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MULTIPLICATIVE GENERALIZED METRIC SPACES AND

FIXED POINT THEOREMS

MURAT KIRIŞCI

Abstract. The multiplicative calculi which are provide a wide variety of
mathematical tools for use in science, engineering, and mathematics, appear

to have considerable potential for use as alternatives to the classical calculus

of Newton and Leibnitz. Every property in classical calculus has an analogue
in multiplicative calculus. Recently, metric spaces are defined depending on

the multiplicative calculus and examined some topological properties. We in-

troduce, in this work, multiplicative generalized metric spaces and define the
multiplicative generalized contractive. Further, we investigate some proper-

ties of multiplicative generalized contractive mapping and give multiplicative

generalized fixed point theorems.

1. Introduction

Due to the nature of mathematics science, there has been many attempts to gen-
eralize the metric setting by modifying some of the axioms of metric spaces. Thus,
several other types of spaces has been introduced and a lot of metric results has
been extended to new settings. One of the interesting generalizations of the notion
of metric space was introduced by Branciari [5] in 2000. In [5], Branciari defined
the new metric space which called as generalized metric space. In this space, the
triangle inequality of a ordinary metric space has been replaced by a new inequality
that involving three terms instead of two. This inequality which known that the
quadrilateral(or rectangular) inequality, has a weaker assumption than the triangle
inequality. So, each metric space is a generalized metric spaces, but the converse
of this statement is false. These spaces retain the fundamental notion of distance.
However, as we shall see, the quadrilateral inequality, while useful in some sense,
ignores the importance of such things as the continuity of the distance function,
uniqueness of limits, etc. Branciri extended the Banach contraction principle in
these spaces. Following the Branciri, many mathematicians are used this new met-
ric space in several studies related to the fixed point theory [11, 12, 13, 15, 18, 17]
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etc.

It may be noted that the use of triangle inequality in metric arguments is of
extreme importance since it implies, among other things, the following:

i. The metric is continuous in both variables.
ii. The respective topology is Hausdorff.

iii. A sequence may converge to at most one point.
iv. Each open ball is an open set.
v. Each convergent sequence is a Cauchy sequence.

Although Branciari’s claims, generalized metric space didn’t satisfied the condi-
tions (i)-(v). Nevertheless these flaws were continued in early studies, until Sarma
et al. [18] published their works. Samet [17] and Sarma et al. [18] presented ex-
amples showing that there exist generalized metric spaces that do not satisfy any
of the properties (i)-(v). That is, even if it seems accurate the Branciri’s open ball
definition and so topology of generalized metric, generalized metric needs not to
be continuous, a convergent sequence in generalized metric space needs not to be
Cauchy and generalized metric space needs not to be Hausdorff. Then, the unique-
ness of limits cannot be guaranteed.

The multiplicative calculi are useful mathematical tools in science, engineer-
ing and mathematics and provide a wide variety of possibilities, as a different
perspective. Specific fields of application include: fractal theory, image analysis
(e.g., in bio-medicine), growth/decay processes (e. g., in economic growth, bacte-
rial growth, and radioactive decay), finance (e.g., rates of return), the theory of
elasticity in economics, marketing, the economics of climate change, atmospheric
temperature, wave theory in physics, quantum physics and gauge theory, signal
processing, information technology, pathogen counts in treated water, actuarial
science, tumor therapy in medicine, materials science/engineering, demographics,
differential equations (including a multiplicative Lorenz system and Runge-Kutta
methods), calculus of variations, finite-difference methods, averages of functions,
means of two positive numbers, weighted calculus, meta-calculus, approximation
theory, least-squares methods, multivariable calculus, complex analysis, functional
analysis, probability theory, utility theory, Bayesian analysis, stochastics, decision
making, dynamical systems, chaos theory, and dimensional spaces.

Since these calculi has emerged, it has become a seriously alternative to the clas-
sical analysis developed by Newton and Leibnitz. Just like the classical analysis,
multiplicative calculi have many varieties as a derivative, an integral, a natural aver-
age, a special class of functions having a constant derivative, and two Fundamental
Theorems which reveal that the derivative and integral are ’inversely’ related. How-
ever, the results of obtained by multiplicative calculus has also significantly different
from the classical analysis. For example, infinitely many multiplicative calculi have
a nonlinear derivative or integral.

