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ORTHOGONAL POLYNOMIALS IN TWO VARIABLES:

FIVE-TERM RECURRENCE RELATION AND RELATED

RESULTS

CHRYSI G. KOKOLOGIANNAKI, DIMITRIS P. RIZOS

Abstract. We prove that a family of orthogonal polynomials Pn,m(x, y) sat-

isfy a five-term recurrence relation, which is a “natural” generalization of the

three-term recurrence relation satisfied by the classical orthogonal polynomi-
als. Moreover, we show that these polynomials satisfy a theorem similar to

Favard’s theorem. We also give a Darboux-Christoffel type formula for the
polynomials Pn,m(x, y).

1. Introduction

The study of orthogonal polynomials (OP) in two variables is an old subject
and goes back as least as far as Hermite. In [10], a historical review as well as the
results concerning OP in two variables until 1988, were reported in detail by Suetin.
Recently in [3], Dunckl and Xu presented developments of the current research on
multivariable OP, using vector matrices notation. Both of the aforementioned books
contain an exhaustive bibliography.

It is well-known [1, 11], that one of the most important properties of a family of
OP, {φn(x)}n≥0, in one variable is the three-term recurrence relation:

αnφn+1(x) + βnφn(x) + αn−1φn−1(x) = xφn(x), n ≥ 0

φ−1(x) = 0, φ0(x) = 1

where αn > 0. It is also known that {φn(x)}n≥0 satisfy Favard’s theorem. A survey
on the “Favard theorem” and its extensions, for OP in one variable, can be found
in [9]. Recurrence relations satisfied by OP in two variables were studied by Krall
and Sheffer in [8] and by Suetin in [10]. In addition, the three-term recurrence
relation satisfied by OP in several variables, in connection with Favard’s theorem
were studied in [2, 3, 6, 7, 9, 12, 13] using vector notation.

Recently in [5], a family of polynomials Pn,m(x, y) was studied with respect to
their zeroes. The polynomials Pn,m(x, y) were assumed to satisfy the five-term
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recurrence relation

αn,mPn+1,m(x, y) + αn−1,mPn−1,m(x, y) + βn,mPn,m(x, y)+
δn,mPn,m+1(x, y) + δn,m−1Pn,m−1(x, y) + γn,mPn,m(x, y)

= (ax+ by)Pn,m(x, y)
(1.1)

with

P−1,m(x, y) ≡ 0, Pn,−1(x, y) ≡ 0, P0,0(x, y) ≡ 1
P0,m(x, y) ≡ Rm(y), Pn,0(x, y) ≡ Qn(x)

(1.2)

where αn,m, δn,m, βn,m, γn,m real sequences with αn,m, δn,m > 0 and a, b positive
numbers.

We note that although the terms βn,mPn,m(x, y) and γn,mPn,m(x, y) can be
combined in one, it is better to keep them apart, since under the convetions

(C1): αi,j ≡ αi, βi,j ≡ βi, γi,j ≡ 0, δi,j ≡ 0, a = 1, b = 0, Pi,j(x, y) = Pi(x),
P−1(x) ≡ 0, P0(x) ≡ 1 or

(C2): αi,j ≡ 0, βi,j ≡ 0, γi,j ≡ γj , δi,j ≡ δj , a = 0, b = 1, Pi,j(x, y) = Pj(y),
P−1(y) ≡ 0, P0(y) ≡ 1,

(1.1)-(1.2) is reduced to the following three-term recurrence relation for the classical
orthogonal polynomials (COP):

αiPi+1(x) + αi−1Pi−1(x) + βiPi(x) = xPi(x)

P−1(x) ≡ 0, P0(x) ≡ 1.
(1.3)

or

δjPj+1(y) + δj−1Pj−1(y) + γjPj(y) = yPj(y)

P−1(y) ≡ 0, P0(y) ≡ 1.
(1.4)

