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AN IMPLICIT RELATION FOR MEIR-KEELER TYPE

MAPPINGS ON METRIC-LIKE SPACES

HASSEN AYDI, ABDELBASSET FELHI, ERDAL KARAPINAR, H. ALI ALSHAIKH

Abstract. In this note, we introduce an implicit relation for Meir-Keeler type

mappings via auxiliary pair of functions (α,ψ) in the context of metric-like

spaces. We investigate the existence and uniqueness of a common fixed point
of such operators. The obtained results extend, improve and unify several

existing fixed point results in the literature.

1. Introduction and preliminaries

The notion of a distance was generalized by Fréchet under the name of metric
that satisfies certain axioms. Inspired by this notion, several researchers improve
and generalize the notion of a metric in several directions (symmetric, quasi-metric,
ultra metric, b-metric etc.) Among them, we focus on the notion of a metric-like
(also known as a dislocated metric), since it has a wide potential in applications
of several quantitative sciences, in particular in computer sciences. The notion of
a metric-like is a very interesting distance, introduced by Hitzler and Seda [21]
in 2000 as a generalization of a metric. After introducing the basic topological
concepts, such as convergency of a sequence, Cauchy sequence, completeness of the
space and so on, the authors [21] characterized the well-known Banach Contraction
Principle [17] in the context of metric-like spaces.

In the sequel, the letters R, R+
0 and N will denote the set of all real numbers,

the set of all nonnegative real numbers and the set of all positive integer numbers,
respectively.

Definition 1.1. [6] Let X be a nonempty set. A function σ : X ×X → R+
0 is said

to be a metric-like ( a dislocated metric) on X if for any x, y, z ∈ X, the following
conditions hold:

(σ1) σ(x, y) = σ(x, x) = 0 =⇒ x = y;
(σ2) σ(x, y) = σ(y, x);
(σ3) σ(x, z) ≤ σ(x, y) + σ(y, z).

The pair (X,σ) is then called a metric-like (dislocated metric) space.

2000 Mathematics Subject Classification. 46T99, 47H10, 54H25.
Key words and phrases. metric-like, α-admissible pair of mappings, (common) fixed point,

Meir-Keeler contraction, implicit condition.
c©2017 Ilirias Research Institute, Prishtinë, Kosovë.
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We also note that the notion of a metric-like space was re-discovered by Amini-
Harandi [6] in 2012 as a generalization of a partial metric space [27]. After this
work, several papers on the existence and uniqueness of (common) fixed points for
variant generalized contractive mappings in the setting of metric-like spaces have
been released, see for instance [1, 13, 14, 15, 26, 31, 35, 36].
The following basic examples were considered in several papers, see [9, 23].

Example 1.2. The pair (R+
0 , σ) is a standard example of a metric-like space, where

σ : R+
0 ×R+

0 → R+
0 is defined as σ(x, y) = max{x, y}. Note that σ is also a metric-

like [27].

Example 1.3. For X = R, we define the σ metric-like as

σ(x, y) =
|x− y|+ |x|+ |y|

2
for all x, y ∈ X.

It is clear that σ is not a metric.

As it is well known, a partial metric [27] is a metric-like. The converse is not
true. The following example concerns this statement.

Example 1.4. Take X = {1, 2, 3} and consider the metric-like σ : X ×X → R+
0

given by

σ(1, 1) = 1, σ(2, 2) = 0, σ(3, 3) =
2

3
,

σ(1, 2) = σ(2, 1) =
19

20
, σ(2, 3) = σ(3, 2) =

9

10
,

σ(1, 3) = σ(3, 1) =
7

10
.

Since σ(3, 3) 6= 0, so σ is not a metric and since σ(1, 1) > σ(1, 2), so σ is not a
metric-like .

In a metric-like σ on X, the family of σ-balls {Bσ(x, ε) : x ∈ X, ε > 0} forms
a base for its topology, where Bσ(x, ε) = {y ∈ X : |σ(x, y) − σ(x, x)| < ε}, for all
x ∈ X and ε > 0.

Observe that a sequence {xn} in a metric-like space (X,σ) converges to a point
x ∈ X, with respect to τσ, if and only if σ(x, x) = lim

n→∞
σ(x, xn).

