [2, 3], and define the S-metric space by Sb : X3 −→
(−∞,+∞) by Sb(x, y, z) = max{x, y, z} if {x, y, z} ∩ [2, 3] 6= ∅ and Sb(x, y, z) =
|x−z|+|y−z| if {x, y, z} ⊂ [0, 1]. Now define T : X −→ X and α : X×X×X −→ X

by: Tx =
x+ 1

2
if 0 ≤ x ≤ 1, T2 = 1.5, and Tx =

x+ 2

2
if 2 ≤ x ≤ 3. Also, define

α as follows:

α(x, y, z) = emax{x,y}−z if max{x, y} ≥ z
and

α(x, y, z) = 0 if max{x, y} < z.

It is easy to see that T is α−admissible. Note that, we can always pick our x and
y such that x > y. Also T is an increasing function. So, for every x ≥ y ∈ X we
have:

Sb(Tx, Tx, Ty) ≤ α(x, x, y)Sb(Tx, Tx, Ty) ≤ 1

2
Sb(x, x, y), {x, y} ⊂ [0, 1]

and similarly,

Sb(Tx, Tx, Ty) ≤ α(x, x, y)Sb(Tx, Tx, Ty) ≤ 1

2
Sb(x, x, y), {x, y} ∩ [2, 3] 6= ∅.

Note that in this case our fixed point is 1, and L =
1

2
.

In closing, we want to bring to the reader’s attention that α does not have to be
defined on X3, it should be enough defining α on X2.
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