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THE METHOD OF UNDETERMINED COEFFICIENTS:

GENERAL APPROCH AND OPTIMAL ERROR BOUNDS

FRANÇOIS DUBEAU

Abstract. We revisit and present a unified framework for the method of
undetermined coefficients for numerical integration, numerical differentiation,

and pointwise estimation of a function. Optimal error bounds are given which

depends on the regularity of the function. Corrected integration and differen-
tiation rules are also discussed.

1. Introduction

Many numerical analysis textbooks present the method of undetermined coeffi-
cients to obtain numerical approximation processes for the integral or the derivative
of a function (see for example [3, 4, 6, 7, 10]).

The numerical integration processes obtained include not only midpoint, trape-
zoidal, Simpson, Newton-Cotes rules but also Gaussian quadrature formulas. Nu-
merical differentiation formulas that can be analyzed by this method also include
differentiation methods obtained by the Richardson’s extrapolation process. More-
over it can be used to solve the pointwise estimation problem, approximating a
function at a given point where the function cannot be evaluated directly.

In this paper we present a general framework for the method of undetermined
coefficients. In particular it is applied to the three problems: numerical integration,
pointwise estimation, and numerical differentiation but could be applied to any
process which satisfies the assumptions given along the paper. The analysis is
based on Taylor’s expansions for absolutely continuous functions to obtain Peano’s
kernels, and leads to optimal error bounds which depend on the regularity of the
function.

For the numerical integration we will consider the following expression

QIk(f ;h) = hk−1
∫ h

−h
f (k)(x)dx (1.1)
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even if for k ≥ 1 we have

QIk(f ;h) = hk−1
∫ h

−h
f (k)(x)dx = hk−1

[
f (k−1)(h)− f (k−1)(−h)

]
.

For example this expression with k = 2 will be useful for endpoint corrected in-
tegration rules. For pointwise estimation (k = 0), and numerical differentiation
(k ≥ 1), we will consider the expression

QDk(f ;h) = hkf (k)(0). (1.2)

In the sequel, to simplify we will consider the expression

Qk(f ;h) =

 QIk(f ;h),

QDk(f ;h).
(1.3)

The method of undetermined coefficients consists in finding a (n+1)-dimensional
weight vector ~a(k) = (a0(k), . . . , an(k)) associated to a given (n + 1)-dimensional
vector of distinct coordinates (or nodes) ~x = (x0, . . . , xn) such that Qk(f ;h) is
approximated by

Qdn,k(f ;h) =

n∑
i=0

ai(k)f(hxi) =


QIdn,k(f ;h),

QDd
n,k(f ;h).

(1.4)

(where xi 6= 0 in the case of the pointwise estimation problem because f(0) is not
supposed to be accessible).

The truncation error of the process is

Rn,k(f ;h) = Qk(f ;h)−Qdn,k(f ;h), (1.5)

more specifically

Rn,k(f ;h) =


RIn,k(f ;h) = QIk(f ;h)−QIdn,k(f ;h),

RDn,k(f ;h) = QDk(f ;h)−QDd
n,k(f ;h).

(1.6)

and the method is based on the requirement that

Rn,k(f ;h) = o(hr(n)), (1.7)

where r(n) ≥ n, and which also depends on the regularity of f(x).
The plan of the paper is the following. In the next section we present prelim-

inaries about polynomials, Vandermonde matrix, and Taylor’s expansions. The
method of undetermined coefficients is the object of Section 3. In Section 4 we
obtain optimal error bounds using Taylor’s expansions and Peano’s kernels. Total
error including not only the truncation error but also the roundoff error is discussed
in Section 5. Corrected integration rules are discussed in Section 6. Finally a way
to increase the order of differentiation rules is indicated in Section 7.