The multiplicative calculi were developed by Michael Grossman and Robert
Katz, and it were written to nine books related to the multiplicative calculi. Gross-
man and Katz published first book concerning with multiplicative calculus at 1972
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[7].

In [2], based on the ideas of the differentiation and integration which are two ba-
sic operation of Newton-Leibniz calculus obtained several results in multiplicative
Analysis: Multiplicative mean value theorem, multiplicative tests for monotonic-
ity, multiplicative tests for local extremum, multiplicative Taylor’s Theorem for
one variable and two variables, multiplicative chain rule, fundamental theorem of
multiplicative calculus, multiplicative integration by parts. In addition, some ap-
plications on multiplicative calculus are demonstrated, in [2].

Çakmak and Başar [6] constructed the field R(N) of multiplicative real numbers
and the concept of multiplicative metric. Also, in [6], triangle and Minkowski’s
inequalities of multiplicative calculus are given and the spaces of bounded, con-
vergent, null convergent and p− absolutely summable sequences in the sense of
multiplicative calculus are defined.

In [10], classical paranormed sequence spaces have been introduced and proved
that the spaces are ∗−complete. By using the notion of multiplier sequence, the
α−, β− and γ− duals of certain paranormed spaces have been computed and their
basis have been constructed in [10].

Kirişci [14] studied the topological structure of multiplicative metric spaces which
defined by [2] and [6]. In [16], multiplicative metric mapping and some topological
properties are given. Also, multiplicative contraction mapping is defined and fixed
point theorems are studied in [16]. Binbaşıoǧlu et. al.[4] give a fixed point the-
ory of multiplicative metric space. Agarwal et. al. [1] mentioned that the ordinary
and multiplicative fixed point theorems are applicable to the same class of functions.

In this paper, we define multiplicative generalized metric spaces and give some
properties and examples. We give some fixed point results for multiplicative gen-
eralized metric space, in section 4.

2. Preliminaries

Firstly, we will give the definition of the generalized metric space.

Definition 2.1. ([5]) Let X be a nonempty set, and let d : X ×X → [0,∞) be a
mapping such that for all x, y ∈ X and all distinct points u, v ∈ X, each distinct
from x and y:

GM1 d(x, y) = 0 ⇔ x = y;
GM2 d(x, y) = d(y, x);
GM3 d(x, y) ≤ d(x, u) + d(u, v) + d(v, y) quadrilateral inequality.

Then X is called a generalized metric spaces(GMS).

In the above definition, if d satisfies only (GM1) and (GM2), then it is called
semimetric (see, e.g., [20]).

Now, we will mention the multiplicative calculus:
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The function α : R → R+ is called a generator, if this function is one-to-one.
Each generator generates exactly one arithmetic and, conversely, each arithmetic
is generated by exactly one generator. As a generator, we choose the function exp
from R to the set R+ of positive reals, that is to say,

α : R→ R+ and α−1 : R+ → R
x 7→ α(x) = ex = y y 7→ α−1(y) = ln y = x

The α−positive numbers are the numbers x ∈ A such that 0̇<̇x and the α−negative
numbers are those for which x<̇0̇. The α−zero, 0̇, and the α−one, 1̇, turn out to
be α(0) and α(1). The α−integers consist of 0̇ and all the numbers that result
by successive α−addition of 1̇ and 0̇ and by successive α−subtraction of 1̇ and 0̇.
Thus, the α−integers · · · , α(−2), α(−1), α(0), α(1), α(2), · · ·

The set R+(N) of NN-real numbers is defined as R+(N) = {α(x) : x ∈ R+}.

Now, we define the α−artihmetic operations and ordering relation as follows:

α− addition x+̇y = α{α−1(x) + α−1(y)},
α− subtraction x−̇y = α{α−1(x)− α−1(y)},
α−multiplication x×̇y = α{α−1(x)× α−1(y)},
α− division x/̇y = α{α−1(x)/α−1(y)},
α− order x<̇y ⇔ α−1(x) < α−1(y).

