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ON THE α-NONEXPANSIVE MAPPING IN PARTIALLY

ORDERED HYPERBOLIC METRIC SPACES

RAHUL SHUKLA, RAJENDRA PANT, POOM KUMAM*

Abstract. We present some existence and convergence results for monotone

α-nonexpansive mappings in partially ordered hyperbolic metric spaces. A
recent result of Bin Dehaish and Khamsi [Browder and Göhde fixed point the-

orem for monotone nonexpansive mappings, Fixed Point Theory Appl. 2016,

2016:20] is complemented.

1. Introduction

Nonexpansive mappings are those which have Lipschitz constant equal to one.
The study of existence of fixed points of nonexpansive mappings was initiated in
1965, by Browder [5, 6], Göhde [12] and Kirk [18], independently (cf. Goebel and
Kirk [10]). Indeed, Browder [6] and Göhde [12] considered a bounded closed and
convex subset of an uniformly convex Banach space, while Kirk [18] used the normal
structure property in a reflexive Banach space to obtain the same result.

The study of fixed point theory for nonexpansive mappings in a hyperbolic met-
ric space setting was initiated by Takahashi [31]. He used the term convex metric
space to describe members of this class (see also [23]). Goebel and Kirk [9] used hy-
perbolic type spaces, which contain spaces with hyperbolic metric (see also [9, 13]).
Reich and Shafrir [26] introduced hyperbolic metric spaces on a general infinite
dimensional manifold and studied iteration processes for the nonexpansive map-
pings in the these spaces using an additional condition on the hyperbolic metric.
In 2004, Kohlenbach [20] accommodating previous definitions of hyperbolic metric
spaces introduced more general hyperbolic metric spaces. Busemann spaces [7] are
the well-known examples of hyperbolic metric spaces. Leauştean [21] showed that
CAT(0) spaces are uniformly convex hyperbolic metric spaces. Recently, Bin De-
haish and Khamsi [4] obtained a fixed point theorem for a monotone nonexpansive
mapping in the setting of partially ordered hyperbolic metric spaces.
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On the other hand generalizing nonexpansive mappings, Aoyama and Kohsaka [2]
introduced a new class of nonexpansive mappings namely, α-nonexpansive mappings
and obtained a fixed point theorem for such mappings.

Definition 1.1. [2] Let K be a nonempty subset of a Banach space M . A mapping
T : K → K is said to be α-nonexpansive if for all u, v ∈ K and α < 1

‖T (u)− T (v)‖2 ≤ α‖T (u)− v‖2 + α‖u− T (v)‖2 + (1− 2α)‖u− v‖2. (1.1)

Theorem 1.2. [2]. Let K be a nonempty, closed and convex subset of a uniformly
convex Banach space M and T : K → K an α-nonexpansive mapping. Then F (T )
(the set of fixed points of T ) is nonempty if and only if there exists u ∈ K such
that {Tn(u)} is bounded.

Remark. We note that an α-nonexpansive mapping reduces to a nonexpansive
mapping when α = 0.

In this paper, we present a more general version of Bin Dehaish and Khamsi’s
theorem and extend Theorem 1.2 in a partially ordered hyperbolic metric space.
We also obtain some ∆-convergence (see Definitions 2.5, 2.7 below) and strong
convergence theorems for α-nonexpansive mappings in partially ordered hyperbolic
metric spaces. In this way certain results in [2, 4, 21, 28, 29] are extended and
generalized.

2. Preliminaries

Let (M, d,�) be a metric space with metric d and partial order � . The following
two definitions are due to Kohlenbach [20].

Definition 2.1. A triplet (M, d,W ) is said to be a hyperbolic metric space if (M, d)
is a metric space and W :M×M× [0, 1]→M is a function satisfying

(H1): d(z,W (u, v, β)) ≤ (1− β)d(z, u) + βd(z, v);
(H2): d(W (u, v, β),W (u, v, γ)) = |β − γ|d(u, v);
(H3): W (u, v, β) = W (v, u, 1− β);
(H4): d(W (u, z, β),W (v, w, β) ≤ (1− β)d(u, v) + βd(z, w)

for all u, v, z, w ∈M and β, γ ∈ [0, 1].