We will use f (l)(x) for the l-th derivative of f(x) for l = 0, 1, 2, . . ., where
f (0)(x) = f(x). Let 1 ≤ p ≤ ∞, if f(x) is defined on a set E, ‖f‖p,E will be

its p-norm on E, and if ~v is a vector in Rn, its p-norm will be ‖~v‖p.
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2. Preliminaries

2.1. Small o and big O notations. Let f(x) be a function such that limx→α f(x) =
0. We say that g(x) is a small o of f(x) around α, and write g(x) = o(f(x)), if for
any ε > 0 there exists a δε > 0 such that

|g(x)| ≤ ε |f(x)| . (2.1)

holds for 0 < |x− α| < δε. We say that g(x) is a big O of f(x) around α, and write
g(x) = O(f(x)), if there exist a constant C and a δ > 0 such that

|g(x)| ≤ C |f(x)| . (2.2)

holds for 0 < |x− α| < δ.

2.2. Polynomials and small o notation. The next lemma is a direct conse-
quence of the small o notation for polynomials and will be useful to obtain necessary
conditions in section 4.

Lemma 2.1. Let r be a positive real number, and n = brc. Let πm(x) be a poly-
nomial of degree m such that

πm(x) = o(|x− α|r).

Then,

πm(x) =

 (x− α)nπm−n(x) if m > r,

0 if m ≤ r,

where πm−n(x) is a polynomial of degree m− n.

2.3. Vandermonde matrix. The Vandermonde matrix associated to ~x is given
by

V (~x) =


1 . . . 1
x0 xn
...

...
xn0 . . . xnn

 .
Let ~el be the (n+ 1)-column vector, the transpose of (δl,0, · · · , δl,j · · · , δl,n), where

δl,j =

 1 if j = l,

0 if j 6= l,

for 0 ≤ l, j ≤ n.

Lemma 2.2. [9] If the n+1 coordinates of ~x are distinct, the Vandermonde matrix
V (~x) is invertible and the l-th column of V −1(~x) is

V −1(~x)~el =
1

l!


w

(l)
n,0(0)

w
(l)
n,1(0)

...

w
(l)
n,n(0)

 , (2.3)



4 F. DUBEAU

for l = 0, . . . , n, where {wn,j(x)}nj=0 is the Lagrange’s basis of the space of polyno-

mial of degree at most n given by

wn,j(x) =

n∏
i = 0
i 6= j

(x− xi)
(xj − xi)

for j = 0, . . . , n.

2.4. Taylor’s expansion. Let IH = [−H,H], for H = 1 we will simply use I =
[−1, 1], and I+H = [0, H] and I−H = [−H, 0]. Let Cl(IH) be the set of continuously
differentiable functions up to order l on IH , let p ∈ [1,+∞], and let the set of
absolutely continuous function on Ih be defined by

ACl+1,p(IH) =

{
f ∈ Cl(IH)

∣∣∣∣ (a) f (l+1) ∈ Lp(IH), and
(b) f (l)(s) = f (l)(r) +

∫ s
r
f (l+1)(ξ)dξ, ∀r, s ∈ IH

}
.

Taylor’s expansion of f(x) ∈ ACl+1,p(IH) around x = 0 of order l + 1 is

f(x) =

l∑
j=0

f (j)(0)

j!
xj +

∫ H

−H
f (l+1)(y)KT,l(x, y;H)dy, (2.4)

where KT,l(x, y;H) is the kernel

KT,l(x, y;H) =
1

l!

[
(x− y)l+1[0,H](y) + (−1)l+1(y − x)l+1[−H,0](y)

]
, (2.5)

for any x, y in IH (see [2, 11]). This kernel is a piecewise polynomial function of
degree l. In this expression, if E is a set, then

1E(y) =

 1 if y ∈ E,

0 if y /∈ E,

and for any non negative integer l,

(z)l+ =

 zl if z > 0,

0 if z ≤ 0.

If we set H = hτ , x = hξ, and y = hη, then the kernel becomes

KT,l(x, y;H) = KT,l(hξ, hη;hτ) = hlKT,l(ξ, η; τ), (2.6)

for any ξ, η in Iτ .

3. Method of undetermined coefficients

Let τ be any fixed real number such that τ ≥ max {1,max {|xi| | i = 0, . . . , n}} ≥
1, and set H = τh. Using h and H with H > h allows the possibility to have
|xi| > 1, which means that hxi is outside of [−h, h]. In particular, for numerical
integration, it includes integration rules with nodes outside the interval of integra-
tion.