The binary operations (+̇) addition and (×̇) multiplication for the set R(N) of
NN-real numbers are defined by

+̇ : R× R→ R
(x, y) 7→ x+̇y = α{α−1(x) + α−1(y)}

×̇ : R× R→ R
(x, y) 7→ x×̇y = α{α−1(x)× α−1(y)}.

The α−square of a number x in A ⊂ R(N) which will be denoted by x2N is
defined by x×̇x. Also, we denote the pth multiplicative exponent of x ∈ R(N) by
xpN . Therefore, we have

x2N = x×̇x = α{α−1(x)× α−1(x)} = α{[α−1(x)]2},
x3N = x2N ×̇x = α{α−1{α[(x)× α−1(x)]× α−1(x)} = α{[α−1(x)]3},

...

xpN = x(p−1)N ×̇x = α{[α−1(x)]p}
...

Lemma 2.2. ([6], Lemma 3.1)(Triangle Inequality) Let x, y ∈ R+(N). Then

|x+̇y|N ≤̇|x|N +̇|y|N .



216 MURAT KIRIŞCI

Lemma 2.3. (Quadrilateral Inequality) Let x, y, u, v ∈ R+(N). Then

|x+̇y|N ≤̇|x+̇u|N +̇|u+̇v|N +̇|v+̇y|N

Proof. Take x, y, u, v ∈ R(N). From
√
x2N

N
= |x|N = α(|α−1(x)|), it can easily

see that

|x+̇y|N =
∣∣x+̇y+̇u+̇v−̇u−̇v

∣∣
N

= α
[∣∣α−1(x+̇y+̇u+̇v−̇u−̇v)

∣∣]
= α

{∣∣(α−1 ◦ α)
[
α−1(x) + α−1(y) + α−1(u) + α−1(v)− α−1(u)− α−1(v)

]∣∣}
= α

[∣∣α−1(x) + α−1(y) + α−1(u) + α−1(v)− α−1(u)− α−1(v)
∣∣] .

If we apply α−1 to the above equality, then, we obtain

α−1
(
|x+̇y|N

)
=

∣∣α−1(x) + α−1(y) + α−1(u) + α−1(v)− α−1(u)− α−1(v)
∣∣

≤
∣∣α−1(x) + α−1(u)

∣∣+
∣∣α−1(u) + α−1(v)

∣∣+
∣∣α−1(u) + α−1(y)

∣∣ .
From this inequality, we have

|x+̇y|N ≤̇ α
[∣∣α−1(x) + α−1(u)

∣∣+
∣∣α−1(u) + α−1(v)

∣∣+
∣∣α−1(u) + α−1(y)

∣∣]
= α{(α−1 ◦ α)

[∣∣α−1(x) + α−1(u)
∣∣]+ (α−1 ◦ α)

[∣∣α−1(u) + α−1(v)
∣∣]

+ (α−1 ◦ α)
[∣∣α−1(v) + α−1(y)

∣∣]}
= α

[
α−1(|x+̇u|N ) + α−1(|u+̇v|N ) + α−1(|v+̇y|N )

]
= |x+̇u|N +̇|u+̇v|N +̇|v+̇y|N .

This shows that the quadrilateral inequality holds. �

From a combination of Theorem 25 and Theorem 28 in [8] and Lemma 3.3. in
[6], we can write the following lemma.

Lemma 2.4. (Minkowski’s Inequality) If p is finite and not equal to 0 and 1 and
ak, bk, · · · jk ∈ R+(N) for k ∈ {1, 2, · · · , n}, then for p > 1,

p

√√√√
N

n∑
k=1

(
ak+̇bk+̇ · · · jk

)pN

N

≤̇ p

√√√√
N

n∑
k=1

(ak)
pN

N

+̇ p

√√√√
N

n∑
k=1

(bk)
pN

N

+̇ · · · +̇ p

√√√√
N

n∑
k=1

(jk)
pN

N

3. Multiplicative Generalized Metric Spaces

Definition 3.1. Let X be a non-empty set and dN : X×X → R+(N) be a function
such that for all x, y ∈ X and all distinct u, v ∈ X each of following different from
x and y;
(NGM1) dN (x, y) = 1 if and only if x = y
(NGM2) dN (x, y) = dN (y, x)
(NGM3) dN (x, y) ≤ dN (x, u)+̇dN (u, v)+̇dN (v, y).