Definition 1.5. [6] Let (X,σ) be a metric-like space.

(a) A sequence {xn} in X is said to be a Cauchy sequence if lim
n,m→∞

σ(xn, xm)

exists (and is finite).
(b) (X,σ) is said to be complete if every Cauchy sequence {xn} in X converges

with respect to τσ to a point x ∈ X, that is,

lim
n→∞

σ(x, xn) = σ(x, x) = lim
n,m→∞

σ(xn, xm).

Lemma 1.6. [23] Let (X,σ) be a metric-like space. Let {xn} be a sequence in X
such that xn → x where x ∈ X and σ(x, x) = 0. Then for all y ∈ X, we have

lim
n→∞

σ(xn, y) = σ(x, y).
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Very recently, the notion of α − ψ-contractions was introduced by Samet et
al. [32]. This idea was improved by Karapinar and Samet [22] by extending the
contraction conditions. In this paper, the authors also noted that such contraction
unifies ”cyclic” and ”partially ordered” set-up with the standard ones.

Let Ψ be the family of nondecreasing functions ψ : [0,∞) → [0,∞) satisfying

the condition

+∞∑
n=1

ψn(t) <∞ for all t > 0. Note that if ψ ∈ Ψ, we have ψ(t) < t for

all t > 0.

Definition 1.7. [32] For a nonempty set X, let T : X → X and α : X×X → [0,∞)
be given mappings. We say that T is α−admissible if for all x, y ∈ X, we have

α(x, y) ≥ 1 =⇒ α(Tx, Ty) ≥ 1. (1.1)

Many papers dealing with above notion have been considered to prove some
(common) fixed point results, for example see [3, 4, 5, 11, 16, 18, 19, 20, 22, 33, 29,
24, 34, 30, 25].

Definition 1.8. Let Γ be the set of all continuous functions F (t1, ..., t6) : R6
+ → R

such that
(F1) : F (t, 0, t, 0, 0, t) ≤ 0 implies that t = 0;
(F2) : F (t, 0, 0, t, t, 0) ≤ 0 implies that t = 0.

We give the following examples.

Example 1.9. F (t1, ..., t6) = t1 − at2 − bt3 − ct4 − dt5 − et6, where a, b, b, c, d ≥ 0
such that b+ c+ d+ e < 1.

Indeed, F (t, 0, t, 0, 0, t) = t − bt − et ≤ 0 ⇔ b + e < 1 and F (t, 0, 0, t, t, 0) =
t− ct− dt ≤ 0⇔ c+ d < 1.

Example 1.10. F (t1, ..., t6) = t1 − kmax{t2, ..., t6}, where k ∈ [0, 1).
Indeed, F (t, 0, t, 0, 0, t) = F (t, 0, 0, t, t, 0) = t− kt ≤ 0⇔ k ∈ [0, 1)

Example 1.11. F (t1, ..., t6) = t1 − kmax{t2, t3, t4, t5+t64 }, where k ∈ [0, 1).
Indeed, F (t, 0, t, 0, 0, t) = F (t, 0, 0, t, t, 0) = t− kt ≤ 0⇔ k ∈ [0, 1).

Example 1.12. F (t1, ..., t6) = t1−amax{t2, t3, t4}− (1−a)[bt5 +ct6], where a, b, c
are in [0, 1).

Indeed, F (t, 0, t, 0, 0, t) = t(1−a)(1−c) ≤ 0 and F (t, 0, 0, t, t, 0) = t(1−a)(1−b) ≤
0.

In [10], Aydi et al. generalized Definition 1.7 by introducing a pair of mappings
defined in the following.

Definition 1.13. [10] For a nonempty set X, let T, S : X → X and α : X ×X →
[0,∞) be mappings. We say that (T, S) is a generalized α-admissible pair if for all
x, y ∈ X, we have

α(x, y) ≥ 1 =⇒ α(Tx, Sy) ≥ 1 and α(STx, TSy) ≥ 1. (1.2)

Remark. [10] If the operator T is invertible such that T = T−1 with S = T in
Definition 1.13, we get Definition 1.7. So the above class of mappings given in
Definition 1.13 is not empty.
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Remark. [10] If T is α-admissible, it is obvious that (T, T ) is a generalized α-
admissible pair.

