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INTEGRAL INEQUALITIES FOR HYPERGEOMETRIC

OPERATORS VIA FRACTIONAL INTEGRAL

SEDA KILINÇ, ABDULLAH AKKURT, HÜSEYIN YILDIRIM

Abstract. In this article, we establish new integral inequalities involving the

Gauss hypergeometric functions for synchronous functions which are related to
the Chebyshev functional. Some relevant inequalities of the results presented

here with those earlier ones are also pointed out.

1. Introduction

Integral inequalities play a fundamental role in the theory of differential equa-
tions, functional analysis and applied sciences. Important development in this the-
ory has been achieved for the last two decades. For these, see [3]-[6],[12]-[18] and
the references there in. Moreover, the study of fractional type inequalities is also of
vital importance. Also see [6], [7], [21]-[24] for further information and applications.

The researchers have studied Fractional Calculus since seventeenth century. From
this date, mathematicians as well as biologists, chemists, economists, engineers and
physicists have found this new theory very attractive. Many different derivatives
were introduced.

The main aim of this work is to establish a new fractional integral inequality for
Gauss hypergeometric function and synchronous functions.

2. Preliminaries

Now we will give fundamental definitions and notations for fractional integrals.

Definition 2.1. Two functions f and g are said to be synchronous on [a, b], if

(f(x)− f(y)) (g(x)− g(y)) ≥ 0, (2.1)

for any x, y ∈ [a, b].

Definition 2.2. ([8], [17]) A real-valued function f(t) (t > 0) is said to be in the
space Cµ(µ ∈ R) if there exists a real number p > µ such that f(t) = tpφ(t), where
φ(t) ∈ C (0,∞) .
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Definition 2.3. ([1]) Let h (x) be an increasing and positive monotone function on

[0,∞), also derivative h
′
(x) is continuous on [0,∞) and h (0) = 0. The space

Xp
h (0,∞) (1 ≤ p <∞) of those real-valued Lebesque measurable functions f on

[0,∞) for which

||f ||Xph =

(∞∫
0

|f(t)|p h′ (t) dt
) 1
p

<∞, 1 ≤ p ≤ ∞ (2.2)

and for the case p =∞

||f ||X∞h = ess sup
1≤t<∞

[
f(t)h

′
(t)
]
. (2.3)

In particular, when h (x) = x (1 ≤ p <∞) the space Xp
h (0,∞) coincides with the

Lp[0,∞)−space and also if we take h (x) =
xk+1

k + 1
(1 ≤ p <∞, k ≥ 0) the space

Xp
h (0,∞) coincides with the Lp,k[0,∞)−space.

Definition 2.4. ([16]) Let f ∈ L1(a, b). The Riemann-Liouville fractional integral
of order α > 0 is defined by

Iαf (t) =
1

Γ (α)

∫ t
0
(t− x)α−1f (x) dx, (2.4)

where Γ is the gamma function.

Definition 2.5. ([8], [17]) Let f ∈ L1,k(a, b). The Generalized Riemann-Liouville
fractional integral Iα,kf (x) of order α > 0 and k ≥ 0 is defined by

Iα,kf (x) =
(k + 1)

1−α

Γ (α)

∫ x
a

(
xk+1 − tk+1

)α−1
tkf (t) dt. (2.5)

Definition 2.6. Let (a, b) be a finite interval of the real line R and < (α) > 0.
Also let h (x) be an increasing and positive monotone function on (a, b], having a

continuous derivative h
′
(x) on (a, b). The left- and right-sided fractional integrals

of a function f with respect to another function h on [a, b] are defined by [20]

Iαh f (t) =
1

Γ (α)

∫ t
a
(h(t)− h(x))α−1f (x)h′(x)dx. (2.6)

Definition 2.7. ([1]) Let α > 0, µ > −1, and β, η ∈ R; then a h− fractional

integral Iα,β,η,µh of order α for f synchronous functions is defined by,

Iα,β,η,µh f(t) =
h (t)

(−α−β−2µ)

Γ(α)

∫ t
0
h (τ)

µ
(h (t)− h (τ))α−1

×2F1(α+ β + µ,−η;α; 1− h (τ)

h (t)
)h′ (τ) f(τ)dτ.

(2.7)
Where the functions 2F1(−) appearing as a kernel for the operator (2.7) is the

Gaussian hypergeometric function defined by

2F1(a, b; c; t) =
∞∑
n=0

(a)n(b)n
(c)n

tn

n!
. (2.8)

The Pochhammer symbol (a)n is defined by:
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(a)n = a(a+ 1)...(a+ n− 1), (a)0 = 1. (2.9)

The aim of the present research is to obtain certain Chebyshev type integral
inequalities including the fractional integral operators [1]-[7] which involves the
kernel, Gauss hypergeometric function (defined above). The concluding part gives
some special state of the main results.

3. Main Results

In this section we obtain certain Chebyshev type integral inequalities involving
the h−fractional integral operator. The following lemma is used for our first result.