Definition 2.2. Let (M, d,W ) be a hyperbolic metric space. The set

seg[u, v] := {W (u, v, β) : β ∈ [0, 1]}

is called the metric segment with endpoints u, v.

Remark. If only condition (H1) is satisfied, then (M, d,W ) is a convex met-
ric space in the sense of Takahasi [31]. Conditions (H1)−(H3) are equivalent to
(M, d,W ) being a space of hyperbolic type in the sense of Goebel and Kirk [9].
Condition (H4) was considered by Itoh [14] as a condition III and later used in [26]
(with restriction on β, i.e. β = 1/2) to define the class of hyperbolic metric spaces.
Condition (H3) ensures that seg[u, v] is an isometric image of the real line segment
[0, d(u, v)].

Throughout this paper W (u, v, β) is fixed as W (u, v, β) := (1 − β)u ⊕ βv. We
shall say that a subset K ofM is convex if u, v ∈ K implies that (1−β)u⊕βv ∈ K
for all β ∈ [0, 1]. We shall use (M, d) for (M, d,W ) when there is no ambiguity.
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All normed linear spaces and Hilbert ball equipped with the hyperbolic metric are
some examples of hyperbolic metric spaces [11].

Throughout, we will assume that order intervals are closed and convex subsets
of hyperbolic metric space (M, d). We denote these as follows:

[a,→) := {u ∈M; a � u} and (←, b] := {u ∈M;u � b},
for any a, b ∈M (cf. [4]).

Definition 2.3. [8, 16]. Let (M, d) be a hyperbolic metric space. For any r > 0
and ε > 0, set

δ(r, ε) = inf

{
1− 1

r
d

(
1

2
u⊕ 1

2
v, a

)
: d(u, a) ≤ r, d(v, a) ≤ r, d(u, v) ≥ rε

}
,

for any a ∈ M. We say that M is uniformly convex if δ(r, ε) > 0, for any r > 0
and ε > 0.

Definition 2.4. [15]. A metric space (M, d) is said to satisfy property (R) if {Cn}
is a decreasing sequence of nonempty, bounded, convex and closed subset ofM then
∞
∩
n=1

Cn 6= ∅.

Uniformly convex hyperbolic spaces enjoy property (R) [4].

Let K be a nonempty subset of a hyperbolic metric space (M, d) and {un} a
bounded sequence in M. For each u ∈M, define:

(i): asymptotic radius of {un} at u as r({un}, u) := lim sup
n→∞

d(un, u);

(ii): asymptotic radius of {un} relative to K as r({un},K) := inf{r({un}, u) :
u ∈ K};

(iii): asymptotic centre of {un} relative to K by A(K, {un}) := {u ∈ K :
r(u, {un}) = r({un},K)}.

Lim [22] introduced the concept of ∆-convergence in metric spaces. Kirk and
Panyanak [19] used Lim’s concept to CAT(0) spaces and showed that many Banach
spaces results involving weak convergence have precise analogs in this setting.

Definition 2.5. [19]. A bounded sequence {un} in M is said to ∆-converge to a
point u ∈ M if u is the unique asymptotic centre of every subsequence {unk

} of
{un}.

Definition 2.6. [4]. Let K be a nonempty subset of a hyperbolic metric space
(M, d). A function τ : K → [0,∞) is said to be a type function if there exists a
bounded sequence {un} in M such that

τ(u) = lim sup
n→∞

d(un, u)

for any u ∈ K.

Remark. We note that, every bounded sequence generates an unique type function.

Now we rephrase the concept of ∆-convergence in hyperbolic metric spaces.

Definition 2.7. A bounded sequence {un} in M is said to ∆-converge to a point
z ∈ M if z is the unique point and a type function generated by every subsequence
{unk

} of {un} attains its infimum at z.
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Definition 2.8. [27]. Let K be a subset of a metric space (M, d). A mapping
T : K → K is said to satisfy Condition (I) if there exists a nondecreasing function
f : [0,∞) → 0,∞) satisfying f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) such that
d(u, T (u)) ≥ f(D(u, F (T ))) for all u ∈ K, where D(u, F (T )) denotes the distance
from u to F (T ).