We present the following example.

Example 1.14. [10] Take X = {1, 2, 12}. Consider T = S : X → X given by

Tx = Sx =
1

x
.

The mappings T and S are well defined and for all x, y ∈ X,

α(Tx, Sy) = α(Tx, Ty) and α(STx, TSy) = α(x, y). (1.3)

Take α : X ×X → [0,∞) defined by

α(1, 1) = α(1, 2) = α(2, 1) = α(1,
1

2
) = α(

1

2
, 1) = 1,

and 0 otherwise. It is clear that if α(x, y) = 1, we have α(Tx, Ty) = 1. Thus, by
(1.3), we can say that (T, S) is a generalized α-admissible pair.

Let Φ be the family of functions ψ : [0,∞) → [0,∞) satisfying the following
conditions:

(Φ1) ψ is nondecreasing;

(Φ2)

+∞∑
n=1

ψn(t) <∞ for all t > 0, where ψn is the nth iterate of ψ.

These functions are known in the literature as (c)-comparison functions. It is easily
proved that if ψ is a (c)-comparison function, then ψ(t) < t for any t > 0.

In 1969, Meir and Keeler [28] generalized the Banach Contraction Principle [17].
For other results on generalized Meir-Keeler contractions, see [2, 7, 8]. Now, we
characterize the concept of generalized α-implicit Meir-Keeler contractive pair of
mappings in the setting of metric-like spaces.

Definition 1.15. Let (X,σ) be a metric-like space and T, S : X → X be given
mappings. We say that (T, S) is a generalized α-implicit Meir-Keeler contractive
pair of mappings if there exist ψ ∈ Φ, α : X ×X → [0,∞) and F ∈ Γ such that

(d1) For all ε > 0, there exists δ > 0 such that

ε ≤ ψ(M(x, y)) < ε+ δ implies α(x, y)σ(Tx, Sy) < ε, (1.4)

where

M(x, y) = max{σ(x, y), σ(x, Tx), σ(y, Sy),
σ(x, Sy) + σ(y, Tx))

4
};

(d2)

F (σ(Tx, Sy), σ(x, y), σ(x, Tx), σ(y, Sy), σ(x, Sy), σ(y, Tx)) ≤ 0, (1.5)

for all x, y ∈ X.

Remark. If we take T = S in (1.4) and (1.5),

ε ≤ ψ(N(x, y)) < ε+ δ implies α(x, y)σ(Tx, Ty) < ε,

and

F (σ(Tx, Ty), σ(x, y), σ(x, Tx), σ(y, Ty), σ(x, Ty), σ(y, Tx)) ≤ 0, (1.6)
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where F ∈ Γ and

N(x, y) = max{σ(x, y), σ(x, Tx), σ(y, Ty),
σ(x, Ty) + σ(y, Tx))

4
},

then we say that T is a generalized α-implicit Meir-Keeler contractive mapping.

Remark. It is obvious that the condition (1.4) yields

α(x, y)σ(Tx, Sy) ≤ ψ(M(x, y)), for all x, y ∈ X.

2. Main results

Theorem 2.1. Let T and S be a self-mappings defined on a complete metric-like
space (X,σ) and (T, S) be a generalized α-implicit Meir-Keeler contractive pair of
mappings. Suppose that

(i) (T, S) is a generalized α−admissible pair;
(ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1.

Then there exists a common fixed point u ∈ X of T and S, that is, u = Tu = Su
with σ(u, Tu) = σ(u, Su) = σ(u, u) = 0.

Proof. By assumption (ii), there exists a point x0 ∈ X such that α(x0, Tx0) ≥ 1.
Take x1 = Tx0 and x2 = Sx1. By induction, we construct a sequence {xn} such
that

x2n = Sx2n−1 and x2n+1 = Tx2n ∀ n ∈ N. (2.1)

If σ(x2i0 , x2i0+1) = 0 for some i0, then we conclude that u = x2i0 is a fixed point
of T . Indeed, we have σ(x2i0 , x2i0+1) = σ(x2i0 , Tx2i0) = 0 and hence u = x2i0 =
Tx2i0 . By the construction, we derive that Sx2i0 = STx2i0 = x2i0 . Hence, u = x2i0
is a common fixed point of S and T . It is clear that the same arguments are valid
for the case σ(x2i0+1, x2i0+2) = 0 for some i0. Consequently, we assume that

σ(xn, xn+1) > 0 for all n ∈ N ∪ {0}. (2.2)

We have α(x0, x1) ≥ 1 and since (T, S) is a generalized α-admissible pair, so

α(x1, x2) = α(Tx0, Sx1) ≥ 1 and α(x2, x3) = α(Sx1, Tx2) = α(STx0, TSx1) ≥ 1.