Then the map dN is called multiplicative generalized metric(NGM) and the pair
(X, dN ) is called multiplicative generalized metric space(NGMS).

Example 3.2. Define the metric dN on R+(N) by dN = |x−̇y|N for x, y, u, v ∈
R+(N). Then, dN is a NGM.
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Proof. For x, y, u, v ∈ R+(N),

dN (u, x) = |u−̇x|N = α(0) ⇔ α{|α−1(u)− α−1(x)|} = α(0)

⇔ α−1(u) = α−1(x) ⇔ u = x,

and

dN (u, x) = α{|α−1(u)− α−1(x)|} = α{|α−1(x)− α−1(u)|} = dN (x, u)

and

dN (x, y) = |x−̇y|N = α{|α−1(x)− α−1(y)|}
= α{|α−1(x)− α−1(u) + α−1(u)− α−1(v) + α−1(v)− α−1(y)|}
≤̇ α{|α−1(x)− α−1(u)|}+ α{|α−1(u)− α−1(v)|}+ α{|α−1(v)− α−1(y)|}
= dN (x, u)+̇dN (u, v)+̇dN (v, y).

Then dN is a NGM. �

Example 3.3. Denote the multiplicative Euclidean space with Rn(N). For x =
(x1, x2, . . . , xn), y = (y1, y2, . . . , yn) ∈ Rn(N), we define the metric

dEN (x, y) =

√√√√
N

n∑
k=1

(
xk−̇yk

)2N

N

Then, dEN is a NGM.

Proof. Let x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn), u = (u1, u2, . . . , un) and v =
(v1, v2, . . . , vn) ∈ Rn(N). It can be easy check that the axioms (NGM1) and
(NGM2) are hold. Now, we can prove that the axiom (NGM3) is hold. Hence,
we can use the multiplicative Minkowski’s inequality(Lemma 2.4) for p = 2. Then,

dEN (x, y) =

√√√√
N

n∑
k=1

(
xk−̇yk

)2N

N

=

√√√√
N

n∑
k=1

(
xk+̇uk−̇uk+̇vk−̇vk−̇yk

)2N

N

≤

√√√√
N

n∑
k=1

(
xk−̇uk

)2N

N

+̇

√√√√
N

n∑
k=1

(
uk−̇vk

)2N

N

+̇

√√√√
N

n∑
k=1

(
vk−̇yk

)2N

N

= dEN (x, u)+̇dEN (u, v)+̇dEN (v, y),

which completes the proof. �

Example 3.4. The metric dMN on R+(N) is defined by dMN (x, y) = max{|x1−̇y1|N , |x2−̇y2|N}.
Then, dMN is a NGM.

Proof. For x, y, u, v ∈ R+(N),

dMN (x, y) = α(0)⇔ max{|x1−̇y1|N , |x2−̇y2|N} = α(0)

⇔ |x1−̇y1|N = α(0)and|x2−̇y2|N = α(0)

⇔ α{|α−1(x1)− α−1(y1)|}, α{|α−1(x2)− α−1(y2)|}
⇔ α−1(x1) = α−1(y1), α−1(x2) = α−1(y2)

⇔ x = y.

Then, the condition NGM1 is holds.
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dMN (x, y) = max{|x1−̇y1|N , |x2−̇y2|N} = max{|y1−̇x1|N , |y2−̇x2|N} = dMN (y, x)

The condition NGM2 is holds.

dMN (x, y) = max{|x1−̇y1|N , |x2−̇y2|N}
= max{|x1−̇u1+̇u1−̇v1+̇v1−̇y1|N , |x2−̇u2+̇u2−̇v2+̇v2−̇y2|N}
≤̇max{|x1−̇u1|, |u1−̇v1|, |v1−̇y1|N , |x2−̇u2|, |u2−̇v2|, |v2−̇y2|N}
≤̇max{|x1−̇u1|N , |x2−̇u2|N}+̇ max{|u1−̇v1|N , |u2−̇v2|N}+̇ max{|v1−̇y1|N , |v2−̇y2|N}
= dMN (x, u)+̇dMN (u, v)+̇dMN (v, y).