The main result of [5] is that the zeroes of Pn,m(x, y) satisfying (1.1)-(1.2) are
connected with the eigenvalues of a specific tridiagonal operator. The method used
to prove this, is a generalization of a functional analytic method introduced in
[4] for classical OP. It also stated in [5], that it worths investigating whether the
polynomials Pn,m(x, y) satisfying (1.1)-(1.2) are orthogonal. The answer to this
question is the main aim of the present paper. More precisely, we prove that a se-
quence of orthogonal polynomials (OPS) {Pn,m(x, y)}n,m≥0 satisfy (1.1)-(1.2) (see
theorem 3.1). Moreover, we also prove a theorem similar to Favard’s theorem (see
theorem 3.2). These results are given in §3. As a consequence of these results,
a Darboux-Christoffel type formula is proved in §4 (see proposition 4.1). Similar
formulae using vector notation were also found in [2, 3, 12, 13]. In §2 we use the
definition of orthogonality for an OPS given in [2]. This is crusial for the proofs of
the theorems in §3 and §4. As the reader will found out, the approach used in the
present paper is the same with the one presented in [1], although the specific details
are more complicated, as one would expect. We do believe that (1.1)-(1.2) is quite
useful, since it is not only a natural generalization of (1.3), but also simple to handle.
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2. Preliminaries

Let P be the linear space of real polynomials in two variables and Pn,m the
subspace of the polynomials

Pn,m(x, y) =

n∑
κ=0

m∑
λ=0

cn,mκ,λ x
κyλ, n ≥ 0, m ≥ 0

of degree (n,m), which means, n is the degree of x, m is the degree of y and n+m
is the total degree of Pn,m(x, y).

Definition 2.1 Let {µn,m}∞n≥0,m≥0 be a sequence of complex numbers and L be
a complex valued function defined on the vector space of all polynomials in two
variables by:

L[xnym] = µn,m, n,m ≥ 0 (2.1)

L[απ1(x, y) + βπ2(x, y)] = αL[π1(x, y)] + βL[π2(x, y)], (2.2)

for all complex numbers α, β and all polynomials πi(x, y), i = 1, 2. The function
L is called moment functional determined by the moment sequence {µn,m}n≥0,m≥0.

It is obvious that for every polynomial

π(x, y) =

n∑
κ=0

m∑
λ=0

cκ,λx
κyλ,

it is

L[π(x, y)] =

n∑
κ=0

m∑
λ=0

cκ,λµκ,λ. (2.3)

Definition 2.2 A polynomial sequence {Pn,m(x, y)}n≥0,m≥0 of degree (n,m) is an
orthogonal polynomial sequence (OPS) with respect to L if:

L[Pκ,λ(x, y)Pn,m(x, y)] = 0 (2.4)

for every polynomial Pκ,λ(x, y) of degree (κ, λ), with 0 ≤ κ ≤ n, 0 ≤ λ ≤ m and
κ+ λ < n+m. Furthermore, if (κ, λ) = (n,m) then

L[P 2
n,m(x, y)] = kn,m 6= 0. (2.5)

If kn,m are all positive constants then the OPS is said to be positive-definite.

Definition 2.3 A moment functional L is positive-definite, if there exists a positive-
definite OPS with respect to L.

The following theorem can be proved easily and is equivalent to the definition of
orthogonality.

Theorem 2.4 Let L be a moment functional defined by (2.1), (2.2) and let
{Pn,m(x, y)} be a sequence of polynomials of degree (n,m). Then the following
are equivalent:
(α) {Pn,m(x, y)} is an OPS with respect to L
(β) L[π(x, y)Pn,m(x, y)] = 0 for every polynomial π(x, y) of degree (i, j) with
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0 ≤ i ≤ n, 0 ≤ j ≤ m and i + j < n + m, while L[π(x, y)Pn,m(x, y)] 6= 0 if
(i, j) = (n,m)
(γ) L[xiyjPn,m(x, y)] = kn,mδnm,ij where kn,m 6= 0, n,m ≥ 0 and

δnm,ij =

{
0, 0 ≤ i ≤ n, 0 ≤ j ≤ m and i+ j < n+m

1, (i, j) = (n,m)
.

