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FIXED POINT RESULTS FOR THE MULTIVALUED MAPPING

ON CLOSED BALL IN DISLOCATED FUZZY METRIC SPACE

ABDULLAH SHOAIB, AKBAR AZAM, MUHAMMAD ARSHAD, AQEEL SHAHZAD

Abstract. In this paper, we establish fixed point results on a closed ball

containing a sequence for multivalued mapping in a complete dislocated fuzzy
metric space. An example is also given which supports our results. Our results

unify, extend and generalize several results in the existing literature.

1. Introduction and Preliminaries

The notion of the fuzzy mathematics first laid down in the sense of fuzzy sets
by Zadeh [31]. Later on many authors used this concept in different areas of math-
ematics. Karmosil et al. [19] introduced the concept of fuzzy metric space. Many
authors ([5, 7, 8, 9, 11, 13, 16, 17, 18, 22]) used the different contractive conditions
and obtained many fixed point results. Hitzler et al. [14] introduced the concept
of dislocated metric space and also studied the associated topologies. The notion
of dislocated fuzzy metric space introduced by George et al. [10] and also studied
fuzzy topology associated with it. Their results extend and generalized the many
existing results ([11, 12]).

Let T : X → X be a mapping. A point x ∈ X is called a fixed point of T
if x = Tx. Sometimes, it may occur that the contraction does not hold on X but
there exists a fixed point of T in X. For such situations, the necessary and sufficient
conditions has been obtained by several authors (see [1, 2, 3, 4, 6, 15, 23, 24, 25,
26, 27, 28]), for the existence of a fixed point of such self mappings. A point x ∈ X
is said to be a fixed point of a multivalued mapping S, if x ∈ Sx. In this paper by
using the concept of dislocated fuzzy metric space, we prove fixed point of a such
multivalued mapping which is not contractive on the whole space. We also present
an example to support our result.
Definition 1.1 [9] A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is said to be a
continuous t-norm if it is satisfies the following conditions:
i) ∗ is associative and commutative;
ii) ∗ is continuous;
iii) a ∗ 1 = a for all a ∈ [0, 1];
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iv) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d for each a, b, c, d ∈ [0, 1].
Definition 1.2 Let X be any non empty set, ∗ be a continuous t-norm, and Fl is a
fuzzy set on X2× [0,∞). Consider the following conditions holds for all x, y, z ∈ X
and t, s > 0:
F1) Fl(x, y, 0) = 0;
F2) Fl(x, x, t) = 1;
F3) Fl(x, y, t) = 1; for each t > 0 =⇒ x = y;
F4) Fl(x, y, t) = Fl(y, x, t);
F5) Fl(x, y, t + s) ≥ Fl(x, z, t) ∗ Fl(z, y, s);
F6) Fl(x, y, .) : (0,∞)→ [0, 1] is left-continuous;
F7) lim

t→∞
Fl(x, y, t) = 1.

If Fl satisfies the conditions from F1 to F6 then, (X,Fl, ∗) is called a fuzzy metric
space in the sense of Kramosil and Michalek [19]. If Fl satisfies the conditions from
F1 to F7 (X,Fl, ∗) is also called a fuzzy metric space in the sense of Vasuki [30]. If Fl

satisfies the conditions F1 and from F3 to F6 then, (X,Fl, ∗) is called as dislocated
fuzzy metric space in the sense of Kramosil and Michalek ( in short DFM-space )
[10]. If Fl satisfies the conditions F1 and from F3 to F7 then, (X,Fl, ∗) is called a
modified dislocated fuzzy metric space.
Example 1.3 [10] Let X = R. Define a ∗ b = ab and

Fl(x, y, t) =

[
exp
|x− y|+ |x|+ |y|

t

]−1
,

for all (x, y) ∈ X ×X, t ∈ [0,∞), (x, y) 6= (0, 0) and Fl(0, 0, 0) = 0. Then (X,Fl, ∗)
is a DFM space.
Example 1.4 Let X = R+ ∪ {0}, and dl(x, y) = x + y defines a dislocated metric
space on X. Define a ∗ b = ab (or a ∗ b = min{a, b}) and

Fl(x, y, t) =
t

t + dl(x, y)
, for all x, y ∈ X and t > 0

Then, (X,Fl, ∗) is an induced dislocated fuzzy metric by dl.
Definition 1.5 [10] Let (X,Fl, ∗) be a dislocated fuzzy metric space. Then, we
have
i) A sequence {xn} in X is said to be d-convergent to a point x ∈ X denoted by
xn → x, if lim

n→∞
Fl(xn, x, t) = 1 for each t > 0.

