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SOME REMARKS ON I-WARD CONTINUITY

SETENAY AKDUMAN, CENAP ÖZEL AND ADEM KILIÇMAN

Abstract. In this work we investigate I-ward continuity and I-ward compact-

ness in additive topological groups. Giving the relationship between I-ward
and uniform continuities, we prove that any I-ward continuous function de-

fined on a connected or an I-ward compact subset of a topological group is
uniformly continuous and that a subset A of a topological group is totally

bounded if and only if it is I-ward compact.

1. Introduction

It is well known that a real function f is continuous if and only if it preserves con-
vergent sequences. A subset A of R is compact if any sequence x = (xn) of points
in A has a convergent subsequence whose limit is in A. Using these concepts, many
kind of continuities and compactness were introduced such as [8].

A non empty collection I of subsets of positive integers N which is closed under
the operations on subset and finite unions defines an ideal on N .

The concept of ideal convergence, which is developed in some papers such as [3],
[4], and independently [12], motivated us to approach to new type of continuity and
compactness by using ideals.

In the study of [6], the certain characterizations of I-convergent sequences in topo-
logical groups have been given. [2] defined the concepts of I-ward continuity and
I-ward compactness in R. In [9], a characterization of uniform continuous functions
on R is given by ideal quasi-Cauchy sequences. The main goal of this paper is to
give these concepts in topological groups.

In Section 2, we review the background materials and remind the concepts of I-
convergence and I-continuity in topological groups. In the last section, we give the
concepts of I-ward continuity and I-ward compactness in the topological groups.
This section includes new results about uniform continuity of functions defined on
any connected or any I-ward compact subset of topological group and also about
the uniform limit of I-ward continuous functions. All new main results in this paper
are Theorem 3.11, 3.12, Theorem 3.13, Theorem 3.15.
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Submitted April 7, 2015. Published September 20, 2015.

43



44 AKDUMAN, OZEL, KILICMAN

2. Preliminaries

A sequence (xn) of real numbers is said to be I-convergent to a real number l, if for
all ε > 0 the set {n ∈ N : |xn − l| ≥ ε} belongs to I. Several types of convergence
of sequences appeared, many of them related to the I-convergence. A non trivial
ideal I in N is called admissible if {x} ∈ I for each x ∈ N . If we take a non
trivial admissible ideal, then the ordinary convergence of a sequence (xn) implies
I-convergence of this sequence. If an admissible ideal I contains no infinite set,
then the corresponding I-convergence coincides with the usual convergence.

By a method of sequential convergence, or briefly a method, we mean an additive
function G defined on a subgroup cG(X) of s(X) into X where s(X) the set of all
X-valued sequences for topological group X, (see in [1]). A sequence x = (xn) is
said to be G-convergent to x0 ∈X if x = (xn) ∈ cG(X) and G(x) = x0. Also I-lim
denotes the I-lim function I − limx = I − limn xn on the linear space cI(X).

Definition 2.1 (G-sequentially compactness for topological groups). A subset A
of X is called G-sequentially compact if whenever x = (xn) is a sequence of points
in A there is a subsequence y = (xnk

) of x with G(y) ∈ A.

A method G is called regular if every convergent sequence x = (xn) is G-convergent
with G(x) = limx. A method is called subsequential if, whenever x = (xn) is G-
convergent with G(x) = x0, then there is a subsequence (xnk

) of x with limxnk
=

x0. In [2], it has been shown that the sequential method I is regular and subse-
quential on R. It is clear that if G = I, then I is regular and subsequential method
on a given topological group X.

(G, G̃)-sequentially continuity for topological groups.

Definition 2.2. Let G, G̃ be any sequential convergence methods defined on X and
Y , respectively. Under the condition f(cG(X)) ⊂ cG̃(Y ), a function f : X → Y

is said to be (G, G̃)-sequentially continuous at a point x0 ∈ X if given a sequence

x = (xn) of points in X, G(x) = x0 implies G̃(f(x)) = f(x0) for a sequence

f(x) = (f(xn)) of points in Y . A function f is called (G, G̃)-sequentially continuous

if it is (G, G̃)-sequentially continuous at every point in X.