Therefore, dMN (x, y) is a NGM. �

Convergent and Cauchy sequences, completeness and also open balls B(x, r) are
introduced in a standard way as well as usual metric, generalized metric and NGM.
These concepts on a GMS and NGMS are defined below:

Definition 3.5. In GMS: Let X = (X, d) be a GMS, (xn) be a sequence in X
and x ∈ X. The sequence (xn) is said to be G-convergent to x if for every given
ε > 0, there exists an n0 = n0(ε) ∈ N such that d(xn, x) < ε for all n > n0.
In NGMS: Let X = (X, dN ) be a NGMS, (xn) be a sequence in X and x ∈ X.
The sequence (xn) is said to be NG-convergent to x if for every given ε>̇α(0), there
exists an n0 = n0(ε) ∈ N such that dN (xn, x)<̇ε for all n > n0 and is denoted
xn →N x as n→∞.

Definition 3.6. In GMS: Let X = (X, d) be a GMS and (xn) be a sequence in X.
The sequence (xn) is G-Cauchy sequence if for each ε > 0, there exists a natural
number n0 = n0(ε) ∈ N such that d(xn, xm) < ε for all n > m > n(ε).
In NGMS: Let X = (X, dN ) be a NGMS and (xn) be a sequence in X. The
sequence (xn) is NG-Cauchy sequence if for each ε>̇α(0), there exists a natural
number n0 = n0(ε) ∈ N such that dN (xn, xm)<̇ε for all n > m > n(ε).

Definition 3.7. In GMS:Let X = (X, d) be a GMS. X = (X, d) is called a
complete GMS, if every G-Cauchy sequence is G-convergent in X.
In NGMS: Let X = (X, dN ) be a NGMS. X = (X, dN ) is called a complete
NGMS, if every NG-Cauchy sequence is NG-convergent in X.

Definition 3.8. Given a generalized metric d on X and ε > 0, we call B(x, ε) =
{y ∈ X : d(x, y) < ε} ε−ball centered at x. Let X = (X, dN ) be a multiplicative
metric space(NNMS), x ∈ X. For each r>̇ α(0), we define the multiplicative-open
ball in X centered at the point x and with radius r to be the set BN (x; r) = {y ∈
X : dN (x, y)<̇r}; multiplicative-closed ball in X centered at the point x and with
radius r to be the set BN (x; r) = {y ∈ X : dN (x, y)≤̇r}[14].

Example 3.9. Any metric space is generalized metric space, but the converse is
not true in general.(cf, Example 1.1 of [18], Example 7 of [19])

Example 3.10. Let (X, ρ) be a bounded metric space. Take K be a real number
such that sup{ρ(x, y) : x, y ∈ X} ≤ K. Choose the sets A,B ⊂ X with X = A ∪B
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and A ∩B = ∅. Define a function dN : X ×X → R+(N) by

dN (x, x) = α(0)

dN (x, y) = dN (y, x) = ρ(x, y) if x ∈ A, y ∈ B
dN (x, y) = K otherwise.

Then (X, dN ) is NGMS.

Proof. It is clear that the conditions NGMS1 and NGMS2 are hold. Then, we
will prove that the condition NGMS3 is hold. We choose x, y, u, v ∈ X such that
these points are distinct. It is easy see that if dN (x, u)+̇dN (u, v)+̇dN (v, y)≥̇K, since
dN (x, y)≤̇K, then, NGMS3 is hold. Now, we take dN (x, u)+̇dN (u, v)+̇dN (v, y)<̇K.
If we assume that x ∈ A, then, from the definition of dN , we have v ∈ A and
u, y ∈ B. Therefore,

dN (x, y) = ρ(x, y) ≤ ρ(x, u) + ρ(u, v) + ρ(v, y)

= dN (x, u)+̇dN (u, v)+̇dN (v, y).

