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EXISTENCE OF SOLUTIONS FOR OPERATOR MIXED

VECTOR EQUILIBRIUM PROBLEM

RAIS AHMAD, SYED SHAKAIB IRFAN∗, MOHD ISHTYAK AND MIJANUR RAHAMAN

Abstract. In this paper, we introduced and study an operator mixed vector

equilibrium problem which is a combination of an operator vector variational

inequality and an operator vector equilibrium problem. We prove an existence
result for our problem using KKM-theorem and vector 0-diagonally quasi con-

vexity and another existence result without using KKM-theorem. An example

is constructed.

1. Introduction

Variational inequality theory provides us a unified framework for dealing with a
wide class of problems arising in elasticity, structured analysis, physical and engi-
neering sciences, etc., see, e.g., [1, 3, 4, 15, 16]. The generalization of a variational
inequality known as vector variational inequality was introduced by Giannessi [13]
in a finite dimensional Euclidian space. Since then many authors have intensively
studied the various extensions of vector variational inequalities with different as-
pects, see, e.g., [8, 9, 22, 23, 24, 25]. Equilibrium problems introduced and studied
by Blum and Oettli [6] are generalized by several authors. Vector equilibrium
problem is an extension of scaler equilibrium problem and provides us a platform
to study vector optimization problems, vector variational inequality problems and
vector saddle-point problems etc.. For more details of study of vector equilibrium
problems, we refer to [2, 14, 17, 19].

Domokos and Kolumbán [11] introduced and studied an interesting version of
variational inequalities, called operator variational inequalities. After that Kazmi
and Raouf [18], Kum and Kim [20, 21] studied operator equilibrium problems and
operator quasi-equilibrium problems, respectivley. They both obtain the solution
of their problems by using the definition of natural quasi-P -convexity.

Motivated by the above facts, in this study we introduce an operator mixed
vector equilibrium problem which involves an operator vector variational inequality
and an operator vector equilibrium problem. We prove two existence results for
our problem. The first result is proved by using KKM-theory, while second without
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KKM-theory. We do not use the concept of natural quasi-P -convexity used by
others. Our results can be seen as refinement of previous results existing in the
literature. Also, an example is constructed.

2. Preliminaries

Let X and Y be the Hausdorff topological vector spaces; L(X,Y ) be the space
of all continuous linear operators from X into Y equipped with the topology of
pointwise convergence and let K ⊂ L(X,Y ) be a nonempty convex set. Let C :
K → 2Y be a set-valued mapping with convex, open cone values such that 0 /∈ C(f),
for all f ∈ K. Let T : K → X be a single-valued mapping and F : K ×K → Y be
a mapping such that F (f, f) = 0, for all f ∈ K.
The operator mixed vector equilibrium problem which we aim to solve is:

Find f ∈ K such that

〈f − g, T (f)〉+ F (f, g) /∈ −C(f),∀g ∈ K. (2.1)

Note that if F ≡ 0, then problem (2.1) coincides with the problem studied by
Domokos and Kolumbán [11] and if T ≡ 0, then problem (2.1) reduces to the
problem studied by Kazmi and Raouf [18]. We remark that problem (2.1) includes
several previously studied problems related to vector variational inequalities and
vector equilibrium problems.

In support of problem (2.1), we construct the following example.

Example 2.1. Let Ω ⊂ Rn be a bounded domain, G : Ω×R→ R and H : Ω×R→ R
be the functions satisfying the following conditions:

(i) G(·, r) and H(·, r) are measurable functions for all r ∈ R;
(ii) G(x, ·) and H(x, ·) are continuous a.e., for all x ∈ Ω;

(iii) G(x, ·) and H(x, ·) are monotone non-decreasing for all x ∈ Ω;
(iv) G(·, r) ∈ L1(Ω) and H(·, r) ∈ L1(Ω) for all r ∈ R;
(v) H(r, r) = 0, for all r ∈ R.