Agarwal et al. [1] introduced the iteration process known as S-iterative process,
which can be defined in the framework of hyperbolic spaces as follows:

u1 ∈ K
vn = γnT (un)⊕ (1− γn)un

un+1 = βnT (vn)⊕ (1− βn)T (un),

(2.1)

where {βn} and {γn} are sequences in (0, 1).

3. Existence results

First we recall the following definitions and preliminary results:

Definition 3.1. [4]. Let (M, d,�) be a partially ordered metric space and T :
M→M a mapping. The mapping T is said to be monotone if for all u, v ∈M

u � v implies T (u) � T (v).

Definition 3.2. [4]. Let (M, d,�) be a partially ordered metric space and T :
M→M a mapping. The mapping T is said to be monotone nonexpansive if T is
monotone and

d(T (u), T (v)) ≤ d(u, v), (3.1)

for all u, v ∈M such that u and v are comparable.

We extend Definition 1.1 from Banach spaces to hyperbolic metric spaces as
follows:

Definition 3.3. Let (M, d,�) be a partially ordered metric space and T :M→M
a mapping. The mapping T is said to be monotone α-nonexpansive if T is monotone
and there exists α < 1 such that

d(T (u), T (v))2 ≤ αd(T (u), v)2 + αd(u, T (v))2 + (1− 2α)d(u, v)2, (3.2)

for all u, v ∈M such that u and v are comparable.

Remark. A monotone 0-nonexpansive mapping is a monotone nonexpansive see
also [4].

Lemma 3.4. [4]. Let (M, d) be a uniformly convex hyperbolic metric space and K
a nonempty, closed and convex subset of M. Let τ : K → [0,∞) be a type function.
Then τ is continuous. Moreover, there exists a unique minimum point z ∈ K such
that

τ(z) = inf{τ(u) : u ∈ K}.
Now we present some existence results on a partially ordered hyperbolic metric

space. For more details on ordered metric spaces and applications one may refer to
[24, 25].

Although α-nonexpansive mappings are defined for any real number α < 1, as
Ariza-Ruiz et al. [3] pointed out that this concept is trivial for α < 0. From now
on, we assume that α ∈ [0, 1). We present our first existence result which is a
generalization of [4, Theorem 3.1].
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Theorem 3.5. Let (M, d,�) be a uniformly convex partially ordered hyperbolic
metric space and K a nonempty closed, bounded and convex subset ofM not reduced
to one point. Let T : K → K be a monotone α-nonexpansive mapping. Assume that
there exists u ∈ K such that u and T (u) are comparable. Then T has a fixed point.

Proof. Without loss of generality we may assume that u � T (u). Since T is mono-
tone, we get T (u) � T 2(u). Continuing in this way, we get

T (u) � T 2(u) � T 3(u) � T 4(u) · · · .
Define un = Tn(u) for all n ∈ N. Since M is uniformly convex, it satisfies the
property (R) and by the construction of {un}, we have

K∞ =
∞
∩
n=1

[un,→) ∩ K =
∞
∩
n=1
{u ∈ K;un � u} 6= ∅.

Let u ∈ K∞. Then un � u. Since T is monotone, we have un � T (un) � T (u)
for all n ∈ N. This implies that T (K∞) ⊂ K∞. Let τ : K∞ → [0,∞) be the type
function generated by {un}, that is,

τ(u) = lim sup
n→∞

d(un, u).

From Lemma 3.4 there exists a unique element w ∈ K∞ such that

τ(w) = inf{τ(u);u ∈ K∞}.
By definition of α-nonexpansive mapping, (or by (3.2)), for all n ∈ N, we have

d(un+1, T (w))2 = d(T (un), T (w))2 ≤ αd(T (un), w)2 + αd(un, T (w))2

+(1− 2α)d(un, w)2

= αd(un+1, w)2 + αd(un, T (w))2

+(1− 2α)d(un, w)2.