Throughout this study, X and Y denote the topological Hausdorff groups, written
additively, which are first countable. Also we denote by I a non trivial admissible
ideal on N . From the Theorem 3.3.12 in [10], we say that X and Y are metrizable.

Since we study on topological Hausdorff group which is first countable, we can
use the definitions of any bounded set and any totally bounded set in the sense of
metrizable space, respectively. The next definition on I-convergence for topological
groups was given in [6].

Definition 2.3. A sequence x = (xn) in X is said to be I-convergent to x0 ∈ X,
if for each neighbourhood V of 0 in X, the set

{n ∈N : xn − x0 /∈ V } ∈ I.

We say, x I-converges to x0, and write I-limx = x0. Further, in [6], the following
definitions have been given:
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(i) A subset A of X is called I-sequentially compact if x = (xn) is a sequence
of points of A, there is a subsequence y = (ykn) of x with I-lim y = x0 ∈ A.

(ii) A function f : X → X is called I-sequentially continuous at x0 ∈ X if
whenever a sequence x = (xn) of points of X is I-convergent to x0 then
the sequence f(x) = (f(xn)) of points of X is I-convergent to f(x0). For
a subset A of X, f is I-sequentially continuous on A if it is I-sequentially
continuous at every x0 ∈ A and is I-sequentially continuous if it is I-
sequentially continuous on X.

Now if we consider any function f : X → Y defined between two different topo-
logical groups. Then f is called I-sequentially continuous at x0 ∈ X if when-
ever a sequence x = (xn) ⊂ X is I-convergent to x0 in X then the sequence
f(x) = (f(xn)) ⊂ Y is I-convergent to f(x0) in Y . The next corollary was given
in [1].

Corollary 2.4. Let G be a regular subsequential method. Then a subset A of X
is G-sequentially compact if and only if it is sequentially countably compact in the
ordinary sense.

Since X is first countable then the sequential compactness is equivalent to the
sequential countable compactness. From the fact that I is a regular subsequential
method on X, we have the following result.

Corollary 2.5. A subset of X is sequentially compact if and only if it is I-
sequentially compact.

3. I-ward continuity and I-ward compactness in topological groups

The concepts of I-ward-continuity of a real function and I-ward compactness of a
subset of R have been defined by [2]. Now, we generalize these concepts to the
topological groups.

A sequence (xn) in X is quasi-Cauchy if (∆xn) is converge to 0, where ∆xn =
xn+1 − xn. For any non trivial admissible ideal I, a sequence (xn) in X is called
I-quasi-Cauchy if (∆xn) is I-converge to 0.

A function f : X → Y is said to be ward continuous if it preserves quasi-Cauchy
sequences, i.e., f((xn)) is quasi-Cauchy in Y whenever (xn) is quasi-Cauchy in X.

I-ward continuity for topological groups.

Definition 3.1. A function f : X → Y is said to be I-ward continuous if it
preserves I-quasi-Cauchy sequences, i.e., f((xn)) is I-quasi-Cauchy sequence in Y
whenever (xn) is I-quasi-Cauchy sequence in X.

Theorem 3.2. (Çakallı, [2]) If f is I-ward continuous on a subset A of R, then
it is I-sequentially continuous on A.

By the last theorem, we have the following result.

Theorem 3.3. Any I-ward continuous function from a subset A of X to Y is
I-sequentially continuous on A.

Corollary 3.4. Any I-ward continuous function from a subset A of X to Y is
continuous on A.
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A subset A of X is called ward compact if any sequence of points in A has a quasi-
Cauchy subsequence. Now, we will generalize the definition of I-ward compactness
to topological group X.

I-ward compactness for topological groups.