We define the functions

T (f)(x) = G(x, f(x)),

F (f, g)(x) = H(f(x), g(x)),

where T : L∞(Ω) → L1(Ω) and F : L∞(Ω) × L∞(Ω) → R. Let K ⊂ L∞(Ω) =
L1(Ω)

∗
, be a closed, convex, bounded set.

We consider the following problem of finding f ∈ K such that

〈f−g, T (f)〉+F (f, g) =

∫
Ω

{
G(x, f(x))(f(x)−g(x))+H(f(x), g(x))

}
dx ≥ 0. (2.2)

Then, it is easy to check that under assumptions (i)- (v), problem (2.2) is solvable.

We need the following definitions and known results to achieve the goal of this
paper.

Definition 2.2. The mapping F : K ×K → Y is said to be

(i) C-pseudomonotone, if

F (f, g) /∈ −C(f)⇒ F (g, f) /∈ C(f);

(ii) hemicontinuous, if the function λ → F (f + λg, g) is continuous at 0+ for
all f, g ∈ K, as a mapping from R+ into Y .
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Definition 2.3. A mapping T : K → X is said to be

(i) C-pseudomonotone, if

〈f − g, T (f)〉 /∈ −C(f)⇒ 〈g − f, T (g)〉 /∈ C(f);

(i) C-convex if for any f, g ∈ K and λ ∈ [0, 1],

T (λg + (1− λ)f) ∈ λT (g) + (1− λ)T (f)− C

Definition 2.4. Let B be a subset of K. A set-valued mapping C : K → 2Y is
said to have a closed graph with respect to B if for every net {fα}α∈Γ ⊂ K and
{yα}α∈Γ ⊂ Y such that yα ∈ C(fα), fα converges to f ∈ B w.r.t.p.c. and yα
converges to y ∈ Y, then y ∈ C(f).

Definition 2.5. Let B be a convex compact (w.r.t.p.c.) subset of K. An operator
F : K ×K → Y is said to be cocoercive with respect to B, if there exists g0 ∈ B
such that

F (f, g0) ∈ −C(f), ∀f ∈ K \B.

Definition 2.6. Let K be a subset of a topological vector space X. A set-valued
mapping F : K → 2X is said to be KKM-mapping if, for each finite subset

{x1, x2, ...., xn} of K, Co{x1, x2, ...., xn} ⊆
n⋃
i=1

F (xi), where Co{x1, x2, ...., xn} de-

notes the convex hull of {x1, x2, ...., xn}.

Definition 2.7. Let C : X → 2Y be a set-valued mapping. A mapping F : X×X →
Y is said to be vector 0-diagonally quasi convex with respect to the second argument
if, for any finite subset {g1, g2, ....., gn} in X and any g ∈ X with g =

∑n
i=1 tigi,

gi ≥ 0,
∑n
i=1 ti = 1, we have

n∑
i=1

tiF (g, gi) ∈ C(g).

Theorem 2.8. [12] Let E be a topological vector space, K be a nonempty subset
of E and let G : K → 2E be a KKM-map such that G(x) is closed for each x ∈ K
and is compact for at least one x ∈ K, then ∩x∈KG(x) 6= φ.

Definition 2.9. [10] Let A : X → 2Y ∪ {φ} be a set-valued mapping. Then A is
said to have local intersection property, if, for each x ∈ X with A(x) 6= φ, there
exist an open neighborhood N(x) of x such that ∩y∈N(x)A(y) 6= φ.

Lemma 2.10. [10] Let X and Y be the topological vector spaces and A : X → 2Y

a set-valued mapping. Then the following conditions are equivalent:

(i) A has the local intersection property;
(ii) there exists a set-valued mapping F : X → 2Y such that F (x) ⊂ A(x), for

each x ∈ X; F−1(x) is open in X for each y ∈ Y and X ⊆ ∪y∈Y F−1(y).