Similar to above, we obtain

α(xn, xn+1) ≥ 1, for all n ∈ N ∪ {0}. (2.3)

Thus, by (1.4) together with Remark 1, we find that

σ(x2n+1, x2n+2) = σ(Tx2n, Sx2n+1) ≤ α(x2n, x2n+1)σ(Tx2n, Sx2n+1) ≤ ψ(M(x2n, x2n+1)),

where

M(x2n, x2n+1) = max{σ(x2n, x2n+1), σ(x2n, Tx2n), σ(x2n+1, Sx2n+1), σ(x2n,Sx2n+1)+σ(x2n+1,Tx2n)
4 }

= max{σ(x2n, x2n+1), σ(x2n+1, x2n+2), σ(x2n,x2n+2)+σ(x2n+1,x2n+1)
4 }

≤ max{σ(x2n, x2n+1), σ(x2n+1, x2n+2), 3σ(x2n,x2n+1)+σ(x2n+1,x2n+2)
4 }

= max{σ(x2n, x2n+1), σ(x2n+1, x2n+2)}.
On account of the property of ψ, for all t > 0 ψ(t) < t, the case

max{σ(x2n, x2n+1), σ(x2n+1, x2n+2)} = σ(x2n+1, x2n+2),
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is impossible. Hence, σ(x2n+1, x2n+2) ≤ ψ(σ(x2n, x2n+1)) < σ(x2n, x2n+1) for all
n ∈ N ∪ {0}.

It is easy to see that for the case,

σ(x2n, x2n+1) = σ(Sx2n−1, Tx2n) ≤ α(x2n−1, x2n+1)σ(Sx2n−1, Tx2n) ≤ ψ(M(x2n−1, x2n))

we find that σ(x2n, x2n+1) ≤ ψ(σ(x2n−1, x2n)σ(x2n−1, x2n) < σ(x2n−1, x2n) for all
n. Regarding the discussion above, we conclude that

σ(xn, xn+1) ≤ ψ(σ(xn−1, xn)) < σ(xn−1, xn) for all n ≥ 1. (2.4)

This yields that

σ(xn, xn+1) < σ(xn−1, xn) for all n ∈ N. (2.5)

Iteratively, we find that

σ(xn, xn+1) ≤ ψn(σ(x0, x1)), for all n ∈ N. (2.6)

By property of ψ, we have

lim
n→∞

σ(xn, xn+1) = 0.

Step 2: We shall prove that {xn} is a Cauchy sequence.
First, by using (σ3) and (2.6)

σ(xn, xn+k) ≤ σ(xn, xn+1) + σ(xn+1, xn+2) + . . .+ σ(xn+k−1, xn+k)

≤
n+k−1∑
p=n

ψp(σ(x0, x1))

≤
+∞∑
p=n

ψp(σ(x0, x1))→ 0 as n→∞.

(2.7)

Thus, by symmetry of σ, we obtain

lim
n,m→∞

σ(xn, xm) = 0. (2.8)

We conclude that {xn} is a Cauchy sequence in (X,σ). Since (X,σ) is complete,
there exists u ∈ X such that

lim
n→∞

σ(xn, u) = σ(u, u) = lim
n,m→∞

σ(xn, xm) = 0. (2.9)

By (2.9) and Lemma 1.6

lim
n→∞

σ(x2n+1, u) = lim
n→∞

σ(Tx2n, u) = σ(u, u) = 0. (2.10)

Analogously, we derived that

lim
n→∞

σ(u, x2n+2) = lim
n→∞

σ(u, Sx2n+1) = σ(u, u) = 0. (2.11)

