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GENERALIZED VARIATIONAL-LIKE INEQUALITIES AND USE

OF RELAXED η -α-MONOTONE MAPPING

SYED SHAKAIB IRFAN, M. FIRDOSH KHAN, RAIS AHMAD AND IQBAL AHMAD

Abstract. In this paper, we introduce and study a generalized variational-
like inequality problem in topological vector spaces. We prove an existence

result for generalized variational-like inequality problem using KKM-theorem

and we show its equivalence with another variational-like inequality problem
using relaxed η -α-monotone mapping. Our result improve and extend some

corresponding results of [1, 9, 10, 17, 22, 23].

1. Introduction

Variational inequality theory introduced by Hartman and Stampacchia [14] plays
an important role in many fields, such as optimal control, mechanics, physics, eco-
nomics, transportation, equilibrium problem and engineering sciences. Because
of the wide applicability, variational inequalities have been extensively studied in
many directions for the past several years. Also many other scholars have done sev-
eral generalizations and proved the existence results under various conditions. For
details, we refer to [1, 3, 4, 9-24, 26-31] and the reference therein. The monotonic-
ity plays an important role in the study of variational inequality theory. In recent
years a number of authors have proposed many generalization of monotonicity.

Verma [28] studied a class of variational inequalities with relaxed monotone op-
erators. Fang and Huang [9] introduced a new concept of relaxed η-α monotonicity
and obtain the solution for variational-like inequalities with relaxed η-α monotone
mappings in topological vector spaces. For more details we refer to [2, 4, 5, 9, 10,
16-19, 21-23, 25, 27, 28, 30].

Inspired and motivated by the recent research work of [1, 4, 10, 15, 17, 23], in
this paper, we introduce and study a generalized variational-like inequality problem
in topological vector spaces and prove an existence result using KKM-theorem. We
also show the equivalence of variational-like inequality problem (2.1) with relaxed η
-α-monotone mapping. Our result improve and extend some corresponding results
of [1, 9, 10, 17, 22, 23].
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2. Preliminaries

In this paper, we suppose E is a topological vector space with dual E∗ and K
be a nonempty closed convex subset of E. Let A, g : K → K, η : K ×K → K and
T : K → 2E

∗
be a monotone multi-valued mapping. We consider the problem:

Find x ∈ K such that

〈Au, η(y, g(x))〉+ f(y, g(x))− f(g(x), g(x)) ≥ 0, for all y ∈ K,u ∈ T (x). (2.1)

We call problem (2.1) as generalized variational-like inequality problem.

It is clear that for suitable choices of mappings involved in the formulation of
problem (2.1), one can obtain many variational-like inequality problems studied in
recent past, see [1, 9, 10, 17, 22, 23].

Let us recall some known definitions and results that are essential to prove the
main results of this paper.

Definition 2.1. Let A, g : K → K, η : K ×K → E be the single-valued mappings
such that η(x, y) = −η(y, x). A multi-valued mapping T : K → 2E

∗
is said to be

relaxed η-α monotone with respect to g if, there exists a mapping α : E → R with
[α(tz) = tpα(z), t > 0, p > 1 and z ∈ E] such that the following inequality holds:

〈Au−Av, η(g(x), y)〉 ≥ α(y−g(x)), for all x, y ∈ K, u ∈ T (x), and v ∈ T (y). (2.2)

Furthermore, if the directional derivative of α at 0 in each direction z ∈ K exists

and equals zero. That is limt→0+
α(tz)
t = 0, then lim inft→0+

α(tz)
t = 0.

Remark 2.1. (i) If A, g ≡ I, η(x, y) = x− y, for all x, y ∈ K then (2.2) becomes

〈u− v, x− y〉 ≥ α(x− y), for all x, y ∈ K, u ∈ T (x), and v ∈ T (y). (2.3)

Then T is called relaxed α-monotone [16].

(ii) If A, g ≡ I and T is single valued mapping, them (2.2) becomes

〈Tx− Ty, η(x, y)〉 ≥ α(x− y), for all x, y ∈ K. (2.4)

Then T is called relaxed η-α-monotone [9].

(iii) If η(x, y) = x − y, for all x, y ∈ K and α(z) = k‖z‖p, where p, k > 0, then
(2.4) reduces to

〈Tx− Ty, x− y〉 ≥ k‖x− y‖p, for all x, y ∈ K. (2.5)

Then T is called relaxed p-monotone (see [16, 29]).
Definition 2.2. Let X and Y be two topological spaces. A multi-valued mapping
G : X → 2Y is called:

(i) Upper semi-continuous at x ∈ X if, for each open set V containing G(x),
there is an open set U containing x such that for each t ∈ U, G(t) ⊆ V ; G
is said to be upper semi-continuous on X if it is upper semi-continuous at
all x ∈ X.