Theorem 2.11 (Fan-Browder fixed point Theorem [7]). Let K be a nonempty,
compact, and convex subset of a Hausdorff topological vector space X and let F :
K → 2K be a mapping with nonempty convex values and open fibers (i.e., for y ∈ K,
F−1(y) is called the fiber of F on y). Then F has a fixed point.

The generalization of the Fan-Browder fixed point theorem [7] was derived by
Balaj and Muresan [5] as follows.
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Theorem 2.12. Let K be a nonempty, compact, and convex subset of a topological
vector space X and let F : K → 2K be a set-valued mapping with nonempty convex
values having the local intersection property. Then F has a fixed point.

Lemma 2.13. [18] Let K ⊂ L(X,Y ) be a non-empty convex set. Let (Y,C(f)) be
an ordered topological vector space with solid convex open cone C(f), 0 /∈ C(f), for
each f ∈ K. Then for all f, g ∈ K, we have

(i) g − f ∈ C(f) and g /∈ C(f) implies f /∈ C(f);
(ii) g − f ∈ −C(f) and g /∈ −C(f) implies f /∈ −C(f).

3. Main Result

Lemma 3.1. Let T : K → X be C-pseudomonotone and hemicontinuous in the
first argument, and F : K × K → Y be C-pseudomonotone, hemicontinuous and
C-convex in the second argument such that F (g, g) = 0, for all g ∈ K. Then, the
following statements are equivalent.

(I) 〈f − g, T (f)〉+ F (f, g) /∈ −C(f),
(II) 〈g − f, T (g)〉+ F (g, f) /∈ C(f).

Proof. By the C-pseudomonotonicity of T and F , (I) ⇒ (II). We only need to
prove (II)⇒ (I). Let the (II) holds i.e. there exists f ∈ K such that

〈g − f, T (g)〉+ F (g, f) /∈ C(f),∀g ∈ K.

Since gλ = λg + (1− λ)f ∈ K, for all f, g ∈ K and λ ∈ [0, 1], then

〈gλ − f, T (gλ)〉+ F (gλ, f) /∈ C(f). (3.1)

As F (g, g) = 0 and F is C-convex in the second argument, we have

0 = 〈gλ − gλ, T (gλ)〉+ F (gλ, gλ)

= (1− λ)〈gλ − gλ + f − f, T (gλ)〉+ F (gλ, λg + (1− λ)f)

∈ (1− λ)〈f − gλ, T (gλ)〉+ (1− λ)〈gλ − f, T (gλ)〉+ λF (gλ, g)

+(1− λ)F (gλ, f)− C(f)

= (1− λ){〈gλ − f, T (gλ)〉+ F (gλ, f)}+ (1− λ)〈f − gλ, T (gλ)〉
+λF (gλ, g)− C(f)

which implies that

(1−λ){〈gλ−f, T (gλ)〉+F (gλ, f)}+(1−λ)〈f−gλ, T (gλ)〉+λF (gλ, g) ∈ C(f). (3.2)

From (3.1), (3.2) and Lemma 2.13 , it follows that

λF (gλ, g) + (1− λ)〈f − gλ, T (gλ)〉 /∈ −C(f),

λF (gλ, g) + λ(1− λ)〈f − g, T (gλ)〉 /∈ −C(f). (3.3)

As C(f) is a convex cone, we have from (3.3) that

F (gλ, g) + (1− λ)〈f − g, T (gλ)〉 /∈ −C(f). (3.4)

By the hemicontinuity of F and T , we have

F (f, g) + 〈f − g, T (f)〉 /∈ −C(f),

i.e., (I) holds. �
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Theorem 3.2. Let K ⊂ L(X,Y ) be a non-empty closed convex set and B ⊂ K be
a compact convex set. Let F : K ×K → Y be C-pseudomonotone, hemicontinuous
in the first argument, vector 0-diagonally quasi convex in the second argument, C-
convex in the second argument and coercive with respect to B such that F (g, g) =
0, for all g ∈ K. Let T : K → X be C-pseudomonotone, hemicontinuous and
coercive with respect to B and let the set-valued mapping W : K → 2Y defined by
W (f) = Y \ C(f) has a closed graph with respect to B. Then the operator mixed
vector equilibrium problem (2.1) has a solution.

