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ON POSITIVE WEAK SOLUTIONS FOR NONLINEAR ELLIPTIC

SYSTEM INVOLVING SINGULAR p-LAPLACIAN OPERATOR

SALAH A. KHAFAGY

Abstract. In this paper, we study through the sub-supersolutions method the
existence results of positive weak solution for the singular nonlinear system −div[|x|−ap |∇u|p−2∇u] = λ |x|−(a+1)p+c uα in Ω

u > k in Ω
u = k on ∂Ω.

where Ω ⊂ Rn is a bounded domain with smooth boundary ∂Ω, 0 ∈ Ω,

0 ≤ a < n−p
p
, 1 < p < n, λ is a positive parameter, c > 0, 0 < α < p − 1,

k ∈ [0,∞). For k ∈ [0,∞), we prove that the above system have a positive
weak solution when λ ≥ λ∗ (will be defined later) while if k = 1 and λ < λ1
where λ1 is the first eigenvalue of the singular p-Laplacian operator given

by −div[|x|−ap |∇u|p−2∇u], the above system has no positive weak solution.
Also, we discuss the uniqueness of the positive weak solution.

1. Introduction

In this paper, we shall investigate the existence and uniqueness of positive weak
solution for the singular nonlinear system −div[|x|−ap |∇u|p−2∇u] = λ |x|−(a+1)p+c

uα in Ω
u > k in Ω
u = k on ∂Ω.

(1.1)

where Ω ⊂ Rn is a bounded domain with smooth boundary ∂Ω, 0 ∈ Ω, 0 ≤ a <
n−p
p , 1 < p < n, λ is a positive parameter, c > 0, 0 < α < p − 1, k ∈ [0,∞), and

that there exist positive constant a0 such that a0 ≤ |x|−(a+1)p+c
. For k ∈ [0,∞),

we prove that the above system have a positive weak solution when λ ≥ λ∗ (will
be defined later) while if k = 1 and λ < λ1 where λ1 is the first eigenvalue of the

singular p-Laplacian operator given by −div[|x|−ap |∇u|p−2∇u], the above system
has no positive weak solution. Also, we prove the uniqueness of the positive weak
solution of system (1.1). The main tool in our work is the sub-supersolutions
method which has been employed very often in obtaining existence results.

Elliptic quasilinear problems involving singular quasilinear operator given by
−div[|x|−ap |∇u|p−2∇u], were motivated by the Caffarelli, Kohn and Nirenberg
inequality [6] (see also [7, 28, 30]). Also, the study of the existence results of positive
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weak solution for singular nonlinear problems or systems have been an extremely
active research topic recently. This is due to two reasons. The first is the intensive
development of the theory of singular calculus itself and the second is the wide
applications of such constructions in various physical fields such as glaciology, fluid
mechanics, molecular physics, quantum cosmology, and linearization of combustion
models (see [8, 19] for example). The singularity in the weights in system (1.1) is
the feature that needs to be highlighted in this work. Due to this singularity in
the weights, the extensions are nontrivial and challenging. Such singular nonlinear
systems arise naturally and they occupy a main role in the interdisciplinary research
between mathematical physics, analysis, elasticity, geometry, biology, etc. The
questions of existence, nonexistence and uniqueness of weak solutions of singular
nonlinear systems have received a lot of attention and extensive investigations over
the years.

On the other hand, during the past few years, there have been many papers
concerned with the existence results of positive weak solutions for singular elliptic
systems (see [2, 11, 18, 20, 25, 30] and related papers in their references.

For the singular nonlinear problems in the case of unbounded domains, we refer
the reader to [4, 5, 27], and related papers in their references.

Problems of the form (1.1), when |x|−ap = |x|−(a+1)p+c
= 1, arise form some

problems in mathematical physics. The quantity p is a characteristic of the medium.
The Newtonian fluid corresponds to p = 2, the case p > 2 describes the dilatant
fluids and 1 < p < 2 expresses pseudo-plastic fluid (see [3, 26]).