Taking n→∞, implies

lim sup
n→∞

d(un+1, T (w))2 ≤ α lim sup
n→∞

d(un+1, w)2 + α lim sup
n→∞

d(un, T (w))2

+(1− 2α) lim sup
n→∞

d(un, w)2,

or

lim sup
n→∞

d(un, T (w))2 ≤ lim sup
n→∞

d(un, w)2.

Thus,

lim sup
n→∞

d(un, T (w)) ≤ lim sup
n→∞

d(un, w).

Since τ(w) = inf{τ(u);u ∈ K∞}, uniqueness of minimum point, it follows that
T (w) = w, that is, w is a fixed point of T . �

Corollary 3.6. (compare [4, Theorem 3.1]). Let (M, d,�) be a uniformly convex
partially ordered hyperbolic metric space and K a nonempty, closed, bounded and
convex subset of M not reduced to one point. Let T : K → K be a monotone
nonexpansive mapping. Assume that there exists u ∈ K such that u and T (u) are
comparable. Then T has a fixed point.

The following result is slightly different than Theorem 3.5. In this result instead
of taking the domain of T a bounded set, the sequence of iterates at a point is
considered as bounded.
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Theorem 3.7. Let (M, d,�) be a complete uniformly convex partially ordered
hyperbolic metric space and K a nonempty, closed and convex subset of M not
reduced to one point. Let T : K → K be a monotone α-nonexpansive mapping.
Assume that there exists u ∈ K such that u and T (u) are comparable. Then F (T )
is nonempty if and only if {Tn(u)} is a bounded sequence and there exists a point
v ∈ K such that every point of sequence {un} are comparable with v.

Proof. We define a sequence un = Tn(u) for all n ∈ N as in Theorem 3.5. Define
Kj = {z ∈ K : unj

� z} for all j ∈ N. Clearly for each j ∈ N, Kj is a closed and
convex. Since v ∈ Kj , so Kj is nonempty. Let

K∞ =
∞
∩
j=1
{z ∈ K;unj

� z} 6= ∅

be a closed convex subset of K. Let z ∈ K∞, then unj
� z for all j ∈ N. Since T is

monotone, we have for all j ∈ N

unj
� T (unj

) � T (z).

This implies that T (K∞) ⊂ K∞. Let τ : K∞ → [0,∞) be the type function
generated by {unj}, that is,

τ(z) = lim sup
j→∞

d(unj , z).

Now following the Theorem 3.5 we get F (T ) 6= ∅.
Conversely, suppose that F (T ) 6= ∅. So there exists some w ∈ F (T ) and Tn(w) = w
for all n ∈ N. Therefore, {Tn(w)} is a constant sequence and hence bounded. This
completes the proof. �

Lemma 3.8. Let (M, d,�) be a partially ordered hyperbolic metric space and K a
nonempty, closed and convex subset of M. Let T : K → K be a monotone mapping.
Let u1 ∈ K such that u1 � T (u1) (or T (u1) � u1). Then the sequence {un} defined
by (2.1), we have

(a) un � T (un) � un+1 (or un+1 � T (un) � un) ;
(b) un � p (or p � un), provided {un} ∆-converges to a point p ∈ K

for all n ∈ N.

Proof. We shall use induction method to prove our result. Since, by assumption
we have u1 � T (u1). By the convexity of ordered interval [u1, T (u1)] and (2.1), we
have

u1 � v1 � T (u1). (3.3)

Since T is monotone, we have T (u1) � T (v1), by the convexity of ordered interval
[T (u1), T (v1)] and (2.1), we have

T (u1) � u2 � T (v1). (3.4)

Combining (3.3) and (3.4), we get

u1 � v1 � T (u1) � u2.
Thus result is true for n = 1. Now suppose the result is true for n, that is,

un � T (un) � un+1.

By the convexity of ordered interval [un, T (un)] and (2.1), we have

un � vn � T (un). (3.5)
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Since T is monotone, we have T (un) � T (vn), by the convexity of ordered interval
[T (un), T (vn)] and (2.1), we have

T (un) � un+1 � T (vn). (3.6)

Combining (3.5) and (3.6), we get

un � vn � T (un) � un+1 � T (vn). (3.7)

Since vn � un+1 and T is monotone, T (vn) � T (un+1). By (3.7), we have

un+1 � T (un+1).