�

From Example 1.1 of [18], we say that a sequence in a GMS may have two
limits. However, there is a special situation where this is not possible, and this will
be useful in some proofs. The following lemma is a variant of Lemma 1.10 of [9].

Lemma 3.11. Let X = (X, dN ) be NGMS and let (xn) be a multiplicative Cauchy
sequence in X such that xm 6= xn whenever m 6= n. Then (xn) can converge to at
most one point.

Proof. Suppose that xn →N x and xn →N y as n → ∞ for x 6= y. Since xm and
xn are distinct elements, as well as x and y, it is clear that there exists n0 ∈ N such
that x and y are different from xn for all n > n0. For m,n > n0, the quadrilateral
inequality implies that

α(0)≤̇dN (x, y)≤̇dN (x, xm)+̇dN (xm, xn)+̇dN (xn, y).

Taking the limit as m,n→∞, it follows that dN (x, y) = α(0), i.e., x = y and this
contradiction completes the proof. �

Definition 3.12. Let X = (X, dN ) be NGMS. If for the sequences (xn) and (yn) in
X,N limn dN (xn, x) = α(0) and N limn dN (yn, y) = α(0) implies that N limn dN (xn, yn) =
d(x, y), then, we called that the function dN is continuous.

In addition to metric spaces axioms, Wilson [20] defined new axioms which are
weaker than the triangle inequality. Kirk and Shazed used these axioms in their
works(Proposition 1 and 2 of [13]). As in [13], Wilson’s ideas will be carried over
with only a minor change as follows:

Theorem 3.13. If (X, dN ) is a NGMS which satisfies Axiom A, then the distance
function is continuous:

Axiom A: Take distinct points a, b ∈ X. Then, we can find a number r
′

ab>̇α(0)
such that for every c ∈ X,

r
′

ab≤̇dN (a, c)+̇dN (c, b).
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Proof. We choose the sequences (xn) and (yn) in X. For p 6= q, let the conditions
N limn dN (xn, x) = α(0) and N limn dN (yn, y) = α(0) are hold. For n arbitrarily
large, we assume that xn 6= x and yn 6= y and also xn 6= yn. Then, from Axiom A
and quadrilateral inequality, we have

dN (x, y)≤̇dN (x, xn)+̇dN (xn, yn)+̇dN (yn, y)

and

dN (xn, yn)≤̇dN (xn, x)+̇dN (x, y)+̇dN (y, yn).

From above inequalities, we obtain

N lim sup
n

dN (xn, yn)≤̇dN (x, y)≤̇N
lim inf

n
dN (xn, yn).

Thus, limn dN (xn, yn) = dN (x, y). �

Theorem 3.14. Suppose that (yn) is a NG-Cauchy sequence in a NGMS X and
suppose N limn dN (yn, y) = α(0). Then, N limn dN (x, yn) = dN(x, y) for all x ∈ X.
In particular, (yn) does not converge to x if x 6= y.

Proof. Let x 6= y and n sufficiently large. If yn = x, it must be case that x = y.
Now, we take x 6= yn for all n and yn 6= y for many infinitely n. In this case,
the result is obtained. So, we choose yn 6= ym 6= y and yn 6= ym 6= x for all
m,n ∈ N(m 6= n). Then, from the quadrilateral inequality, we can write,

dN (x, y)≤̇dN (x, yn)+̇dN (yn, yn+1)+̇d(yn+1, y)

and

dN (x, yn)≤̇dN (x, y)+̇dN (y, yn+1)+̇d(yn+1, yn).

We know that the sequence (yn) is a NG-Cauchy. Then, N limn dN (yn, yn+1) =
α(0). For the above inequalities, if we take n→∞, then,

N lim sup
n

dN (x, yn)≤̇dN (x, y)≤̇N
lim inf

n
dN (x, yn).