Moreover, the study of the existence results of positive weak solutions for weighted
p-Laplacian nonlinear systems has been studied using different methods like the sub-
supersolutions method (see [13]), an approximation method (see [10, 15, 23, 24]),
the Browder theorem (see [12, 14]) and the theory of nonlinear monotone operators
method (see [16, 21, 22]).

This paper is organized as follows:
Section 2 is devoted to introduce some auxiliary results and notations, which are

established in [29]. In section 3, by the help of sub-supersolutions method, we study
the existence results of system (1.1). The proof of the uniqueness of the positive
weak solution for system (1.1 is the subject of section 4.

2. Auxiliary results and notations

This section is devoted to introduce some singular Sobolev spaces and their
norms [29]. Let Ω be a bounded domain in Rn with smooth boundary ∂Ω. If
0 ≤ a < n−p

p and p ≥ 1, we define the singular Lp(Ω, |x|−(a+1)p+c) space with the
norm

‖u‖Lp(Ω,|x|−(a+1)p+c) =

∫
Ω

|x|−(a+1)p+c|u|p
 1
p

<∞. (2.1)

If 1 < p < n and 0 ≤ a < n−p
p , we define W 1,p

0 (Ω, |x|−ap) as being the closure of

C∞0 (Ω) in W 1,p(Ω, |x|−ap) with respect to the norm defined by

‖u‖W 1,p
0 (Ω,|x|−ap) =

∫
Ω

|x|−ap|∇u|p
 1
p

<∞. (2.2)
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Finally, the space W 1,p
0 (Ω, |x|−ap) is a reflexive separable Banach space.

Now, let us record some results associated to the singular eigenvalue problems
(see [29])  −div[|x|−ap |∇u|p−2∇u] = λ |x|−(a+1)p+c |u|p−2u in Ω

u > k in Ω
u = k on ∂Ω.

(2.3)

Lemma 2.1. [29] There exists the simple isolated first eigenvalue λ1(p) > 0 and
precisely one corresponding eigenfunction u ≥ 0 a.e. in Ω of the eigenvalue problem
(2.3). Also, it is characterized by

λ1(p)

∫
Ω

|x|−a(p+1)+c|u|p ≤
∫
Ω

|x|−ap|∇u|p. (2.4)

3. Existence results

We shall prove in this section the existence of positive weak solution for system
(1.1) by constructing a positive weak subsolution ψ ∈W 1,p

0 (Ω, |x|−ap) and a positive

weak supersolution z ∈ W 1,p
0 (Ω, |x|−ap) of system (1.1) with ψ ≤ z. That is, ψ

satisfies ∫
Ω

|x|−ap|∇ψ|p−2∇ψ∇ζdx ≤ λ
∫
Ω

|x|−a(p+1)+cψαζdx, (3.1)

and z satisfies∫
Ω

|x|−ap|∇z|p−2∇z∇ζdx ≥ λ
∫
Ω

|x|−a(p+1)+czαζdx, (3.2)

for all test function ζ ∈W 1,p
0 (Ω, |x|−ap) with ζ ≥ 0.

One of our main results of this work is the following theorem.

Theorem 3.1. If λ ≥ λ∗ where λ∗ = pαλ1

a0[(p−1)n
p
p−1 ]α

, then system (1.1) has a

positive weak solution u.

Proof. Let λ1 be the first eigenvalue of the eigenvalue problem (2.3) and φ1 be
the corresponding positive eigenfunction satisfying φ1 > 0 in Ω and |∇φ1| > 0 on
∂Ω with ‖φ1‖∞ = 1. Then we have −div[|x|−ap |∇φ1|p−2∇φ1] = λ1 |x|−(a+1)p+c |φ1|p−1 in Ω

φ1 > k in Ω
φ1 = k on ∂Ω.

(3.3)

Also, let m, δ, n > 0 be such that |x|−ap |∇φ1|p − λ1 |x|−(a+1)p+c
φp1 ≥ m on

Ωδ = {x ∈ Ω : d(x, ∂Ω) ≤ δ} and φ1 ≥ n in Ω− Ωδ.