By the convexity of ordered interval [un+1, T (un+1)], we have

un+1 � vn+1 � T (un+1).

Since T is monotone, we have T (un+1) � T (vn+1), by the convexity of ordered
interval,

T (un+1) � un+2 � T (vn+1).

By induction, we get first result, that is,

un+1 � vn+1 � T (un+1) � un+2. (3.8)

Suppose p is a ∆-limit of {un}. Here the sequence {un} is monotone increasing and
the order interval [um,→) is closed and convex. We claim that p ∈ [um,→) for a
fixed m ∈ N. If p /∈ [um,→), then the type function generated by subsequence {ur}
of {un} defined by leaving first m − 1 terms of sequence {un} will not attain an
infimum at p, which is a contradiction to the assumption that p is a ∆-limit of the
sequence {un}. This completes the proof. �

Theorem 3.9. Let (M, d,�) be a uniformly convex partially ordered hyperbolic
metric space and K a nonempty, closed and convex subset of M. Let T : K → K be
a monotone α-nonexpansive mapping. Assume that there exists u1 ∈ K such that
u1 and T (u1) are comparable. Let {un} be a sequence defined by (2.1) is bounded,
there exists a point v ∈ K such that every point of sequence {un} are comparable
with v and lim

n→∞
inf d(T (un), un) = 0. Then T has a fixed point.

Proof. Suppose {un} is a bounded sequence and lim
n→∞

inf d(T (un), un) = 0. Then

there exist a subsequence {unj
} of {un} such that

lim
n→∞

d(T (unj
), unj

) = 0. (3.9)

Since unj
is bounded so there exist u′ ∈ K and U ∈ R such that d(unj

, u′) ≤ U.
Therefore

d(T (unj
), u′) ≤ d(T (unj

), unj
) + d(unj

, u′).

Thus {T (unj
} is bounded. By Lemma 3.8, we have u1 � unj

� unj+1
. Define

Kj = {u ∈ K : unj
� u} for all j ∈ N. Clearly for each j ∈ N, Kj is a closed and

convex. Since v ∈ Kj , so Kj is nonempty. Let

K∞ =
∞
∩
j=1
{u ∈ K;unj

� u} 6= ∅

be a closed convex subset of K. Let u ∈ K∞, then unj
� u for all j ∈ N. Since T is

monotone, we have for all j ∈ N

unj
� T (unj

) � T (u).
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This implies that T (K∞) ⊂ K∞. Let τ : K∞ → [0,∞) be the type function
generated by {T (unj )}, that is,

τ(u) = lim sup
j→∞

d(T (unj
), u).

From Lemma 3.4 there exists a unique element w ∈ K∞ such that

τ(w) = inf{τ(u);u ∈ K∞}.

By the definition of type function

τ(T (w)) = lim sup
j→∞

d(T (unj
), T (w)).

By the triangle inequality and (3.9), we have

lim sup
j→∞

d(T (unj ), u) ≤ lim sup
j→∞

d(T (unj ), unj ) + lim sup
j→∞

d(unj , u)

= lim sup
j→∞

d(unj
, u).

Similarly

lim sup
j→∞

d(unj , u) ≤ lim sup
j→∞

d(T (unj ), u).

Therefore, we have

lim sup
j→∞

d(unj
, u) = lim sup

j→∞
d(T (unj

), u). (3.10)

By the triangle inequality and by (3.2), we have for all n ∈ N

d(T (unj
), T (w))2 ≤ αd(T (unj

), w)2 + αd(unj
, T (w))2 + (1− 2α)d(unj

, w)2

≤ αd(T (unj
), w)2 + α{d(T (unj

), unj
) + d(T (unj

), T (w))}2

+(1− 2α)d(unj
, w)2

≤ αd(T (unj
), w)2 + αd(T (unj

), unj
)2

+αd(T (unj
), T (w))2 + 2αd(T (unj

), unj
)d(T (unj

), T (w))

+(1− 2α)d(unj
, w)2.