Definition 3.5. A subset A of X is called I-ward compact if whenever (xn) is a
sequence in A, there exists an I-quasi-Cauchy subsequence of (xn).

So we can give our result in the following.

Theorem 3.6. A subset A of X is ward compact if and only if it is I-ward compact.

Proof. Let (xn) be sequence in A. Then ∃(xnk
) ⊂ (xn) such that (xnk

) is quasi-
Cauchy. So lim4xnk

= 0. Since I-method is regular, I-lim4xnk
= 0. This shows

that (xnk
) is I-quasi-Cauchy. Thus, we can say that A is I-ward compact.

To prove the converse let us take any sequence (xn) in A. Then ∃(xnk
) ⊂ (xn)

such that (xnk
) is I-quasi-Cauchy. Then I-lim4xnk

= 0. Since I-method is subse-
quential, there exists a subsequence (yk) ⊂ (xnk

) such that lim4yk = 0. So (yk) is
quasi-Cauchy subsequence of (xn). Thus, A is ward compact.

�

Corollary 3.7. Let X be a topological group. Then a subset A of X is totally
bounded if and only if it is I-ward compact.

Theorem 3.8. An I-ward continuous image of any I-ward compact subset of X
is I-ward compact in Y .

Proof. Suppose that f is an I-ward continuous function defined on an I-ward com-
pact subset A of X. Let (yn) be an arbitrary sequence in f(A). Then for each
n ∈ N , yn = f(xn) where xn ∈ A. Since A is I-ward compact then there exists
an I-quasi-Cauchy subsequence (xnk

) of (xn). I-ward continuity of f implies that
(f(xnk

)) is an I-quasi-Cauchy subsequence of (yn). This completes the proof. �

Corollary 3.9. An I-ward continuous image of any totally bounded subset of topo-
logical group X is I-ward compact in Y .

Uniform continuity for topological groups.

Definition 3.10. A function f : A ⊆ X → Y is said to be uniformly continuous
if for any neighborhood V of 0 in Y , there exists a neighborhood U of 0 in X such
that for any x, y ∈ A satisfying x− y ∈ U, the statement f(x)− f(y) ∈ V holds.

By this definition, we reach the following new result.

Theorem 3.11. If a function f : A ⊆X → Y is uniformly continuous then f(xn)
is I-quasi-Cauchy in Y whenever (xn) is a I-quasi-Cauchy sequence in A, that is,
f is I-ward continuous.

Proof. Let f be uniformly continuous function. Assume that there exists a I-quasi-
Cauchy sequence (xn) in A such that f(xn) is not I-quasi-Cauchy in Y . Thus, there
is a neighborhood V of 0 in Y such that

{n ∈N : f(xn+1)− f(xn) /∈ V } /∈ I.
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Since f is uniformly continuous on A, for this neighborhood V of 0, there exists a
neighborhood U of 0 in X such that f(x)− f(y) ∈ V whenever x− y ∈ U for any
x, y ∈ A. Thus, we have the following inclusion

{n ∈N : f(xn+1)− f(xn) /∈ V } ⊂ {n ∈N : xn+1 − xn /∈ U}.

From this and the hereditary property of the ideal I, we can say that

{n ∈N : xn+1 − xn /∈ U} /∈ I

for a neighborhood U of 0 in X. This means that (xn) is not I-quasi-Cauchy
sequence. This is a contradiction. �

It is well known that any continuous function on a compact subset of R is
uniformly continuous on this set. In [9], it was shown that it is also true for the
ideal case in R. Further for the ideal case, it can also be generalized to topological
groups as the follows.

Theorem 3.12. Let A be an I-ward compact subset of X. If f : A→ Y is I-ward
continuous then it is uniformly continuous.