ii) A sequence {xn} in X is said to be a Cauchy sequence, if lim
n→∞

Fl(xn, xn+p, t) = 1

for each t > 0, p > 0.
iii) A fuzzy metric space (X,Fl, ∗) in which every Cauchy sequence is d-convergent
is called a complete fuzzy metric space.
Definition 1.6 Let B be any non empty subset of a dislocated fuzzy metric space
(X,Fl, ∗) for a ∈ X and t > 0 then, we define

Fl(a,B, t) = sup{Fl(a, b, t) : b ∈ B}.
Definition 1.7 A dislocated fuzzy metric space (X,Fl, ∗) is called compact if every
sequence has a convergent subsequence.
Definition 1.8 Let (X,Fl, ∗) be a dislocated fuzzy metric space. Define a function

HFl
on Ĉ0(X)× Ĉ0(X)× (0,∞) by

HFl
(A,B, t) = min

{
inf
a∈A

Fl(a,B, t), inf
b∈B

Fl(A, b, t)

}
,



100 A. SHOAIB, A. AZAM, M. ARSHAD, A. SHAHZAD

for all A,B ∈ Ĉ0(X) and t > 0, where Ĉ0(X) is the collection of all nonempty
compact subsets of X.
Definition 1.9 [10] Let (X,Fl, ∗) be a dislocated fuzzy metric space. Then,

BFl
(x, r, t) = {y ∈ X : Fl(x, y, t) > 1− r},

and
BFl

(x, r, t) = {y ∈ X : Fl(x, y, t) ≥ 1− r},
are called open and closed balls respectively, with centre x ∈ X and radius r for
0 < r < 1, t > 0.
Lemma 1.10 [21] Let (X,Fl, ∗) be a complete dislocated fuzzy metric space. Then,

for each a ∈ X, B ∈ Ĉ0(X) and for t > 0 there is b0 ∈ B such that

Fl(a, b0, t) = Fl(a,B, t).

Proof: The proof is similar to that of Jesus Rodriguez-Lopez and Salvador Roma-
guera [21]. Therefore, the proof is omitted.
Lemma 1.11 [29] Let (X,Fl, ∗) be a complete dislocated fuzzy metric space, such

that (Ĉ0(X), HFl
, ∗) is a Hausdorff dislocated fuzzy metric space. Then, for all

A,B ∈ Ĉ0(X), for each a ∈ A and for t > 0 there exists ba ∈ B, satisfies
Fl(a,B, t) = Fl(a, ba, t), then

HFl
(A,B, t) ≤ Fl(a, ba, t).

Proof: If
HFl

(A,B, t) = inf
a∈A

Fl(a,B, t),

then,
HFl

(A,B, t) ≤ Fl(a,B, t). for each a ∈ A

Hence, for each a ∈ A there exist ba ∈ B satisfies

Fl(a,B, t) = Fl(a, ba, t),

then
HFl

(A,B, t) ≤ Fl(a, ba, t).

Now, if

HFl
(A,B, t) = inf

b∈B
Fl(A, b, t)

≤ inf
a∈A

Fl(a,B, t) ≤ Fl(a,B, t) = Fl(a, ba, t)

HFl
(A,B, t) ≤ Fl(a, ba, t).

for some ba ∈ B. Hence, in both cases, we proved the result.

2. Main Results

Let (X,Fl, ∗) be a dislocated fuzzy metric space, x0 ∈ X and let S be a multi-

valued mapping from X to Ĉ0(X). Then, by lemma 1.10, there exists x1 ∈ Sx0,
such that Fl(x0, Sx0, t) = Fl(x0, x1, t), for t > 0. Again, by lemma 1.10 there exists
x2 ∈ Sx1 be such that Fl(x1, Sx1, t) = Fl(x1, x2, t). Continuing this process, we
construct a sequence xn of points in X such that xn+1 ∈ Sxn, Fl(xn, Sxn, t) =
Fl(xn, xn+1, t), for t > 0. We denote this iterative sequence by {XS(xn)} and say
that {XS(xn)} is a sequence in X generated by x0 and S.
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Theorem 2.1 Let (X,Fl, ∗) be a complete modified dislocated fuzzy metric space,

where ∗ be a continuous t-norm with the property a∗a ≥ a. Let (Ĉ0(X), HFl
, ∗) be

Hausdorff dislocated fuzzy metric space on Ĉ0(X), x0 ∈ X, S : X → Ĉ0(X) be a
multivalued mapping and {XS(xn)} be a sequence in X generated by x0. Assume
that for some k ∈ (0, 1), t > 0, and x0 ∈ X, we have

HFl
(Sx, Sy, kt) ≥ Fl(x, y, t), for all x, y ∈ BFl

(x0, r, t) ∩ {XS(xn)} (2.1)

and

Fl(x0, Sx0, (1− k)t) ≥ 1− r (2.2)

Then, {XS(xn)} is a sequence in BFl
(x0, r, t) and {XS(xn)} → z ∈ BFl

(x0, r, t).