Due to (1.5), we have

F (σ(Tu, Sx2n+1), σ(u, x2n+1), σ(u, Tu), σ(x2n+1, Sx2n+1), σ(u, Sx2n+1), σ(x2n+1, Tu)) ≤ 0,

Letting n→∞ in the inequality above, we get that

F (σ(Tu, u), σ(u, u), σ(u, Tu), σ(u, u), σ(u, u), σ(u, Tu))

= F (σ(Tu, u), 0, σ(u, Tu), 0, 0, σ(u, Tu)) ≤ 0,

Thus, by (F1), we find σ(Tu, u) = 0⇒ Tu = u.
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On account of (1.5), we observe

F (σ(Tx2n, Su), σ(x2n, u), σ(x2n, Tx2n), σ(u, Su), σ(x2n, Su), σ(u, Tx2n)) ≤ 0,

Letting n→∞ in the inequality above, we find that

F (σ(u, Su), σ(u, u), σ(u, u), σ(u, Su), σ(u, Su), σ(u, u))

= F (σ(u, Su), 0, 0, σ(u, Su), σ(u, Su), 0) ≤ 0,

Regarding (F2), we get σ(u, Su) = 0 ⇒ Su = u. Thus, T and S have a common
fixed point. �

For the uniqueness of the common fixed point of a generalized α−ψ contractive
pair of mappings, we consider the following hypotheses.

(H0) α(STx, Tx) ≥ 1 for all x ∈ X.
(H1) For all x, y ∈ Fix(T ), there exists z ∈ X such that min{α(x, z), α(z, x)} ≥ 1

and min{α(y, z), α(z, y)} ≥ 1.

Here, Fix(T ) denotes the set of fixed points of T .

Theorem 2.2. Adding conditions (H0) and (H1) to the hypotheses of Theorem
2.1, we obtain that u is the unique common fixed point of T and S.

Proof. Suppose that v is another common fixed point of T and S. From (H1), there
exists z ∈ X such that

α(u, z) ≥ 1 and α(v, z) ≥ 1. (2.12)

We construct the sequence {zn} such that

z2n = Sz2n−1 and z2n+1 = Tz2n, (2.13)

for all n ≥ 0 and z0 = z.
Since (T, S) is a generalized α−admissible pair, from (2.12), we have

α(u, zn) ≥ 1 and α(v, zn) ≥ 1, for all n. (2.14)

Using (2.14) and (1.4),

σ(u, z2n+1) = σ(Tz2n, Su) ≤ α(u, z2n)σ(Tz2n, Su) ≤ ψ(M(z2n, u)). (2.15)

On the other hand, we have

M(z2n, u) = max{σ(z2n, u), σ(z2n, T z2n), σ(u, Su), σ(z2n,Su)+σ(u,Tz2n))4 }
≤ max{σ(u, z2n), σ(u, z2n+1)}.

Using the above inequality, (2.15) and the monotone property of ψ, we get that

σ(u, z2n+1) ≤ ψ (max{σ(u, z2n), σ(u, z2n+1)}) , (2.16)

for all n. Without restriction to the generality, we can suppose that σ(u, zn) > 0
for all n.

If for some n, max{σ(u, z2n), σ(u, z2n+1)} = σ(u, z2n+1), so we get from (2.16)
that

σ(u, z2n+1) ≤ ψ(σ(u, z2n+1)) < σ(u, z2n+1),

which is a contradiction. Thus we have max{σ(u, z2n), σ(u, z2n+1)} = σ(u, z2n) for
all n. So

σ(u, z2n+1) ≤ ψ(σ(u, z2n)),

for all n. This implies that

σ(u, z2n) ≤ ψ2n(σ(u, z0)), for all n ≥ 1.
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Letting n→∞ in the above inequality, we obtain

lim
n→∞

σ(z2n, u) = 0. (2.17)

Similarly, one can show that

lim
n→∞

σ(z2n+1, v) = 0. (2.18)

From condition (H0), we have

α(z2n, z2n−1) = α(STz2n−2, T z2n−2) ≥ 1.