(ii) Lower semi-continuous at x ∈ X if for each open set V with G(x)∩ V 6= φ,
there is an open set U containing x such that for each t ∈ U, G(x)∩ V 6= φ;
G is said to be lower semi-continuous on X if it is lower semi-continuous at
all x ∈ X.
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(iii) Continuous, if G is both upper semi-continuous and lower semi-continuous.

Definition 2.3. Let g : K → K and η : K ×K → K be two single-valued map-
pings. A multi-valued mapping T : K → 2E

∗
is said to be lower η-hemicontinuous,

whenever for any x, y ∈ K, the mapping f : [0, 1]→ 2(−∞,∞) defined by

f(t) = 〈T (g(x) + t(y − g(x)), η(y, g(x))〉
is lower semi continuous at 0+.

Note the Definition 2.3 is weaker than the corresponding Definition given in [4].

Definition 2.4 [8]. A multi-valued mapping F : K → 2E is said to be a KKM-
mapping if, for any {x1, x2, ....., xn} ⊆ K, Co{x1, x2, ....., xn} ⊆ ∪ni=1F (xi), where
Co{x1, x2, ....., xn} denotes the convex hull of {x1, x2, ....., xn}.

Lemma 2.1. [26] Let X and Y be two topological spaces. A multi-valued mapping
T : X → 2Y is lower semi-continuous at x ∈ X if and only if for any y ∈ T (x) and
any net {xα} which converge to x there is a net {yα} such that yα ∈ T (xα) and
yα → y.

Lemma 2.2. [8] Let K be a nonempty convex subset of a topological vector space
X and F : K → 2E a KKM-mapping with closed values in K. Assume that there
exists a nonempty compact convex subset B of K such that

⋂
x∈B F (x) is compact.

Then ⋂
x∈B

F (x) 6= φ.

3. Existence Result

In this section, first we show the equivalence of problem (2.1) with another
variational-like inequality problem by using relaxed η-α-monotone mapping with
respect to g. We prove an existence result for generalized variational-like inequality
problem (2.1) using KKM-theory.

Theorem 3.1. Let K be a nonempty closed convex subset of a topological vector
space E and A, g : K → K be the single-valued mappings. Let T : K → 2E

∗
be lower

η-hemicontinuous and relaxed η-α-monotone multi-valued mapping with respect to
g. Let f : K ×K → R ∪ {+∞} be a proper function. Assume that the following
conditions are satisfied:

(i) η(g(x), g(x)) = 0, for all x ∈ K;
(ii) for any fixed x ∈ K and u ∈ T (x), the mapping y → 〈Au, η(y, g(x))〉 is

convex;
(iii) for any fixed x ∈ K the mapping y → f(y, g(x)) is convex.

Then, the problem (2.1) is equivalent to the following problem:

Find x ∈ K such that

〈Av, η(y, g(x))〉+f(y, g(x))−f(g(x), g(x)) ≥ α(y−g(x)), ∀ y ∈ K, v ∈ T (y). (3.1)

Proof. Let x ∈ K be the solution of (2.1). That is,

〈Au, η(y, g(x))〉+ f(y, g(x))− f(g(x), g(x)) ≥ 0, ∀ x ∈ K,u ∈ T (x).

Since T is relaxed η-α monotone with respect to g, we have

〈Av, η(y, g(x))〉+ f(y, g(x))− f(g(x), g(x)) ≥ α(y − g(x)), ∀ y ∈ K, v ∈ T (y),
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that is (3.1) holds.

Conversely, Suppose that (3.1) holds. That is,

〈Av, η(y, g(x))〉+f(y, g(x))−f(g(x), g(x)) ≥ α(y−g(x)), ∀ y ∈ K, v ∈ T (y). (3.2)

Let y be an arbitrary element of K, then we can write as

yt = (1− t)g(x) + ty, t ∈ [0, 1].

As K is convex. Therefore, yt ∈ K. It follows from (3.2) that

〈Avt, η(yt, g(x))〉+f(yt, g(x))−f(g(x), g(x)) ≥ α(yt−g(x)) = α(t(y−g(x)). (3.3)

By condition (iii)

f(yt, g(x))− f(g(x), g(x)) = f((1− t)g(x) + ty, g(x))− f(g(x), g(x))

≤ t(f(y, g(x))− f(g(x), g(x))). (3.4)

Also, from (i) and (ii) imply that

〈Avt, η(yt, g(x))〉 = 〈Avt, η((1− t)g(x) + ty, g(x))〉
≤ (1− t)〈Avt, η(g(x), g(x))〉+ t〈Avt, η(y, g(x))〉
= t〈Avt, η(y, g(x))〉.) (3.5)

It follows from (3.3)-(3.5), for t ∈ [0, 1], that

〈Avt, η(y, g(x))〉+ f(y, g(x))− f(g(x), g(x)) ≥ α(t(y − g(x))

t
, ∀y ∈ K, vt ∈ T (yt).

(3.6)
Using relaxed η-α monotonicity with respect to g and lower η-hemicontinuity of T

and the fact that lim inft→0+
α(t(y−g(x))

t = 0, i.e.,

〈Au, η(y, g(x))〉+ f(y, g(x))− f(g(x), g(x)) ≥ 0, ∀y ∈ K,u ∈ Tx.