The method of undetermined coefficients is based on the following properties of
Qk(f ;h) (or both QIk(f ;h) and QDk(f ;h)):
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(P.1) For any k there exists nk such that l ≥ nk, the expression Qk(f ;h) is well
defined for f(x) ∈ Cl(IH);

(P.2) Qk(f ;h) is linear with respect to f(x);

(P.3) If f(x) is a polynomial of degree ≤ m with respect to x, then Qk(f ;h) is a
polynomial of degree ≤ m with respect to h.

(P.4) If f(x) = xl then Qk(xl;h) = hlQk(xl; 1).

From (P.2) and (P.3), we observe that Rn,k(f ;h) is linear with respect to f(x),
and if f(x) is a polynomial of degree ≤ m with respect to x, then Rn,k(f ;h) is a
polynomial of degree ≤ m with respect to h. From Lemma 2.1, the condition (1.7)
implies that Rn,k(f ;h) = 0 for any polynomial f(x) of degree ≤ n. From (P.4),

using the standard basis
{
xl
}n
l=0

, we have to solve the linear system

n∑
i=0

ai (xih)
l

= Qk(xl;h) for l = 0, . . . , n, (3.1)

which has the solution

~a(k) = V −1(~x)~q(k),

where the n+ 1 components of ~q(k) are

ql(k) =
Qk(xl;h)

hl
= Qk(xl; 1) for l = 0, . . . , n.

It might happen that Rn,k(f ;h) = 0 for some polynomials f(x) of degree > n,
hence let us define the degree of accuracy (or precision) nk of the approximation
process (1.4) as the largest integer nk ≥ n such that Rn,k(f ;h) = 0 holds for any
polynomial f(x) of degree l ≤ nk.

4. Truncation error

For the error analysis, we add the following property on Qk(f ;h).

(P.5) If K(x, y) = g(y)P (x, y) where g(y) ∈ Lp(IH), and P (x, y) is piecewise
polynomial function in terms of x and y, we have

Qk

(∫ H

−H
K(·, y)dy;h

)
=

∫ H

−H
Qk(K(·, y);h)dy. (4.1)

For any nk ≤ l ≤ nk, let f(x) ∈ ACl+1,p(IH). From (P.1)-(P.5), taking the
Taylor’s expansion (2.4) of f(x) of order l + 1, and using the fact that the process
is exact for polynomials of degree ≤ l, we obtain

Rn,k(f ;h) =

∫ H

−H
f (l+1)(y)KQk,l(y;H,h)dy, (4.2)

where KQk,l(y;H,h) is the Peano kernel associated to the process Qk(f ;h), given
by

KQk,l(y;H,h) = Rn,k(KT,l(·, y;H);h). (4.3)
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Let the number q ∈ [1,+∞] be the conjugate of p, 1
p + 1

q = 1, it follows from the

Holder’s inequality that

|Rn,k(f ;h)| ≤
∥∥∥f (l+1)

∥∥∥
p,IH
‖KQk,l(·;H,h)‖q,IH . (4.4)

because KQk,l(y;H,h) ∈ L∞(IH) ⊆ Lq(IH) for any 1 ≤ q ≤ ∞.
We also need the following property of the kernel.

(P.6) If H = hτ and y = hη, then KQk,l(y;H,h) = hlKQk,l(η; τ, 1).

It follows that

‖KQk,l(·;H,h)‖q,IH = hl+1− 1
p ‖KQk,l(·; τ, 1)‖q,Iτ , (4.5)

and so

|Rn,k(f ;h)| ≤ hl+1− 1
pCl,p(k)

∥∥∥f (l+1)
∥∥∥
p,IH

, (4.6)

where

Cl,p(k) = ‖KQk,l(·; τ, 1)‖q,Iτ , (4.7)

does not depend on h. Since for H = hτ we have

lim
h→0

∥∥∥f (l+1)
∥∥∥
p,IH

=

 0 for 1 ≤ p <∞,

C for p =∞,

then this result says that

Rn,k(f ;h) =


o
(
hl+1− 1

p

)
for 1 ≤ p <∞,

O
(
hl+1

)
for p =∞,

(4.8)

Since an o
(
hl+1− 1

p

)
and an O

(
hl+1

)
are o

(
hl
)
, it means that Rn,k(f ;h) =

o
(
hl
)
. In summary we have proved the following theorem which presents a neces-

sary and sufficient condition to obtain the desired error order.