From (1.4), it follows that

σ(z2n, z2n+1) = σ(Sz2n−1, T z2n) ≤ α(z2n, z2n−1)σ(Tz2n, Sz2n−1) ≤ ψ(M(z2n, z2n−1)),

where

M(z2n, z2n−1) = max{σ(z2n, z2n−1), σ(z2n, T z2n), σ(x2n−1, Sx2n−1), σ(z2n,Sz2n−1)+σ(z2n−1,Tz2n)
4 }

= max{σ(z2n, z2n−1), σ(z2n, z2n+1), σ(z2n,z2n)+σ(z2n−1,z2n+1)
4 }

≤ max{σ(z2n, z2n−1), σ(z2n, z2n+1), σ(z2n,z2n+1)+σ(z2n−1,z2n)
4 }

= max{σ(z2n, z2n−1), σ(z2n, z2n+1)}.

If σ(zn, zn+1) = 0 for some n, we can show that zn is a common fixed point of S
and T . Suppose that σ(zn, zn+1) > 0 for all n. Since ψ(t) < t for all t > 0, we get

σ(z2n, z2n+1) ≤ ψ(σ(z2n−1, z2n)).

By induction, we have

σ(z2n, z2n+1) ≤ ψ2n(σ(z0, z1)), for all n ≥ 0.

Hence

lim
n→∞

σ(z2n, z2n+1) = 0. (2.19)

From (2.17), (2.18) and (2.19), it follows that u = v. Thus we proved that u is the
unique common fixed point of S and T .

�

Corollary 2.3. Let T be a self-mapping defined on a complete metric-like space
(X,σ). Suppose that T is an α-implicit Meir-Keeler contractive mapping. Assume
that

(i) T is an α−admissible mapping;
(ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1 ;

Then there exists a fixed point u ∈ X of T , that is, u = Tu with σ(u, Tu) =
σ(Tu, Tu) = σ(u, u) = 0.

We omit the proof. It is sufficient to take S = T in Theorem 2.1.

Corollary 2.4. Adding conditions (H0) and (H1) to the hypotheses of Corollary
2.3, we obtain that u is the unique fixed point of T .

The result follows by letting S = T in Theorem 2.2.
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2.1. Rebuilt of main results in Continuous case. As it seen above, the implicit
relation can be replaced by the continuity of both S and T . Clearly, the continuity
hypothesis is heavier than the implicit relation. For the sake of completeness, we
put the corresponding results with the proofs.

Definition 2.5. Let (X,σ) be a metric-like space and T : (X,σ) → (X,σ) be a
given mapping. T is said sequentially continuous at u ∈ X if for each sequence {xn}
in X converging to u, we have Txn → Tu, that is, lim

n→∞
σ(Txn, Tu) = σ(Tu, Tu).

T is said sequentially continuous on X if T is sequentially continuous at each
u ∈ X.

Remark. Let (X,σ) be a metric-like space and T : (X,σ) → (X,σ) be a given
mapping. If T is continuous on X, then it is sequentially continuous on X.

Now, we characterize the concept of a generalized sequentially continuous α-
contractive Meir-Keeler pair of mappings in the setting of metric-like spaces.

Definition 2.6. Let (X,σ) be a metric-like space and T, S : X → X be given
mappings. We say that (T, S) is a generalized sequentially continuous α-contractive
Meir-Keeler pair of mappings if there exist ψ ∈ Φ, α : X ×X → [0,∞) and F ∈ Γ
such that

(d1) For all ε > 0, there exists δ > 0 such that

ε ≤ ψ(M(x, y)) < ε+ δ implies α(x, y)σ(Tx, Sy) < ε, (2.20)

where

M(x, y) = max{σ(x, y), σ(x, Tx), σ(y, Sy),
σ(x, Sy) + σ(y, Tx))

4
};

(d2) T, S : X → X are sequentially continuous.

Theorem 2.7. Let T and S be self-mappings defined on a complete metric-like
space (X,σ) and (T, S) be a generalized sequentially continuous α-contractive Meir-
Keeler pair of mappings. Suppose that

(i) (T, S) is a generalized α−admissible pair;
(ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1 ;

(iii) α(x, x) ≥ 1 for all x ∈ X satisfying σ(x, x) = 0.

Then there exists a common fixed point u ∈ X of T and S, that is, u = Tu = Su
with σ(u, Tu) = σ(u, Su) = σ(u, u) = 0.