3. Recurrence relation and Favard’s theorem

In this section, we’ ll prove that an OPS of two variables satisfy (1.1)-(1.2). More
precisely,

Theorem 3.1 Let L be a positive-definite moment functional and {Pn,m(x, y)}n,m≥0
be an OPS of degree (n,m) with respect to L. Then there exist real sequences
βn,m, γn,m and αn,m, δn,m such that the recurrence relation (1.1) is satisfied.

Proof. Since xPn,m(x, y) is a polynomial of degree n + 1 with respect to x and m
with respect to y, of total degree n+m+ 1, it can be written as

xPn,m(x, y) =

n+1∑
κ=0

m∑
λ=0

cn,mκ,λ Pκ,λ(x, y) (3.1)

where

cn,mκ,λ =
L[xPn,m(x, y)Pκ,λ(x, y)]

L[P 2
κ,λ(x, y)]

=
L[xPκ,λ(x, y)Pn,m(x, y)]

L[P 2
κ,λ(x, y)]

(3.2)

The polynomial xPκ,λ(x, y) is of degree (κ+1, λ) and Pn,m(x, y) is of degree (n,m).
Thus, due to the definition of orthogonality

cn,mκ,λ = 0, (κ+ 1) + λ < n+m.

We need to consider the following two cases:
(I) 0 ≤ κ+ 1 < n and 0 ≤ λ ≤ m or (II) 0 ≤ κ+ 1 ≤ n and 0 ≤ λ < m.
In both cases, if 0 ≤ κ+ 1 < n and 0 ≤ λ < m then κ+ 1 +λ < n+m so cn,mκ,λ = 0.

In the first case if λ = m then for κ < n− 1, cn,mn−2,m = 0 so (3.1) becomes:

xPn,m(x, y) = cn,mn−1,mPn−1,m(x, y) + cn,mn,mPn,m(x, y) + cn,mn+1,mPn+1,m(x, y) (3.3)

In the second case if κ+ 1 = n then κ+ 1 + λ < n+m so cn,mκ,λ = 0.

Similarly, yPn,m(x, y) is a polynomial of degree n with respect to x and m+ 1 with
respect to y, of total degree n+m+ 1 and it can be written as

yPn,m(x, y) =

n∑
κ=0

m+1∑
λ=0

c̃n,mκ,λ Pκ,λ(x, y) (3.4)

where

c̃n,mκ,λ =
L[yPn,m(x, y)Pκ,λ(x, y)]

L[P 2
κ,λ(x, y)]

=
L[yPκ,λ(x, y)Pn,m(x, y)]

L[P 2
κ,λ(x, y)]

(3.5)

As before it is easily proved that (3.4) becomes

yPn,m(x, y) = c̃n,mn,m−1Pn,m−1(x, y) + c̃n,mn,mPn,m(x, y) + c̃n,mn,m+1Pn,m+1(x, y) (3.6)
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From (3.3) and (3.6) we obtain for a, b > 0:

axPn,m(x, y) + byPn,m(x, y) =
acn,mn−1,mPn−1,m(x, y) + acn,mn,mPn,m(x, y) + acn,mn+1,mPn+1,m(x, y)+
bc̃n,mn,m−1Pn,m−1(x, y) + bc̃n,mn,mPn,m(x, y) + bc̃n,mn,m+1Pn,m+1(x, y)

(3.7)

which is of the form (1.1). �

The following theorem is analogous to Favard’s theorem.