We shall verify that ψ = (p−1
p ) φ

p
p−1

1 is a positive weak subsolution of (1.1). Let

ζ ∈W 1,p
0 (Ω, |x|−ap) with ζ ≥ 0.
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A calculation leads to∫
Ω

|x|−ap |∇ψ|p−2∇ψ · ∇ζdx =

∫
Ω

|x|−ap φ1|∇φ1|p−2∇φ1 · ∇ζdx

=

∫
Ω

(|x|−ap |∇φ1|p−2∇φ1∇(φ1ζ)− |x|−ap |∇φ1|pζ)dx

=

∫
Ω

(λ1 |x|−(a+1)p+c
φp1 − |x|

−ap |∇φ1|p)ζdx.

Now , in Ωδ we have λ1 |x|−(a+1)p+c
φp1 − |x|

−ap |∇φ1|p ≤ −m. Then we have∫
Ωδ

|x|−ap |∇ψ|p−2∇ψ∇ζdx ≤ 0 ≤ λ
∫
Ωδ

|x|−(a+1)p+c
ψαζdx.

Next, in Ω − Ωδ we have λ1 |x|−(a+1)p+c
φp1 − |x|

−ap |∇φ1|p ≤ λ1 and φ1 ≥ n.
Hence, let us take

λ ≥=
pαλ1

a0[(p− 1)n
p
p−1 ]α

, (3.4)

then we have∫
Ω−Ωδ

|x|−ap |∇ψ|p−2∇ψ · ∇ζdx =

∫
Ω−Ωδ

(λ1 |x|−(a+1)p+c
φp1 − |x|

−ap |∇φ1|p)ζdx

≤
∫

Ω−Ωδ

λa0[
(p− 1)n

p
p−1

p
]αζdx

≤ λ

∫
Ω−Ωδ

|x|−(a+1)p+c
ψαζdx.

Hence, equation (3.1) is verified and ψ is a positive weak subsolution of (1.1).
Next, a positive weak supersolution z of system (1.1) will be construct. Let

ep = ep(x) be the positive weak solution for the system (see [1]) −div[|x|−ap |∇ep|p−2∇ep] = |x|−(a+1)p+c
in Ω

ep > k in Ω
ep = k on ∂Ω.

(3.5)

Let z(x) = Aep where A is sufficiently large positive constant and to be chosen
later. We shall prove that z is the positive weak supersolution of system (1.1). To

end this, let ζ ∈W 1,p
0 (Ω, |x|−ap) with ζ ≥ 0. Hence, using (3.5), one have∫

Ω

|x|−ap |∇z|p−2∇z · ∇ζdx = Ap−1

∫
Ω

|x|−ap |∇ep|p−2∇ep · ∇ζdx

= Ap−1

∫
Ω

|x|−(a+1)p+c
ζdx.

Since α < p− 1, then by easy way, one can prove that there exists positive large
constant A such that

Ap−1−α = λµαp ,
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where µp = ||ep||∞ .
Hence, we have∫

Ω

|x|−ap |∇z|p−2∇z · ∇ζdx =

∫
Ω

λ |x|−(a+1)p+c
Aαµαp ζdx

≥ λ

∫
Ω

|x|−(a+1)p+c
zαζdx.

Hence, equation (3.2) is verified and z is the positive weak supersolution of (1.1).
therefore, there exists a positive weak solution u of (1.1 ) such that ψ ≤ u ≤ z.

Remark. The condition (3.4) becomes λ ≥= pαλ1

a0[(p−1)n]α when k = 1,.

4. Nonexistence results

We devoted this section to supply the main result concerning the nonexistence
of positive weak solution for system (1.1) under some certain conditions.

Theorem 4.1. When k = 1, α < p − 1 and 0 < λ < λ1, system (1.1) has no
positive weak solution.