Proof. Assume that f is not uniformly continuous. Then there exists a neighbor-
hood V of 0 in Y such that each neighborhood U of 0 in X, ∃x, y ∈ A such that
x− y ∈ U but f(x)− f(y) /∈ V. Since X is first countable, there exists a countable
local base {Un}∞n=1 for an element 0 of X. For each n ∈N , ∃xn, yn ∈ A such that
xn − yn ∈ Un but f(xn) − f(yn) /∈ V. Since A is I-ward compact, then there are
I-quasi-Cauchy subsequences (xnk

) ⊂ (xn) and (ynk
) ⊂ (yn) in A. As f is I-ward

continuous, (f(xnk
)), (f(ynk

)) are I-quasi-Cauchy sequences in Y . Also there is an
I-quasi-Cauchy subsequence (ynkj

) of (ynk
). Obviously, the corresponding sequence

(xnkj
) is also I-quasi-Cauchy sequence and

xnkj
− xnkj+1

= (xnkj
− ynkj

) + (ynkj
− ynkj+1

) + (ynkj+1
− xnkj+1

).

Now define a sequence z = (zj) as

z1 = xnk1
, z2 = ynk1

, z3 = xnk2
, z4 = ynk2

and so on. Thus, the sequence z = (zj) is I-quasi-Cauchy while (f(z)) = (f(zj)) is
not. This contradicts the fact that f is I-ward continuous.

�

Theorem 3.13. If a function defined on a connected set A of X is I-ward contin-
uous, then it is uniformly continuous.

Proof. To prove this, suppose that f is not uniformly continuous on A. Thus, there
exists a neighbourhood V of 0 in Y such that for any neighbourhood U of 0 in X,
there exist x, y ∈ A with x− y ∈ U but f(x)− f(y) /∈ V. Since X is first countable
metric space, then we can choose a metric d on X and a countable local base

{Un}n∈N =

{
B

(
0,

1

n

)}
n∈N

of 0 in X. Then, for each n ∈ N , fix xn, yn ∈ A with xn − yn ∈ Un and f(xn) −
f(yn) /∈ V. Then

lim
n→∞

d(xn − yn, 0) = 0, this implies that lim
n→∞

d(xn, yn) = 0.
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By using the Lemma 4 in [11], we can find a quasi-Cauchy sequence (tn) such that
for any integer i ≥ 1, there exists a j with xi = tj−1 and yi = tj . This implies
that f(tj+1) − f(tj) /∈ V . Then (f(tn)) is not I-quasi-Cauchy sequence while (tn)
is I-quasi-Cauchy sequence. This contradicts the fact that f is I-ward continuous.
This completes the proof of the theorem. �

Corollary 3.14. Let f be a function defined on a connected subset A. Then f is
uniformly continuous on A if and only if it is I-ward continuous on A.

Theorem 3.15. If a sequence (fn) of I-ward continuous functions defined from a
subset A of X to Y and (fn) is uniform convergent to a function f : A→ Y , then
f is I-ward continuous on A.

Proof. Let (xm) be I-quasi-Cauchy sequence in A and take any neighborhood V of
0 in Y . Since each fn is I-ward continuous function, (fn(xm)) is I-quasi-Cauchy in
Y , for each n ∈N . Thus,

{m ∈N : fn(xm+1)− fn(xm) /∈ V } ∈ I foreach n ∈N .

As (fn) is uniform convergent to f , for this neighborhood V of 0 in Y , ∃n0 ∈N
such that fn(x)− f(x) ∈ V, for each n ≥ n0 and for each x ∈ A. Also we have the
following inclusion

{m ∈N : f(xm+1)− f(xm) /∈ V } ⊂ {m ∈N : f(xm+1)− fn0
(xm+1) /∈ V }

∪{m ∈N : fn0
(xm+1)− fn0

(xm) /∈ V } ∪ {m ∈N : fn0
(xm)− f(xm) /∈ V }.

The right hand side of the above inclusion belongs to the ideal I. Thus, the set

{m ∈N : f(xm+1)− f(xm) /∈ V } ∈ I.
It means that f(xm) is I-quasi-Cauchy sequence. This completes the proof since
we get that f is I-ward continuous. �
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