Also, if satisfies for (2.1) with x = y = z, then z is a fixed point for S in BFl
(x0, r, t).

Proof : Let {XS(xn)} be a sequence in X generated by x0. If x0 = x1, then x0 is
a fixed point of S. Let x0 6= x1 and by Lemma 1.11, we have

Fl(x1, x2, t) ≥ HFl
(Sx0, Sx1, t).

By induction, we have

Fl(xn, xn+1, t) ≥ HFl
(Sxn−1, Sxn, t). (2.3)

First, we will show that xn ∈ BFl
(x0, r, t). By (2.2), we get

Fl(x0, x1, t) = Fl(x0, Sx0, t) > Fl(x0, x1, (1− k)t) ≥ 1− r

Fl(x0, x1, t) > 1− r.

This shows that x1 ∈ BFl
(x0, r, t). Let x2, · · · , xj ∈ BFl

(x0, r, t). Now, we have

Fl(xj , xj+1, t) ≥ HFl
(Sxj−1, Sxj , t) ≥ Fl(xj−1, xj ,

t

k
)

≥ HFl
(Sxj−2, Sxj−1,

t

k
) (by Lemma 1.11)

≥ Fl(xj−2, xj−1,
t

k2
)

≥ Fl(xj−2, xj−1,
t

k2
) ≥ .... ≥ Fl(x0, x1,

t

kj
)

Fl(xj , xj+1, t) ≥ Fl(x0, x1,
t

kj
) (1)

Now,

Fl(x0, xj+1, t) ≥ Fl(x0, xj+1, (1− kj+1)t)

≥ Fl(x0, x1, (1− k)t) ∗ Fl(x1, x2, (1− k)kt) ∗ · · ·
∗Fl(xj , xj+1, (1− k)kjt)

≥ Fl(x0, x1, (1− k)t) ∗ Fl(x0, x1, (1− k)t) ∗ · · ·
∗Fl(x0, x1, (1− k)t) (by (2.4))

≥ 1− r ∗ 1− r ∗ · · · ∗ 1− r = 1− r

Fl(x0, xj+1, t) ≥ 1− r.

This implies that xj+1 ∈ BFl
(x0, r, t). So, by mathematical induction xn ∈ BFl

(x0, r, t)
for all n ∈ N . Now, inequality (2.4) can be written as

Fl(xn, xn+1, t) ≥ Fl(x0, x1,
t

kn
). (2.5)
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Let n,m ∈ N with m > n. Assume that m = n + p, we have

Fl(xn, xn+p, t) ≥ Fl(xn, xn+1, (1− k)t) ∗ Fl(xn+1, xn+p, kt)

≥ Fl(xn, xn+1, (1− k)t) ∗HFl
(Sxn, Sxn+p−1, kt)

≥ Fl(xn, xn+1, (1− k)t) ∗ Fl(xn, xn+p−1, t)

≥ Fl(xn, xn+1, (1− k)t) ∗ Fl(xn, xn+1, (1− k)t)

∗Fl(xn+1, xn+p−1, (1− k)t)

≥ Fl(xn, xn+1, (1− k)t) ∗ Fl(xn, xn+1, (1− k)t)

∗HFl
(Sxn, Sxn+p−2, kt)

Fl(xn, xn+p, t) ≥ Fl(xn, xn+1, (1− k)t) ∗ Fl(xn, xn+1, (1− k)t)

∗Fl(xn, xn+p−2, t). (by (2.1))

Using the above, we have

Fl(xn, xn+p, t) ≥ Fl(xn, xn+1, (1− k)t) ∗ Fl(xn, xn+1, (1− k)t) ∗ · · · ∗
Fl(xn, xn+1, t)

Fl(xn, xn+p, t) ≥ Fl(xn, xn+1, (1− k)t) ∗ Fl(xn, xn+1, (1− k)t) ∗ · · · ∗
Fl(xn, xn+1, (1− k)t)

≥ Fl(x0, x1,
(1− k)t

kn
) ∗ Fl(x0, x1,

(1− k)t

kn
) ∗ · · · ∗

Fl(x0, x1,
(1− k)t

kn
) (by (2.5))

Fl(xn, xn+p, t) ≥ Fl(x0, x1,
(1− k)t

kn
).

As,

lim
t→∞

Fl(x, y, t) = 1 for all x, y ∈ X.

In particular

Fl(x0, x1,
(1− k)t

kn
) = 1 as n→∞.

By using above, we get

Fl(xn, xm, t) = 1 as n→∞.