Using (3.9), we get

lim sup
j→∞

d(T (unj ), T (w))2 ≤ lim sup
j→∞

αd(T (unj ), w)2 + lim sup
j→∞

αd(T (unj ), T (w))2

+ lim sup
j→∞

(1− 2α)d(unj
, w)2.

By (3.10), we have

lim sup
j→∞

d(T (unj ), T (w))2 ≤ lim sup
j→∞

d(T (unj ), w)2.

This implies that

lim sup
j→∞

d(T (unj ), T (w)) ≤ lim sup
j→∞

d(T (unj ), w).

Therefore τ(T (w)) ≤ τ(w). By the uniqueness of minimum point implies that
T (w) = w. �
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4. Convergence results

In this section, we discuss some convergence results in partially ordered hyper-
bolic metric spaces for S-iteration process.

The following Proposition is analogous to Proposition 2 [30].

Proposition 4.1. Let K be a nonempty subset of a partially ordered hyperbolic
metric space (M, d,�) and T : K → K an α-nonexpansive mapping with a fixed
point w ∈ K. Then T is quasi-nonexpansive, that is, d(T (u), w) ≤ d(u,w) for all
u ∈ K and w ∈ F (T ) such that u and w are comparable.

Lemma 4.2. [17]. Let (M, d) be a uniformly convex hyperbolic metric space with
monotone modulus of uniform convexity δ. Let w ∈ M and {αn} be a sequence
such that 0 < a ≤ αn ≤ b < 1. If {un} and {vn} are sequence in M such that
lim sup
n→∞

d(un, w) ≤ r, lim sup
n→∞

d(vn, w) ≤ r and lim
n→∞

d(αnvn ⊕ (1 − αn)un, w) = r

for some r ≥ 0, then we have lim
n→∞

d(vn, un) = 0.

Theorem 4.3. Let (M, d,�) be a uniformly convex partially ordered hyperbolic
metric space and K a nonempty, closed and convex subset of M. Let T : K → K
be a monotone α-nonexpansive mapping. Assume that there exists u1 ∈ K such
that u1 and T (u1) are comparable. Suppose F (T ) is nonempty and u1 and w are
comparable for every w ∈ F (T ). Let {un} be a sequence defined by (2.1). Then
following assertions hold:

(i) the sequence {un} is bounded;
(ii) max{d(un+1, w), d(vn, w)} ≤ d(un, w) for all n ∈ N;
(iii) lim

n→∞
d(un, w) exists and lim

n→∞
D(un, F (T )) exists;

(iv) lim
n→∞

d(T (un), un) = 0.

Proof. Without loss of generality we may assume that u1 � w, by monotonicity of
T , T (u1) � T (w) = w. By (3.7), we have

u1 � v1 � T (u1) � u2 � T (v1). (4.1)

So v1 � w, by monotonicity of T , T (v1) � T (w) = w. By (4.1), we have

u1 � v1 � T (u1) � u2 � w.

Since T is monotone, T (u2) � T (w) = w. Then again from (3.8) for n = 2, we have

u2 � T (u2) � w.

Continuing in this way, we get

un � T (un) � w.

By (2.1) and Proposition 4.1, we have

d(vn, w) = d(γnT (un)⊕ (1− γn)un, w)

≤ γnd(T (un), w) + (1− γn)d(un, w)

≤ γnd(un, w) + (1− γn)d(un, w)

= d(un, w). (4.2)
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Further, by (2.1) and Proposition 4.1, we have

d(un+1, w) = d(βnT (vn)⊕ (1− βn)T (un), w)

≤ βnd(T (vn), w) + (1− βn)d(T (un), w)

≤ βnd(vn, w) + (1− βn)d(un, w)

≤ βnd(un, w) + (1− βn)d(un, w)

= d(un, w).