This step is complete the proof. �

Definition 3.15. [14] Let X = (X, dN ) be a NGMS. The space X is said to be
bounded if there is a constant M>̇α(0) such that dN (x, y)≤̇M for all x, y ∈ X.
The space X is said to be unbounded if it is not bounded.

Theorem 3.16. Let X1 = (X1, dN1) and X2 = (X2, dN2) be two NGMS. Then,
X = (X, dN ) is also a NGMS, where X = X1 ×X2 and

dN (x, y) = max{dN1(x1, y1), dN2(x2, y2)} (3.1)

for x, y ∈ X, where x = (x1, x2), y = (y1, y2). Additionally, X is bounded indepen-
dent of boundedness of X1 and X2.

Proof. It is easily checked that the conditions nonnegativity and symmetry are
satisfied. Now, we will prove that the condition quadrilateral inequality for all
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x = (x1, x2), y = (y1, y2), u = (u1, u2), v = (v1, v2) ∈ X = X1 ×X2. Then, we have

dN (x, y) = max{dN1(x1, y1), dN2(x2, y2)}
≤̇ max{dN1(x1, u1)+̇dN1(u1, v1)+̇dN1(v1, y1)

, dN2(x2, u2)+̇dN2(u2, v2)+̇dN2(v2, y2)}
≤̇ max{dN1(x1, u1), dN2(x2, u2), }+̇ max{dN1(u1, v1), dN2(u2, v2)}
+̇ max{dN1(v1, y1), dN2(v2, y2), }
= dN (x, u)+̇dN (u, v)+̇dN (v, y).

Hence, (X, dN ) is a NGMS.

It is trivial that X is bounded, since dN (x, y) = max{dN1(x1, y1), dN2(x2, y2)}
is finite. �

The completeness property is inherited by products of ordinary metric spaces.
That is, the product of countably many complete metric spaces is complete. We
can carry this idea to NGMS, as below:

Theorem 3.17. Let X1 = (X1, dN1) and X2 = (X2, dN2) be two NGMS and
X = X1 ×X2. Define the multiplicative metric dN as in (3.1) for x, y ∈ X, where
x = (x1, x2), y = (y1, y2). Then, (X, dN ) is complete if and only if X1 and X2 are
complete.

4. Fixed Point Results

In this section, firstly, we will define the NGMS-contraction and examine some
properties of NGMS-contraction. Further, we will give fixed point theorems.

Binbaşıoǧlu et. al.[4] defined the multiplicative contraction mapping. Similarly,
we will give the above definition:

Definition 4.1. Let (X, dN ) be an multiplicative generalized metric space(NGMS).
A self map f on NGMS X is said to satisfy a multiplicative Lipschitz condition if
it satisfies that

dN (f(x), f(y))≤̇k×̇dN (x, y) (4.1)

for all x, y in X and for k ∈ R(N). If k<̇α(1), then f is called a NGMS-contraction
mapping.

Generally, we claim that the contractions have fixed point. If all contrac-
tions(including NGMS-contraction) have fixed points, then we can easily say that
f2N should have a fixed point. In below proposition, we will show that if fnN is a
NGMS-contraction then, fnN has fixed point.

Proposition 4.2. Suppose that f is a NGMS-contraction. Then, fnN is also
a NGMS-contraction. Furthermore, if k is the constant for f , then knN is the
constant for fnN .

Proof. We will use the induction for proof. We take nN = 2N . If f is a NGMS-
contraction, then, it is clear that

dN (f(x), f(y))≤̇k×̇dN (x, y) (4.2)
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for k<̇α(1). If we apply f to both of sides of this inequality, we obtain

dN (f2N (x), f2N (y))≤̇k×̇dN (f(x), f(y)). (4.3)

From (4.2), we can write k×̇dN (f(x), f(y))≤̇k2N ×̇dN (x, y). Thus if we combine the
(4.2), (4.3) and last inequality, we have

dN (f2N (x), f2N (y))≤̇k×̇dN (f(x), f(y))≤̇k2N ×̇dN (x, y)

which leads us to the fact that f2N is a NGMS-contraction. If we consider that
fnN is a NGMS-contraction, then, we can say that f (n+1)N is a NGMS-contraction
with above processes.