Proof. For each g ∈ K, we define the set-valued mappings P,Q : K → 2K by

P (g) = {f ∈ K : 〈f − g, T (f)〉+ F (f, g) /∈ −C(f)} and
Q(g) = {f ∈ B : 〈g − f, T (g)〉+ F (g, f) /∈ C(f)}.

We claim that P is a KKM-mapping. Let {g1, g2, ...., gn} be a finite subset of K

and let g ∈ Co{g1, g2, ......gn} be arbitrary. Then g =
n∑
i=1

tigi, ti ≥ 0 and
n∑
i=1

ti = 1.

Suppose, if possible g /∈
n⋃
i=1

P (gi), then

〈g − gi, T (g)〉+ F (g, gi) ∈ −C(g), ∀i = 1, 2, ..., n.

Since int C(f) is convex, we have

n∑
i=1

ti〈g − gi, T (g)〉+

n∑
i=1

tiF (g, gi) ∈ −C(g),

〈g −
n∑
i=1

tigi, T (g)〉+

n∑
i=1

tiF (g, gi) ∈ −C(g),

that is
n∑
i=1

tiF (g, gi) ∈ −C(g),

which contradicts the vector 0-diagonally quasi convexity of F in the second argu-
ment. Thus, P is a KKM-mapping, that is

Co{g1, g2, .....gn} ⊂
n⋃
i=1

P (gi).

Hence the mapping P : K → 2K , defined by P (g) = P (g), the closure of P (g)
w.r.t.p.c. is also a KKM-mapping.
Using the convexity of T and F with respect to B, we have

〈f − g0, T (f)〉 ∈ −C(f), ∀f ∈ K \B. (3.5)

F (f, g0) ∈ −C(f), ∀f ∈ K \B. (3.6)

Adding (3.5) and (3.6) and as C(f) is convex, we have

〈f − g0, T (f)〉+ F (f, g0) ∈ −C(f),

which implies that P (g0) ⊂ B. Hence P (g0) is compact w.r.t.p.c. Then by Theorem
2.8, we get ⋂

g∈K
P (g) 6= φ.
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Next, we claim that ⋂
g∈K

P (g) ⊂ Q(h); ∀h ∈ K.

Note that ⋂
g∈K

P (g) =
⋂
g∈K

(
P (g) ∩ P (g0)

)
⊂
⋂
g∈K

P (g) ∩B ⊂ B.

Let f ∈
⋂
g∈K

P (g), Since
⋂
g∈K

P (g) ⊂ B, then f ∈
⋂
g∈K

P (g) ∩B, ∀g ∈ K.

Suppose h ∈ K be arbitrary, then there exists a net {fα}α∈Γ in P (h) such that
fα converges pointwise to f ∈ B, i.e.

〈fα − h, T (fα)〉+ F (fα, h) /∈ −C(fα). (3.7)

Using C-pseudo-monotonicity of T and F , (3.7) implies that

〈h− fα, T (h)〉+ F (h, fα) /∈ C(fα).

Since for each f ∈ K, Y \ {−C(f)} as well as Y \ {C(f)} is closed, we have

〈h− fα, T (h)〉+ F (h, fα) ∈ Y \ C(fα). (3.8)

Using the closedness of the graph of Y \ {C(f)} with respect to B, from (3.8), we
get

〈h− f, T (h)〉+ F (h, f) ∈ Y \ C(f),

which implies that f ∈ Q(h), ∀h ∈ K. Hence

φ 6=
⋂
g∈K

P (g) ⊂
⋂
g∈K

Q(g) ⊂ B.

By Lemma 3.1, we get ⋂
g∈K

P (g) =
⋂
g∈K

Q(g),

⋂
g∈K

P (g) 6= φ,

i.e., the operator mixed vector equilibrium problem is solvable. �

The following next result is proved by using generalized Fan-Browder fixed point
theorem rather than using acclaimed KKM-theorem and vector 0-diagonally quasi
convexity.