Theorem 3.2. Let αn,m, δn,m, βn,m, γn,m real sequences with αn,m, δn,m > 0 and
a, b positive numbers. Consider also the polynomials Pn,m(x, y) of degree (n,m) de-
fined by (1.1)-(1.2). Then, there exists a unique positive-definite moment functional
L such that:

L[1] = µ0,0 > 0, L[P 2
n,m(x, y)] = 1

and

L[Pκ,λ(x, y)Pn,m(x, y)] = 0,

for 0 ≤ κ ≤ n, 0 ≤ λ ≤ m with κ+ λ < n+m.

Proof. We define the moment functional L inductively by:

L[1] = µ0,0 > 0, L[Pn,m(x, y)] = 0, n ≥ 0, m ≥ 0, n+m > 0 (3.8)

and we consider the following steps. In the first step, since for m = 0, Pn,0(x, y) =
Qn(x) and for n = 0, P0,m(x, y) = Rm(y), using relation (1.1) and Favard’s theorem
for classical OP we obtain the moments µn,0 and µ0,m as well as the functionals
L[xκPn,0(x, y)], 0 ≤ κ ≤ n and L[yλP0,m(x, y)], 0 ≤ λ ≤ m. We also prove that
L[xP0,m(x, y)] = 0, L[yPn,0(x, y)] = 0 and define the moments µκ,λ for 0 ≤ κ ≤ n
and 0 ≤ λ ≤ m. In each of the following steps, second, third until the (n + 1)-th
step, we follow the same procedure, that is: at the s-th step 2 ≤ s ≤ n + 1, we
multiply both sides of (1.1) by the monomials of the form xκyλ with κ+λ = s− 2,
then we apply L at the derived expression and using the results of the previous
steps we prove L[xκyλPn,m(x, y)] = 0 for κ+ λ < n+m.
Hence:

Step 1: The recurrence relation (1.1) for m = 0, n > 0 takes the form:

αn,0Pn+1,0(x, y) + αn−1,0Pn−1,0(x, y) + βn,0Pn,0(x, y) + δn,0Pn,1(x, y)+

δn,−1Pn,−1(x, y) + γn,0Pn,0(x, y) = (ax+ by)Pn,0(x, y) (3.9)

or

αn,0Pn+1,0(x, y) + αn−1,0Pn−1,0(x, y) +Bn,0Pn,0(x, y)− axPn,0(x, y)

= byPn,0(x, y)− δn,0Pn,1(x, y)
(3.10)

where Bn,0 = βn,0 + γn,0.
Since the left-hand side of (3.10) is a polynomial of x and the right-hand side is a
polynomial of x and y we obtain:

αn,0Pn+1,0(x, y) + αn−1,0Pn−1,0(x, y) +Bn,0Pn,0(x, y) = axPn,0(x, y) (3.11)
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and

byPn,0(x, y) = δn,0Pn,1(x, y). (3.12)

Since a > 0, equation (3.11) is a three term recurrence relation for the polynomials
{Pn,0(x, y)}. Then due to Favard’s theorem for one variable polynomials, there
exists a positive moment functional L such that the following hold:

L[xn] = µn,0, n ≥ 0 (3.13)

L[xkPn,0(x, y)] = 0, 0 ≤ k ≤ n− 1 (3.14)

L[xnPn,0(x, y)] 6= 0 (3.15)

Applying L in both sides of (3.12) and using (3.8) we have:

L[yPn,0(x, y)] = 0, n > 0 (3.16)

Similarly, the recurrence relation (1.1) for n = 0,m > 0 takes the form:

α0,mP1,m(x, y) + α−1,mP−1,m(x, y) + β0,mP0,m(x, y)+
δ0,mP0,m+1(x, y) + δ0,m−1P0,m−1(x, y) + γ0,mP0,m(x, y)