Theorem 4.1. Let the real number τ ≥ 1 be fixed and H = hτ . A necessary and
sufficient condition to have Rn,k(f ;h) = o(hn) for any f ∈ ACn+1,p(IH) is that
Rn,k(f ;h) = 0 for any polynomial f(x) of degree ≤ n.

As an extension of this first result, we have the next one which shows the de-
pendance of the error in terms of the regularity of the function.

Theorem 4.2. Let the real number τ ≥ 1 be fixed and H = hτ . If Rn,k(f ;h) = 0
for any polynomial of degree ≤ nk, then (4.6), (4.7), and (4.8) hold for any f ∈
ACl+1,p(IH), for nk ≤ l ≤ nk.

Remark. Let us specify the kernels KQk,l(y;H,h) and KQk,l(η; τ, 1) for the Qk(f ;h)
given by (1.3) for different values of k .

(a) Numerical integration:
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KQIk,l(y;H,h) = hk−1
∫ h

−h
KT,l−k(x, y;H)dx−

n∑
i=0

ai(k)KT,l(hxi, y;H)

=
hk

(l + 1− k)!

[
(h− y)l+1−k

+ 1I+H
(y) + (−1)l+1−k(y − h)l+1−k

+ 1I−H
(y)
]

− 1

l!

n∑
i=0

ai(k)
[
(hxi − y)l+1I+H

(y) + (−1)l+1(y − hxi)l+1I−H (y)
]
,

and

KQIk,l(η; τ, 1) =
1

(l + 1− k)!

[
(1− η)l+1−k1I+τ (η) + (−1)l+1−k(η + 1)l+11I−τ (η)

]
− 1

l!

n∑
i=0

ai(k)
[
(xi − η)l+1I+τ (η) + (−1)l+1(η − xi)l+1I−τ (η)

]
.

(b) Numerical differentiation:

KQDk,l(y;H,h) = hkKT,l−k(x, y;H)−
n∑
i=0

ai(k)KT,l(hxi, y;H)

=
hk

(l − k)!

[
(0− y)l−k+ 1I+H

(y) + (−1)l−k+1(y − 0)l−k+ 1I−H
(y)
]

− 1

l!

n∑
i=0

ai(k)
[
(hxi − y)l+1I+H

(y) + (−1)l+1(y − hxi)l+1I−H (y)
]
,

and

KQDk,l(η; τ, 1) = − 1

l!

n∑
i=0

ai(k)
[
(xi − η)l+1I+τ (η) + (−1)l+1(η − xi)l+1I−τ (η)

]
.

Remark. The bounds given by (4.5), (4.6) and (4.7) are the best one. To show
this fact we can use a standard construction for f (l+1)(x) given in [1]. Indeed, for
1 < p ≤ ∞, 1 ≤ q <∞, let f(x) ∈ ACl+1,p(IH) be such that

f (l+1)(y) =

 |KQk,l(y;H,h)|q−2KQk,l(y;H,h) for KQk,l(y;H,h) 6= 0,

0 for KQk,l(y;H,h) = 0,

we get an equality∫ H

−H
f (l+1)(y)KQk,l(y;H,h)dy =

∥∥∥f (l+1)
∥∥∥
p,IH
‖KQk,l(·;H,h)‖q,IH ,

because ∥∥∥f (l+1)
∥∥∥
p,IH

= ‖KQk,l(·;H,h)‖q−1q,IH
,

and ∫ H

−H
f (l+1)(y)KQk,l(y;H,h)dy = ‖KQk,l(·;H,h)‖qq,IH .
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For p = 1, q = ∞, we suppose that ‖KQk,l(·;H,h)‖∞,IH > 0. Let us consider