Proof. By following the lines in the proof of Theorem 2.1, we conclude that there ex-
ists an iterative sequence {xn} such that x2n = Sx2n−1 and x2n+1 = Tx2n ∀ n =
1, 2, · · · with σ(xn, xn+1) > 0 for all n. Moreover, we derive that

lim
n→∞

σ(x2n+1, u) = lim
n→∞

σ(Tx2n, u) = σ(u, u) = 0 and lim
n→∞

σ(u, x2n+2) = lim
n→∞

σ(u, Sx2n+1) = p(u, u) = 0.

(2.21)
Since S and T are sequentially continuous, we obtain

σ(u, Tu) = lim
n→∞

σ(x2n+1, Tu) = lim
n→∞

σ(Tx2n, Tu) = σ(Tu, Tu)

and

σ(u, Su) = lim
n→∞

σ(x2n+2, Su) = lim
n→∞

σ(Sx2n+1, Su) = σ(Su, Su).
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From condition (iii) and since σ(u, u) = 0, we have

σ(Tu, Su) ≤α(u, u)σ(Tu, Su)

≤ψ(max{σ(u, u), σ(u, Tu), σ(u, Su),
σ(u, Tu) + σ(u, Su)

4
})

=ψ(max{σ(u, Tu), σ(u, Su)}).

If max{σ(u, Tu), σ(u, Su)} > 0, then

σ(Tu, Su) ≤ ψ(max{σ(u, Tu), σ(u, Su)}) < max{σ(u, Tu), σ(u, Su)} = max{σ(Tu, Tu), σ(Su, Su)} ≤ σ(Tu, Su),

which is a contradiction. Hence max{σ(u, Tu), σ(u, Su)} = 0, that is, σ(u, Tu) =
σ(u, Su) = 0, and so Tu = Su = u.

�

Theorem 2.8. Adding conditions (H0) and (H1) to the hypotheses of Theorem
2.7, we obtain that u is the unique common fixed point of T and S.

Corollary 2.9. Let T be a self-mapping defined on a complete metric-like space
(X, p). Assume that T is a sequentially continuous α-contractive Meir-Keeler map-
ping. Suppose that

(i) T is α−admissible;
(ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1;

(iii) α(x, x) ≥ 1 for all x ∈ X satisfying σ(x, x) = 0.

Then there exists a fixed point u ∈ X of T , that is, u = Tu with σ(u, Tu) =
σ(Tu, Tu) = σ(u, u) = 0.

We omit the proof since it is sufficient to take S = T in Theorem 2.7.

Theorem 2.10. Adding conditions (H0) and (H1) to the hypotheses of Corollary
2.9, we obtain that u is the unique fixed point of T .

3. Conclusion

Note that all presented common fixed point results in this paper are also valid
in the context of (partial) metric spaces. Consequently, our results improve, extend
and unify several results on the topic in the literature. Many illustrated conse-
quences could also be given when taking particular implicit conditions, as the ones
presented in Examples 1.9, 1.10, 1.11 and 1.12. Moreover, for particular cases of
the considered function α, we may obtain common fixed point results endowed with:

• an arbitrary binary relation;
• a cyclic contraction;
• a graph.
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tions on metric-like spaces, J. Nonlinear Sci. Appl. 9 (2016), 2458–2466.

[13] H. Aydi, A. Felhi and H. Afshari, New Geraghty type contractions on metric-like spaces, J.
Nonlinear Sci. Appl, 10 (2), (2017), 780–788.

[14] H. Aydi, A. Felhi and S. Sahmim, On common fixed points for (α,ψ)-contractions and gen-

eralized cyclic contractions in b-metric-like spaces and consequences, J. Nonlinear Sci. Appl.
9 (2016), 2492-2510.

[15] H. Aydi, A. Felhi and S. Sahmim, A Suzuki fixed point theorem for generalized multivalued

mappings on metric-like spaces, Glasnik Mathematicki, Vol. 52(72)(2017), 147 - 161.
[16] H. Aydi, E. Karapınar and D. Zhang, On common fixed points in the context of Brianciari

metric spaces, Results of Mathematics, February 2017, Volume 71, Issue 1, pp 73-92.
[17] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
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