= (ax+ by)P0,m(x, y)
(3.17)

and the equations

Γ0,mP0,m(x, y) + δ0,mP0,m+1(x, y) + δ0,m−1P0,m−1(x, y) = byP0,m(x, y) (3.18)

where Γ0,m = γ0,m + β0,m and

axP0,m(x, y) = α0,mP1,m(x, y) (3.19)

are obtained.
From equation (3.18) it follows, since b > 0, that:

L[ym] = µ0,m, m ≥ 0 (3.20)

L[yλP0,m(x, y)] = 0, 0 ≤ λ ≤ m− 1 (3.21)

L[ymP0,m(x, y)] 6= 0 (3.22)

and from (3.19) we obtain

L[xP0,m(y)] = 0, m > 0 (3.23)

Also, reccurence relation (1.1) for n = 1 and m = 0 becomes:

α1,0P2,0(x, y) + α0,0P0,0(x, y) + β1,0P1,0(x, y) + δ1,0P1,1(x, y)+

δ1,−1P1,−1(x, y) + γ1,0P1,0(x, y) = (ax+ by)P1,0(x, y)
(3.24)

or

δ1,0P1,1(x, y) = (ax+ by − β1,0 − γ1,0)P1,0(x, y)− α1,0P2,0(x, y)− α0,0 (3.25)

and the polynomials P1,0(x, y), P2,0(x, y) are already known since they are polyno-
mials of one variable. Thus, the polynomial P1,1(x, y) takes the form:

P1,1(x, y) = Axy +Bx+ Γy + ∆, A,B,Γ,∆ : constants
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Since L[P1,1(x, y)] = 0, we have:

AL[xy] +BL[x] + ΓL[y] + ∆L[1] = 0

or

Aµ1,1 +Bµ1,0 + Γµ0,1 + ∆µ0,0 = 0

and the moment L[xy] = µ1,1 can be defined.
Continuing in the same way the moments, L[xny] = µn,1 and L[xym] = µ1,m

can be defined since L[Pn,1(x, y)] = 0 and L[P1,m(x, y)] = 0 by using reccurence
relation (1.1). Then L[xny2] = µn,2 and L[x2ym] = µ2,m can be defined since
L[Pn,2(x, y)] = 0 and L[P2,m(x, y)] = 0, etc. Thus, all L[xκyλ] = µk,λ can be de-
fined for 0 ≤ k ≤ n and 0 ≤ λ ≤ m.

Step 2: We apply the moment functional L in both sides of (1.1) and using (3.8)
we obtain for n+m > 1, with n ≥ 0,m > 1 or n > 0,m ≥ 1

L[xPn,m(x, y)] = 0 and L[yPn,m(x, y)] = 0 (3.26)

or

L[xκyλPn,m(x, y)] = 0, 0 ≤ κ ≤ 1, 0 ≤ λ ≤ 1, κ+ λ = 1 < n+m (3.27)

Step 3: We multiply relation (1.1) by x or by y, apply L and using equation (3.27)
, we obtain for n+m > 2, with n ≥ 2,m ≥ 0 or n ≥ 1,m ≥ 1 or n ≥ 0,m ≥ 2

L[x2Pn,m(x, y)] = 0, L[xyPn,m(x, y)] = 0, L[y2Pn,m(x, y)] = 0, (3.28)

or

L[xκyλPn,m(x, y)] = 0, 0 ≤ κ ≤ 2, 0 ≤ λ ≤ 2, κ+ λ = 2 < n+m (3.29)

Step 4: By multiplying relation (1.1) with x2, y2 and then applying L we prove
that:

L[xκyλPn,m(x, y)] = 0, 0 ≤ κ ≤ 3, 0 ≤ λ ≤ 3, κ+ λ = 3 < n+m (3.30)

So continuing this procedure at the (n+ 1)-th step we prove:

L[xκyλPn,m(x, y)] = 0, 0 ≤ κ ≤ n, 0 ≤ λ ≤ m, κ+ λ < n+m (3.31)

which is the equivalent definition of orthogonality (see theorem 2.4). �

4. Darboux-Christoffel formula

The following proposition gives a Darboux-Christoffel formula for Pn,m(x, y).