0 < ε < ‖KQk,l(·;H,h)‖∞,IH , define the set Aε by

Aε =
{
y ∈ IH | |KQk,l(y;H,h)| ≥ ‖KQk,l(·;H,h)‖∞,IH − ε

}
,

which is such that its Lebesque’s measure is 0 < µ(Aε) ≤ 2H. If we set

f (l+1)(y) =

 |KQk,l(y;H,h)|−1KQk,l(y;H,h) for y ∈ Aε,

0 elsewhere,

then∥∥∥f (l+1)
∥∥∥
1,IH

(
‖KQk,l(·;H,h)‖∞,IH − ε

)
≤

∫ H

−H
f (l+1)(y)KQk,l(y;H,h)dy

≤
∥∥∥f (l+1)

∥∥∥
1,IH
‖KQk,l(·;H,h)‖∞,IH ,

because ∥∥∥f (l+1)
∥∥∥
1,IH

= µ(Aε).

5. Total error

We are interested by the quantity Ak(f ;h) = 1
hk
Qk(f ;h) for which we have the

approximation Adn(f̃ ;h) = 1
hk
Qdn(f̃ ;h) which uses f̃(hxi) instead of f(hxi), and

hence introducing roudoff error εi = f(hxi)− f̃(hxi). The total error En,k(f ;h) is
decomposed in two types of error, the truncation error Rn,k(f ;h) and the roundoff
error Sn,k(f ;h), hence

En,k(f ;h) = Ak(f ;h)−Adn(f̃ ;h)

=
[(
Ak(f ;h)−Adn(f ;h)

)
+
(
Adn(f ;h)−Adn(f̃ ;h)

)]
=

1

hk

[(
Qk(f ;h)−Qdn(f ;h)

)
+
(
Qdn(f ;h)−Qdn(f̃ ;h)

)]
=

1

hk

[
Rn,k(f ;h) + Sn,k(f ;h)

]
.

For the truncation error we already have

|Rn,k(f ;h)| ≤ hl+1− 1
pCl,p

∥∥∥f (l+1)
∥∥∥
p,IH

.

For the roundoff error

Sn,k(f ;h) = Qdn(f ;h)−Qdn(f̃ ;h) =

n∑
i=0

ai(k)(f(hxi)− f̃(hxi)) =

n∑
i=0

ai(k)εi,

then

|Sn,k(f ;h)| =

∣∣∣∣∣
n∑
i=0

ai(k)εi

∣∣∣∣∣ ≤
n∑
i=0

|ai(k)| |εi| ≤ ‖~a(k)‖q ‖~ε‖p ,

where ‖~a(k)‖q is independant of h.
Consequently, the total error is bounded by

|En,k(f ;h)| ≤ hl+1− 1
p−kCl,p

∥∥∥f (l+1)
∥∥∥
p,IH

+
‖~a(k)‖q ‖~ε‖p

hk
,



METHOD OF UNDETERMINED COEFFICIENTS 9

for l = nk, . . . , nk and f ∈ ACl+1,p(IH). This expression shows that the process is
numerically stable for k = 0, and unstable for k ≥ 1.

Let us observe that a complete analysis of the roundoff error should take into
account the numerical evaluation of the scalar product

∑n
i=0 ai(k)f(hxi); see [5].

6. Corrected integration rules

In this section we consider only the integration process and Qk(f ;h) = QIk(f ;h)
and nk will be noted nIk. Corrected integration rules, see for example [4, 8, 12], use
endpoint values of the first derivative to improve the quadrature formula, which is
useful for the composite quadrature rules since the endpoint corrections cancelled
in such a way that only two derivatives are needed for the composite rules. The
corrected quadrature rules can be written on the form

1

h

∫ h

−h
f(x)dx ≈

n∑
i=0

ãi(β)f(hxi) + βh
[
f (1)(h)− f (1)(−h)

]
. (6.1)

The truncation error of this process Rcn(f, h) can be decomposed into two truncation
errors as follows. Let us rewrite the coefficients ãi(β) as the difference aIi (0)−βaIi (2),
then we have

QI0(f, h) = QIdn,0(f, h) + β
[
QI2(f, h)−QIdn,2(f, h)

]
,

and

RIcn(f, h) = RIn,0(f, h)− βRIn,2(f, h).