Thus the sequence {d(un, w)} is bounded and monotonic decreasing so lim
n→∞

d(un, w)

exists. Since for each w ∈ F (T ), we have d(un+1, w) ≤ d(un, w) for all n ∈ N, tak-
ing infimum over all w ∈ F (T ), we get D(un+1, F (T )) ≤ D(un, F (T )) for all n ∈ N.
So the sequence D(un, F (T )) is bounded and monotone decreasing. Therefore,
lim
n→∞

D(un, F (T )) exists. Suppose

lim
n→∞

d(un, w) = r. (4.3)

By (4.3) and Proposition 4.1, we have

lim sup
n→∞

d(T (un), w) ≤ r. (4.4)

By (4.2) and (4.3), we have

lim sup
n→∞

d(vn, w) ≤ r. (4.5)

Using (4.5) and Proposition 4.1, we get

lim sup
n→∞

d(T (vn), w) ≤ r. (4.6)

By (2.1), we have

r = lim
n→∞

d(un+1, w) = lim
n→∞

d((1− βn)T (un)⊕ βnT (vn), w). (4.7)

In view of (4.4),(4.6), (4.7) and Lemma 4.2, we get

lim
n→∞

d(T (vn), T (un)) = 0. (4.8)

Again by (2.1), we have

d(un+1, T (un)) = d((1− βn)T (un)⊕ βnT (vn), T (un))

≤ βnd(T (vn), T (un)).

Letting n→∞ and (4.8), we get

lim
n→∞

d(un+1, T (un)) = 0. (4.9)

By the triangle inequality, we have,

d(un+1, T (vn)) ≤ d(un+1, T (un)) + d(T (vn), T (un)).

Using (4.8) and (4.9), we get

lim
n→∞

d(un+1, T (vn)) = 0.

Now, we observe that

d(un+1, w) ≤ d(un+1, T (vn)) + d(T (vn), w)

≤ d(un+1, T (vn)) + d(vn, w),



ON THE α-NONEXPANSIVE MAPPING IN PARTIALLY ORDERED HYPERBOLIC METRIC SPACES11

which yields

r ≤ lim inf
n→∞

d(vn, w). (4.10)

From (4.5) and (4.10), we get

r = lim
n→∞

d(vn, w) = lim inf
n→∞

d((1− γn)un ⊕ γnT (un), w). (4.11)

Finally, from (4.3), (4.4), (4.11) and Lemma (4.2), we conclude that lim
n→∞

d(T (un), un) =

0. �

Now we present a result for ∆-convergence.

Theorem 4.4. Let (M, d,�) be a uniformly convex partially ordered hyperbolic
metric space. Let K, T and {un} be the same as in Theorem 4.3. If F (T ) is
nonempty and totally ordered, then {un} ∆-converges to a fixed point of T.

Proof. By Theorem 4.3, {un} is a bounded sequence. Therefore there exists a
subsequence {unj

} of {un} such that {unj
} ∆-converges to some p ∈ K. By using

Lemma 3.8, we have

u1 � unj � p (or p � unj � u1) for all j ∈ N.

Now we show that every ∆-convergent subsequence of {un} has a unique ∆-limit
in F (T ). Arguing by contradiction suppose {un} has two subsequence {unj

} and
{unk

}∆-converging to p and q, respectively. By Theorem 4.3, {unj
} is bounded and

d(T (unj ), unj ) = 0. We claim that p ∈ F (T ). By following the proof of Theorem
3.9, we have T (p) = p. By the similar argument, T (q) = q. Since lim

n→∞
d(un, w)

exists for all w ∈ F (T ), by definition of ∆-convergence and Lemma 3.4, we have

lim sup
n→∞

d(un, p) = lim sup
j→∞

d(unj
, p) < lim sup

j→∞
d(unj

, q)

= lim sup
n→∞

d(un, q) = lim sup
k→∞

d(unk
, q)

< lim sup
k→∞

d(unk
, p) = lim sup

n→∞
d(un, p),

which is a contradiction, unless p = q. �

Next we present a strong convergence theorem.

Theorem 4.5. Let (M, d,�) be a uniformly convex partially ordered hyperbolic
metric space and let K, T and {un} be the same as in Theorem 4.3. Suppose F (T )
is nonempty and totally ordered. Then the sequence {un} converges strongly to a
fixed point of T if and only if lim inf

n→∞
D(un, F (T )) = 0.