Hence, x ∈ K is a solution of (2.1). This complete the proof. �

Theorem 3.2. Let K be a bounded closed convex subset of a topological vector
space E. Let A, g : K → K, η : K × K → E, f : K × K → R ∪ {+∞} and
T : K → 2E

∗
be the mappings such that

(i) η(g(x), y) + η(y, g(x)) = 0, for all x, y ∈ K;
(ii) for any fixed y ∈ K the mapping x → 〈Tx, η(y, g(x))〉 + f(y, g(x)) −

f(g(x), g(x)) is lower semicontinuous;
(iii) for any fixed y ∈ K the mapping x → η(g(x), y) and x → f(g(x), y) are

concave and convex, respectively;
(iv) 〈Aui − Auj , η(ai, aj)〉 ≥ 0, for all i < j, where (i, j) ∈ {1, 2, ....., n} ×

{1, 2, .....n} and c = {a1, a2, ....an} is an arbitrary finite subset of K, y ∈
CoA and ui ∈ T (y);

(v) there exists a compact convex subset D of K and a compact subset B of K,
for all x ∈ K \B, there exists z ∈ D such that

〈Au, η(z, g(x))〉+ f(z, g(x)) + f(z, g(x)) < 0, for some u ∈ T (z).

Then, the solution set of the problem (2.1) is nonempty and compact.
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Proof. Define a multi-valued mapping F : K → 2E as follows:

F (y) = {x ∈ K : 〈Au, η(y, g(x))〉+ f(y, g(x))− f(g(x), g(x)) ≥ 0, ∀ u ∈ T (x)}.

First, we claim that F is a KKM-mapping. Suppose that F is not a KKM-mapping,
then there exists subset {y1, y2, .....yn} ⊆ K, ti ≥ 0, i = 1, 2, ....n and

∑n
i=1 ti = 1

such that

g(z) =

n∑
i=1

tiyi /∈
n⋃
i=1

F (yi),

and hence there exists ui ∈ T (x), for i = 1, 2, .....n such that

〈Aui, η(yi, g(z))〉+ f(yi, g(z))− f(g(z), g(z)) < 0 for i = 1, 2, .....n,

and so
n∑
i=1

ti〈Aui, η(yi, g(z))〉+

n∑
i=1

tif(yi, g(z))− f(g(z), g(z)) < 0,

and by (iii), we have
n∑
i=1

ti〈Aui, η(yi, g(z))〉 < 0.

By (i) and g(z) =
∑n
i=1 tiyi, we get

n∑
i=1

n∑
j=1

titj〈Aui, η(yi, yj)〉 < 0,

and it follows for (i) and (iii) that

−
n∑
i=1

n∑
j=1

titj〈Aui, η(yj , yi)〉 < 0,

and so by (i) ∑
i<j

titj〈Aui −Auj , η(yi, yj)〉 < 0,

and so 〈Aui − Auj , η(yi, yj)〉 < 0, for some i < j, which is a contradiction of (iv)
and hence F is a KKM-mapping.

Next, we show that F (y) is closed for all y ∈ K. Indeed, let {xα} be a net in
F (y) such that {xα} converge to x ∈ K, i.e., lim

α→∞
xα → x.. We have to show that

x ∈ F (y). Let u ∈ T (x) be an arbitrary set by (ii) through Lemma 2.1, there exist
a net {uα} in uα ∈ T (xα) such that
〈Auα, η(y, g(xα))〉+ f(y, g(xα))− f(g(xα), g(xα))→ 〈Au, η(y, g(x))〉+ f(y, g(x))−
f(g(x), g(x)),
and since xα ∈ F (y), we have

〈Au, η(y, g(x))〉+ f(y, g(x))− f(g(x), g(x)) ≥ 0,

and hence x ∈ F (y). Also, it follows from (v) that
⋂
z∈D F (g(z)) ⊆ B. So that

multi-valued mapping F satisfies all the assumptions of Lemma 2.2. Consequently,
there exists x̄ ∈

⋂
y∈K F (y). This means x̄ is a solution of problem (2.1). Further-

more, the solution set of problem (2.1) equals to the
⋂
y∈K F (y) which by (v) is a

subset of the compact set B, and note
⋂
y∈K F (y) is closed, so it is compact. This

completes the proof. �
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Remark 3.1. Since problems (2.1) and (3.1) are equivalent by Theorem 3.1 thus
in view of Theorem 3.2, the problem (3.1) also admit a solution provided all the
conditions of Theorem 3.1 are satisfied.
Remark 3.2. (i) It is obvious that one can omit conditions (v) of Theorem 3.2,
when the set K is compact. For details see [9].
(ii) Theorem 3.1 and Theorem 3.2 improve and generalize the known results of [14]
and corresponding results of [1, 9, 10, 17, 22, 23].
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