Proof. Suppose u(x) ∈ W 1,p
0 (Ω, |x|−ap) be a positive weak solution of system

(1.1). By arriving at a contradiction, we prove this Theorem.
Multiplying (1.1) by u, one have∫

Ω

|x|−ap |∇u|pdx =

∫
Ω

λ |x|−(a+1)p+c
uα+1dx. (4.1)

Also, we have

λ1

∫
Ω

|x|−(a+1)p+c
up ≤

∫
Ω

|x|−ap (x)|∇u|p. (4.2)

Combining (4.1) and (4.2), we have

(λ1 − λ)

∫
Ω

|x|−(a+1)p+c
up ≤ 0,

which is a contradiction if 0 < λ < λ1. Therefor, there is no positive weak
solution for system (1.1) when k = 1, α < p− 1 and λ ∈ (0, λ1).

5. Uniqueness of the positive weak solution

By a method of [9, 17] we will study now the uniqueness of the positive weak
solution for system (1.1).

Theorem 5.1. Let u be the positive weak solution of system (1.1). Then it is the
unique solution.

Proof. In the beginning, let us assume that u, v ∈ W 1,p
0 (Ω, |x|−ap) are two

positive weak solutions of system (1.1). Then, we have∫
Ω

|x|−ap |∇u|p−2∇u∇ζdx = λ

∫
Ω

|x|−(a+1)p+c
uαζdx, (5.1)
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for any ζ ∈W 1,p
0 (Ω, |x|−ap), and∫

Ω

|x|−ap |∇v|p−2∇v∇ηdx = λ

∫
Ω

|x|−(a+1)p+c
vαηdx, (5.2)

for any η ∈W 1,p
0 (Ω, |x|−ap). For any ε > 0, put uε = u+ ε, vε = v + ε and

ζ =
upε − vpε
up−1
ε

, η =
vpε − upε
vp−1
ε

.

Therefore, we obtain

∇ζ =

[
1 + (p− 1)(

vε
uε

)p
]
∇u− p(vε

uε
)p−1∇v,

∇η =

[
1 + (p− 1)(

uε
vε

)p
]
∇v − p(uε

vε
)p−1∇u,

Adding (5.1) and (5.2) with the fact that

∇uε = ∇u = uε |∇ log uε| , ∇vε = ∇v = vε |∇ log vε| ,
we obtain by a long calculation (similarly as in [9])

λ

∫
Ω

|x|−(a+1)p+c

[
uα

up−1
(
u

uε
)p−1 − vα

vp−1
(
v

vε
)p−1

]
(upε − vpε )dx (5.3)

≥ 1

2p−1 − 1

∫
Ω

|x|−ap (
1

vpε
+

1

upε
) |vε∇u− uε∇v|p dx ≥ 0,

for p ≥ 2, and

λ

∫
Ω

|x|−(a+1)p+c

[
uα

up−1
(
u

uε
)p−1 − vα

vp−1
(
v

vε
)p−1

]
(upε − vpε )dx (5.4)

≥ 3p(p− 1)

16

∫
Ω

|x|−ap (
1

vpε
+

1

upε
)
|vε∇u− uε∇v|2

|vε |∇u|+ uε |∇v||2−p
dx ≥ 0,

for 1 < p < 2. For ε→ 0+, we have u
uε
→ 1, vvε → 1 a.e. in Ω. For any p, 1 < p <∞,

and since 0 < α < p− 1, we have

λ

∫
Ω

|x|−(a+1)p+c

[
uα

up−1
(
u

uε
)p−1 − vα

vp−1
(
v

vε
)p−1

]
(upε − vpε )dx ≤ 0.

Hence, from (5.3), (5.4) and the help of the Fatou lemma, one have

|v∇u− u∇v| = 0 a.e. in Ω,

for every 1 < p <∞. Thus

∇(
u

v
) = 0 a.e. in Ω

which means that u = kv a.e. in Ω where k is a positive constant. By continuity,
at every point in Ω, we have u = kv.

Hence (5.1) and (5.2) imply that∫
Ω

|x|−(a+1)p+c (kv)α

(kv)p−1
vp−1ηdx =

∫
Ω

|x|−(a+1)p+c vα

vp−1
vp−1ηdx,
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for any η ∈ W 1,p
0 (Ω, |x|−ap) which implies k = 1 due to α < p− 1 and a.e. in Ω,

we have u = v. This completes the proof.
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