Theorem 3.3. Let K ⊂ L(X,Y ) be a nonempty closed convex set. Let T and F
be the mappings satisfying all the assumptions of Theorem 3.2. If in addition, F is
lower semicontinuous mapping, then the operator mixed vector equilibrium problem
(2.1) admits a solution.

Proof. For each f ∈ K, define the set-valued mappings M,N : K → 2K by

M(f) = {g ∈ K : 〈g − f, T (g)〉+ F (g, f) ∈ C(f)}
N(f) = {g ∈ K : 〈f − g, T (f)〉+ F (f, g) ∈ −C(f)}

Clearly, M and N are nonempty sets as g ∈ K.
we claim that N is a convex set. For this, let g1, g2 ∈ K, then we have

〈f − gi, T (f)〉+ F (f, gi) ∈ −C(f), i = 1, 2.
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As F is C-convex in the second argument, therefore for any λ ∈ [0, 1], we have

〈f − (λg1 + (1− λ)g2), T (f)〉+ F (f, λg1 + (1− λ)g2)

= 〈λf + (1− λ)f − (λg1 + (1− λ)g2), T (f)〉+ F (f, λg1 + (1− λ)g2)

= 〈λ(f − g1) + (1− λ)(f − g2), T (f)〉+ F (f, λg1 + (1− λ)g2)

= λ〈f − g1, T (f)〉+ (1− λ)〈f − g2, T (f)〉+ λF (f, g1) + (1− λ)F (f, g2)− C(f)

= λ{〈f − g1, T (f)〉+ F (f, g1)}+ (1− λ){〈f − g2, T (f)〉+ F (f, g2)} − C(f)

∈ −C(f)− C(f) = −C(f). (3.9)

Inclusion (3.9) implies that λg1 + (1− λ)g2 ∈ N and hence N is a convex set.
Now, we show that N has no fixed point. Suppose that there exists f ∈ K such

that f ∈ N , then
〈f − f, T (f)〉+ F (f, f) ∈ −C(f),

which shows that 0 ∈ −C(f), which is a contradiction. Hence, N has no fixed
point.

Next we show that M−1(g) is open in K. For any g ∈ K, we denote the
complement of M−1(g) by [M−1(g)]c such that

[M−1(g)]c = {f ∈ K : 〈g − f, T (g)〉+ F (g, f) /∈ C(f)}. (3.10)

Let {fα} be a sequence of functions in [M−1(g)]c such that fα → f pointwise.
Then, we have

〈g − fα, T (g)〉+ F (g, fα) /∈ C(fα). (3.11)

Since F is lower semicontinuous and 〈·, ·〉 is continuous, we obtain

〈g − fα, T (g)〉+ F (g, fα)→ 〈g − f, T (g)〉+ F (g, f).

As C(f) and −C(f) both are open and [−C(f)]c is closed, i.e., there exists α0 such
that for all α ≥ α0

[〈g − fα, T (g)〉+ F (g, fα)] ∩ [−C(fα)]c 6= φ,

which implies that

〈g − fα, T (g)〉+ F (g, fα) ∈ C(fα),

which contradicts (3.11).
Hence

〈g − f, T (g)〉+ F (g, f) /∈ C(f)

and thus f ∈ [M−1(g)]c, so that [M−1(g)]c is closed. It follows that M−1(g) is
open.

Using contrapositive of generalized Fan-Browder fixed point Theorem 2.11 and
Lemma 2.10, we have

K *
⋃
g∈K

M−1(g).

Hence, there exists some f0 ∈ K such that M(f0) = φ which contradicts the non-
emptyness of M(f) and thus

〈g − f0, T (g)〉+ F (g, f0) /∈ C(f).

Applying Lemma 3.1, we have

〈f0 − g, T (f0)〉+ F (f0, g) /∈ −C(f), ∀g ∈ K.
This completes the proof. �
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