Proof. Suppose that lim inf
n→∞

D(un, F (T )) = 0. From Theorem 4.3, lim
n→∞

D(un, F (T ))

exists, so

lim
n→∞

D(un, F (T )) = 0. (4.12)

First, we show that set F (T ) is closed. For this, let {wn} be a sequence in F (T )
converges strongly to a point z ∈ K. By (3.2), we have

lim sup
n→∞

d(T (wn), T (z))2 ≤ α lim sup
n→∞

d(T (wn), z)2 + α lim sup
n→∞

d(wn, T (z))2

+(1− 2α) lim sup
n→∞

d(wn, z)
2,
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it follows that

lim sup
n→∞

d(wn, T (z)) = lim sup
n→∞

d(T (wn), T (z))

≤ lim sup
n→∞

d(wn, z) = 0.

Thus {wn} converges strongly to T (z). This implies that T (z) = z. Therefore F (T )
is closed. In view of (4.12), let {unj} be a subsequence of sequence {un} such that

d(unj
, wj) ≤

1

2j
for all j ≥ 1, where {wj} is a sequence in F (T ). By Theorem 4.3,

we have

d(unj+1
, wj) ≤ d(unj

, wj) ≤
1

2j
. (4.13)

Now, by the triangle inequality and (4.13), we have

d(wj+1, wj) ≤ d(wj+1, unj+1) + d(unj+1 , wj)

≤ 1

2j+1
+

1

2j

<
1

2j−1
.

A standard argument shows that {wj} is a Cauchy sequence. Since F (T ) is closed,
so {wj} converges to some point w ∈ F (T ). Now

d(unj
, w) ≤ d(unj

, wj) + d(wj , w).

Letting j → ∞ implies that {unj
} converges strongly to w. By Lemma 4.3,

lim
n→∞

d(un, w) exists. Hence {un} converges strongly to w. Converse part is ob-

vious. �

Theorem 4.6. Let (M, d,�) be a uniformly convex partially ordered hyperbolic
metric space and K, T and {un} are the same as in Theorem 4.3. Let T satisfy
condition (I) and F (T ) is nonempty. Then {un} converges strongly to a fixed point
of T.

Proof. From Theorem 4.3, it follows that

lim inf
n→∞

d(T (un), un) = 0. (4.14)

Since T satisfy condition (I), we have

d(T (un), un) ≥ f(D(un, F (T ))).

From (4.14), we get

lim inf
n→∞

f(D(un, F (T ))) = 0.

Since f : [0,∞) → 0,∞) is a nondecreasing function with f(0) = 0 and f(r) > 0
for all r ∈ (0,∞), therefore we have

lim inf
n→∞

D(un, F (T )) = 0.

Therefore all the assumptions of Theorem 4.5 are satisfied and {un} converges
strongly to a fixed point of T. �



ON THE α-NONEXPANSIVE MAPPING IN PARTIALLY ORDERED HYPERBOLIC METRIC SPACES13

Acknowledgments. This project was supported by the Theoretical and Com-
putational Science (TaCS) Center under Computational and Applied Science for
Smart Innovation Research Cluster (CLASSIC), Faculty of Science, KMUTT. More-
over, the authors would like to thank Editor, Professor M. A. Khamsi and the
anonymous referee for his/her comments that helped us improve this article.

References

[1] R. P. Agarwal, D. O’Regan, and D. R. Sahu, Iterative construction of fixed
points of nearly asymptotically nonexpansive mappings, J. Nonlinear Convex
Anal. 8 (2007), no. 1, 61–79. MR 2314666

[2] K. Aoyama and F. Kohsaka, Fixed point theorem for α-nonexpansive mappings
in Banach spaces, Nonlinear Anal. 74 (2011), no. 13, 4387–4391. MR 2810735

[3] D. Ariza-Ruiz, C. Hernandez Linares, E. Llorens-Fuster, and E. Moreno-
Galvez, On alpha-nonexpansive mappings in banach spaces, Carpathian J.
Math. 32 (2016), no. 1, 13–28.

[4] B. Abdullatif, B. Dehaish and M. A. Khamsi, Browder and Göhde fixed point
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