Proposition 4.1 Let {Pn,m(x, y)}n≥0,m≥0 be an OPS of degree (n,m) satisfying
(1.1)-(1.2). Then the following holds
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[a(x− s) + b(y − t)]
n∑
i=0

m∑
j=0

Pi,j(x, y)Pi,j(s, t) =

m∑
j=0

αn,j [Pn+1,j(x, y)Pn,j(s, t)− Pn+1,j(s, t)Pn,j(x, y)]+

n∑
i=0

δi,m[Pi,m+1(x, y)Pi,m(s, t)− Pi,m+1(s, t)Pi,m(x, y)]

(4.1)

for (x, y) 6= (s, t).

Corollary 4.2 If we make the conventions (C1) or (C2), (4.1) becomes the well
known Christoffel-Darboux formula [1, 13] for polynomials of one variable.

Proof of Proposition 4.1. Consider the recurrence relation (1.1), satisfied by the
OPS Pi,j(x, y)

αi,jPi+1,j(x, y) + αi−1,jPi−1,j(x, y) + βi,jPi,j(x, y) + δi,jPi,j+1(x, y)+

δi,j−1Pi,j−1(x, y) + γi,jPi,j(x, y) = (ax+ by)Pi,j(x, y),
(4.2)

and Pi,j(s, t)

αi,jPi+1,j(s, t) + αi−1,jPi−1,j(s, t) + βi,jPi,j(s, t) + δi,jPi,j+1(s, t)+

δi,j−1Pi,j−1(s, t) + γi,jPi,j(s, t) = (as+ bt)Pi,j(x, y),
(4.3)

Multiplying (4.2) by Pi,j(s, t), and (4.3) by Pi,j(x, y) and substracting the derived
equations we obtain:

[a(x− s) + b(y − t)]Pi,j(x, y)Pi,j(s, t) =
[Ki,j(x, y, s, t)−Ki−1,j(x, y, s, t)]− [Λi,j(x, y, s, t)− Λi−1,j(x, y, s, t)]

+[Mi,j(x, y, s, t)−Mi,j−1(x, y, s, t)]− [Ni,j(x, y, s, t)−Ni,j−1(x, y, s, t)]
(4.4)

where

Ki,j(x, y, s, t) = αi,jPi+1,j(x, y)Pi,j(s, t),

Λi,j(x, y, s, t) = αi,jPi+1,j(s, t)Pi,j(x, y),

Mi,j(x, y, s, t) = δi,jPi,j+1(x, y)Pi,j(s, t),

Ni,j(x, y, s, t) = δi,jPi,j+1(s, t)Pi,j(x, y).

By taking the sums of both parts of (4.4) with respect to i and j, it follows

[a(x− s) + b(y − t)]
n∑
i=0

m∑
j=0

Pi,j(x, y)Pi,j(s, t) =

n∑
i=0

m∑
j=0

{
[Ki,j(x, y, s, t)−Ki−1,j(x, y, s, t)]− [Λi,j(x, y, s, t)− Λi−1,j(x, y, s, t)]

}
+

n∑
i=0

m∑
j=0

{
[Mi,j(x, y, s, t)−Mi,j−1(x, y, s, t)]− [Ni,j(x, y, s, t)−Ni,j−1(x, y, s, t)]

}
.
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However, due to (1.2) it is Pi,−1(x, y) = 0 or P−1,j(x, y) = 0 and thus

[a(x− s) + b(y − t)]
n∑
i=0

m∑
j=0

Pi,j(x, y)Pi,j(s, t) =

m∑
j=0

[Kn,j(x, y, s, t)− Λn,j(x, y, s, t)] +

n∑
i=0

[Mi,m(x, y, s, t)−Ni,m(x, y, s, t)]

which is (4.1).
�
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