Now, we must prove that the constant for fnN is knN . Consider

dN (fnN (x), fnN (y))≤̇knN ×̇dN (x, y).

As similar to the above processes, we can apply f to both of sides of this inequality,
we get

dN [f (n+1)N (x), f (n+1)N (y)]≤̇k(n+1)N ×̇dN (f(x), f(y))≤̇k(n+1)N ×̇dN (x, y).

From this inequality, dN [f (n+1)N (x), f (n+1)N (y)]≤̇k(n+1)N ×̇dN (x, y). Therefore, we
understand that theorem is true for all nN . �

Remark. From this proposition, we can say that each fnN has the same fixed point.
Because, if we take f(x) = x, then, f2N = f(f(x)) = f(x) = x and by induction,
fnN = x.

Proposition 4.3. Let f be a NGMS-contraction and x ∈ X. f [BN (x, r)] ⊂
BN (x, r) for large enough values of r.

Proof. Let y ∈ BN (x, r). We must find r such that f(y) ∈ BN (x, r) and so
dN (x, f(y))<̇r. We can write that

dN (x, f(y))≤̇dN (x, f(x))+̇dN (f(x), f(y)).

Also dN (f(x), f(y))≤̇k×̇dN (x, y) and dN (x, y)≤̇r. Therefore, dN (f(x), f(y))≤̇k×̇r.
From these inequalities, we have dN (x, f(y))≤̇dN (x, f(x))+̇k×̇r. We can choose r
so that dN (x, f(x))+̇k×̇r. Then, for any y ∈ BN (x, r), dN (x, f(y))<̇r and f(y) ∈
BN (x, r). �

Remark. From Proposition 4.3 and the definitions multiplicative open ball and
multiplicative closed ball, if the inclusion f [BN (x, r)] ⊂ BN (x, r) is hold, then, the

inclusion also f [BN (x, r)] ⊂ BN (x, r) is hold.

Proposition 4.4. The inclusion fnN [BN (x, r)] ⊂ BN (fnN (x), r
′
) is hold for all

n, where r
′

= knN ×̇r.

The proof of this proposition is similar to Proposition 4.2.

Remark. It is fact that if the inclusion fnN [BN (x, r)] ⊂ BN (fnN (x), r) is hold,

then, the inclusion also fnN [BN (x, r)] ⊂ BN (fnN (x), r).

Theorem 4.5. Let f be a multiplicative contraction mapping on a multiplicative
metric space X. Then, f has a unique fixed point.



MULTIPLICATIVE GENERALIZED METRIC SPACES AND FIXED POINT THEOREMS 223

Theorem 4.5 is a consequence of Theorem 3.3 in [4]. Hence, using the quadrilat-
eral inequality, Theorem 4.5 is proved as similar Theorem 3.3 in [4].

For an alternative proof, we can use fnN (Bn(x, r)). That is, if we choose

y ∈ fnN (Bn(x, r)) we can see that f(y) ∈ fnN (Bn(x, r)). Therefore, the distance
between y and f(y) is ε and so f(y) = y. Thus, y is a fixed point.

5. Conclusion

The purpose of this paper is to apply the multiplicative calculus to the general-
ized metric space which defined by Branciari[5]. After from the paper of Branciari,
in some of the first papers which dealt with fixed point theorems in GMS, it was
sometimes implicitly assumed that the respective topology is Hausdorff and/or that
the generalized metric is continuous. However, as shown by examples in [18] and
[17], a generalized metric need not be continuous, neither the respective topology
need to be Hausdorff. Hence, in further articles, usually one or both of these con-
ditions were additionally assumed. Multiplicative calculus is an alternative to the
classical calculus of Newton and Leibnitz. Every property and concept in classical
calculus has an analogue in multiplicative calculus. In section 3, the definition of
multiplicative generalized metric space is given and some examples are solved. In
seciton 4 is devoted the fixed point theory. NGMS-contraction mapping is defined.
After the properties related to NGMS-contraction are proved, fixed point theorem
is given, in section 4.
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