Hence, {XS(xn)} is a Cauchy sequence in BFl
(x0, r, t). As every closed ball in a

complete dislocated fuzzy metric space is complete. So, BFl
(x0, r, t) is complete.

Then, there exists z ∈ BFl
(x0, r, t), such that xn → z as n→∞. Now, we have

Fl(z, Sz, t) ≥ Fl(z, xn, (1− k)t) ∗ Fl(xn, Sz, kt).

By Lemma 1.11, we have

Fl(z, Sz, t) ≥ Fl(z, xn, (1− k)t) ∗HFl
(Sxn−1, Sz, kt)

≥ Fl(z, xn, (1− k)t) ∗ Fl(xn−1, z, t).

Letting n→∞, we have

Fl(z, Sz, t) ≥ 1 ∗ 1 = 1.

This implies that z ∈ Sz. This completes the proof.
Corollary 2.2 Let (X,Fl, ∗) be a complete modified dislocated fuzzy metric space,



FIXED POINT RESULTS FOR THE MULTIVALUED MAPPINGS 103

where ∗ be a continuous t-norm, with the property a ∗ a ≥ a. Let x0 ∈ X and
S : X → X be a self mapping. Assume that for some k ∈ (0, 1), t > 0 and x0 ∈ X,
we have

Fl(Sx, Sy, kt) ≥ Fl(x, y, t) for all x, y ∈ BFl
(x0, r, t)

and

Fl(x0, Sx0, (1− k)t) ≥ 1− r.

Then S has a fixed point in BFl
(x0, r, t).

Example 2.3 Let X = Q+∪{0} and a∗b = min{a, b} for all a, b ∈ [0, 1]. Let Fl be
the induced dislocated fuzzy metric by dl, where dl(x, y) = x + y for all x, y ∈ X.
Then, (X,Fl, ∗) be a dislocated fuzzy metric space defined as Fl(x, y, t) = t

t+dl(x,y)

for all x, y ∈ X and t > 0. Consider the multivalued mapping S : X → Ĉ0(X),
defined as

Sx =

 [x3 ,
x
2 ] if x ∈ [0, 9

2 ]

[2x, 3x] if x /∈ [0, 9
2 ]

.

Considering, x0 = 1
2 and r = 5

6 then, BFl
(x0, r, t) = [0, 9

2 ], for t = 1. Now,

Fl(x0, Sx0, t) = Fl(
1

2
, S

1

2
, t) = Fl(

1

2
,

1

6
, t),

Fl(x1, Sx1, t) = Fl(
1

6
, S

1

6
, t) = Fl(

1

6
,

1

18
, t).

Therefore, by Theorem 2.1 there is a sequence {XS(xn)} = { 12 ,
1
6 ,

1
18 ,

1
54 , · · · }, one

example of such sequence is in X generated by x0. Now, for x = 5, y = 6, k = 3
4

and t = 1, we have

HFl
(S5, S6,

3

4
) = min

{
inf
a∈S5

Fl(a, S6,
3

4
), inf

b∈S6
Fl(S5, b,

3

4
)

}
=

3

112

Fl(5, 6, 1) =
1

1 + (5 + 6)
=

1

12
.

So, we have

HFl
(S5, S6,

3

4
) � Fl(5, 6, 1).

So, the contractive condition does not hold on X. Now, for all x, y ∈ BFl
(x0, r, t)∩

{XS(xn)}, we have

HFl
(Sx, Sy, kt) = min

{
inf

a∈Sx
Fl(a, Sy, kt), inf

b∈Sy
Fl(Sx, b, kt)

}
= min

{
inf

a∈Sx
Fl(a, [

y

3
,
y

2
],

3

4
t), inf

b∈Sy
Fl([

x

3
,
x

2
], b,

3

4
t)

}
= min

{
Fl(

x

2
,
y

3
,

3

4
t), Fl(

x

3
,
y

2
,

3

4
t)

}
= min

{
(3/4)t

(3/4)t + (x/2 + y/3)
,

(3/4)t

(3/4)t + (x/3 + y/2)

}
HFl

(Sx, Sy, kt) =
(3/4)t

(3/4)t + (x/2 + y/3)
≥ t

t + (x + y)
= Fl(x, y, t).
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So, the contractive condition holds on BFl
(x0, r, t)∩{XS(xn)}. Also, for t = 1, we

have

Fl(x0, Sx0, (1− k)t)) = Fl(
1

2
,

1

6
,

1

4
)

=
3

11
>

1

6
= 1− r.

Hence, all the conditions of Theorem 2.1 are satisfied. Now, we have {XS(xn)} is

a sequence in BFl
(x0, r, t), and {XS(xn)} → 0 ∈ BFl

(x0, r, t). Moreover, S has a
fixed point 0.
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