It follows, by linearity of the method of undetermined coefficients, that the degree
of accuracy of this corrected process, noted n(β), is such that

n(β) ≥ min
{
nI0, n

I
2

}
.

Obviously n(0) = nI0. The parameter β can be used to increase the degree of
accuracy of the formula as follows:

• if nI0 ≥ nI2: let

β∗ =
RIn,0(xn

I
2+1;h)

RIn,2(xn
I
2+1;h)

,

– for nI0 > nI2: β∗ = 0, n(β∗) = nI0, and n(β) = nI2 for any β 6= β∗ = 0,
and no improvement of the degree of accuracy is possible;

– for nI0 = nI2: β∗ 6= 0, and n(β∗) > nI0 = nI2;
• if nI0 < nI2 then n(β) = nI0 < nI2 for any β ∈ R, and no improvement of the

degree of accuracy is possible is possible.

We can also choose the parameter β to minimize the best error bound with
respect to a given norm. Indeed, because the kernel of the process, notedKc

β,l(y;H),
is the linear combination of two kernels

Kc
β,l(y;H,h) = KQI0,l(y;H,h)− βKQI2,l(y;H,h)

and the best constant for a given β is

Ccl,p(β) =
∥∥Kc

β,l(·; τ, 1)
∥∥
q,Iτ

= ‖KQI0,l(·; τ, 1)− βKQI2,l(·; τ, 1)‖q,Iτ , (6.2)

this last expression can be minimized with respect to β to obtain

β∗l,p = arg min
β∈R

Ccl,p(β).
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7. Corrected differentiation rules

In this section we consider only the differentiation process and Qk(f ;h) =
QDk(f ;h) and nk will be noted nDk . Let us assume we have a primitive of F (x)

of f(x), that is to say F (1)(x) = f(x). Corrected differentiation rules use end-
point values of the primitive to improve the differentiation formula. The corrected
differentiation rules can be written on the form

hkf (k)(0) ≈
n∑
i=0

ãi(β)f(hxi) +
β

h
[F (h)− F (−h)] . (7.1)

The truncation error of this process RDc
n(f, h) can be decomposed into two trun-

cation errors as follows. Let us rewrite the coefficients ãi(β) as the difference
aDi (k)− βaIi (0), then we have

QDk(f, h) = QDd
n,k(f, h) + β

[
QI0(f, h)−QIdn,0(f, h)

]
,

and

RDc
n(f, h) = RDn,k(f, h)− βRIn,0(f, h).

It follows, by linearity of the method of undetermined coefficients, that the degree
of accuracy of this corrected process, noted n(β), is such that

n(β) ≥ min
{
nDk , n

I
0

}
.

Obviously n(0) = nDk . The parameter β can be used to increase the degree of
accuracy of the formula as follows:

• if nDk ≥ nI0: let

β∗ =
RDn,0(xn

I
0+1;h)

RIn,0(xn
I
0+1;h)

,

– for nDk > nI0: β∗ = 0, n(β∗) = nDk , and n(β) = nI0 for any β 6= β∗ = 0,
and no improvement of the degree of accuracy is possible;

– for nDk = nI0: β∗ 6= 0, and n(β∗) > nDk = nI0;
• if nDk < nI0 then n(β) = nDk < nI0 for any β ∈ R, and no improvement of

the degree of accuracy is possible is possible.

We can also choose the parameter β to minimize the best error bound with
respect to a given norm. Indeed, because the kernel of the process, notedKc

β,l(y;H),
is the linear combination of two kernels

Kc
β,l(y;H,h) = KQDk,l(y;H,h)− βKQI0,l(y;H,h)

and the best constant for a given β is

Ccl,p(β) =
∥∥Kc

β,l(·; τ, 1)
∥∥
q,Iτ

= ‖KQDk,l(·; τ, 1)− βKQI0,l(·; τ, 1)‖q,Iτ , (7.2)

this last expression can be minimized with respect to β to obtain

β∗l,p = arg min
β∈R

Ccl,p(β).
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