Lemma 3.1. Let, α, β, η, λ ∈ R, µ > −1, µ + λ > 0, and λ − β + η > 0, then
there is following equality for (2.7) h−fractional integral

Iα,β,η,µh

[
h (t)

λ−1
]

= h (t)
(λ−β−µ−1) Γ(µ+ λ)Γ(λ+ η − β)

Γ(λ− β)Γ(α+ µ+ λ+ η)
. (3.1)

Proof. If we take f(τ) = h (τ)
λ−1

in (2.7) fractional integral, then we obtain,

Iα,β,η,µh [f(t)] =
h (t)

(−α−β−2µ)

Γ(α)

t∫
0

h (τ)
µ

(h (t)− h (τ))α−1

×2F1(α+ β + µ,−η;α; 1− h(τ)
h(t) )h (τ)

λ−1
h′ (τ) dτ.

(3.2)

If we use definition of Gaussian hypergeometric function, then we get

h (t)
(−α−β−2µ)

Γ(α)

t∫
0

h (τ)
µ

(h (t)− h (τ))α−1

×2F1(α+ β + µ,−η;α; 1− h(τ)
h(t) )h (τ)

λ−1
h′ (τ) dτ

= h(t)(λ−β−µ−1)

Γ(µ+λ+α)

∞∑
n=0

(α+β+µ)n(−η)n
(µ+λ+α)nn!

Γ(µ+ λ)Γ(α+ n)

Γ(α+ µ+ λ+ n)

= h (t)
(λ−β−µ−1) Γ(µ+ λ)Γ(λ+ η − β)

Γ (λ− β) Γ(α+ µ+ λ+ η)
.

(3.3)

Then (3.2) reduce to (3.1). �

Theorem 3.2. Let f and g be two synchronous functions on [0,∞). Then the
following inequality holds for all t > 0, α > max {0,−β − µ}, β < 1, µ > −1,
β − 1 < η < 0,

Iα,β,η,µh [f(t)g(t)]

≥ h (t)
(µ+β) Γ(1− β)Γ(α+ µ+ η + 1)

Γ(1 + µ)Γ(1− β + η)
Iα,β,η,µh [f(t)] Iα,β,η,µh [g(t)] .

(3.4)

Proof. Since f and g be two synchronous functions; from Definition 2.1, for all
τ, p ∈ (0, t), t ≥ 0, we have

(f(τ)− f(ρ)) (g(τ)− g(ρ)) ≥ 0, (3.5)

which implies that

f(τ)g(τ) + f(ρ)g(ρ) ≥ f(τ)g(ρ) + f(ρ)g(τ). (3.6)
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Consider

F (t, τ) = h(t)(−α−β−2µ)

Γ(α) h (τ)
µ

(h (t)− h (τ))α−1
2F1(α+ β + µ,−η;α; 1− h(τ)

h(t) )h′(τ)

=
∞∑
n=0

(α+β+µ)n(−η)n
Γ(α+n)n! h (t)

(−α−β−2µ−n)
h (τ)

µ
(h (t)− h (τ))α−1+nh′ (τ)

= h(τ)µ(h(t)−h(τ))α−1

h(t)(α+β+2µ)Γ(α)
h′(τ) + h(τ)µ(h(t)−h(τ))α(α+β+µ)(−η)

h(t)(α+β+2µ+1)Γ(α+1)
h′(τ)

+h(τ)µ(h(t)−h(τ))α+1(α+β+µ)(α+β+µ+1)(−η)(−η+1)

h(t)(α+β+2µ+2)Γ(α+2)2!
h′(τ) + · · ·

(3.7)
Our observation is that each term of the above series is positive in view of the
conditions stated with Theorem 3.1, so the function F (t, τ) remains positive, for
all τ ∈ (0, t) (t > 0).

Multiplying both sides of (3.6) by F (t, τ) (where F (t, τ) is given by (3.7)) and
integrating with respect to τ from 0 to t, and using (2.7), we have

Iα,β,η,µh [f(t)g(t)] + f(ρ)g(ρ)Iα,β,η,µh [1] ≥ g(ρ)Iα,β,η,µh [f(t)] + f(ρ)Iα,β,η,µh [g(t)] .
(3.8)

Then, multiplying both sides of (3.8) by F (t, ρ) (ρ ∈ (0, t), t > 0), where F (t, ρ) is
given by (3.7) and integrating with respect to ρ from 0 to t, and using Lemma 1
(for λ = 1 ), we obtain

Iα,β,η,µh [1] Iα,β,η,µh [f(t)g(t)] + Iα,β,η,µh [f(t)g(t)] Iα,β,η,µh [1]

≥ Iα,β,η,µh [f(t)] Iα,β,η,µh [g(t)] + Iα,β,η,µh [f(t)] Iα,β,η,µh [g(t)] ,

then

Iα,β,η,µh [f(t)g(t)]h (t)
−β−µ Γ(µ+ 1)Γ(1 + η − β)

Γ(1− β)Γ(α+ µ+ 1 + η)
≥ Iα,β,η,µh [f(t)] Iα,β,η,µh [g(t)] .

The proof is complete. �

Theorem 3.3. Let f and g be two synchronous functions on [0,∞). Then the fol-
lowing inequality holds for all t > 0, α > max {0,−β − µ} , γ > max {0,−δ − ν} ,
µ, ν > −1, β, δ < 1, β − 1 < η < 0, δ − 1 < ζ < 0,

h (t)
(−δ−ν) Γ(ν + 1)Γ(1− δ + ζ)

Γ(1− δ)Γ(γ + ν + ζ + 1)
Iα,β,η,µh [f(t)g(t)]

+h (t)
(−β−µ) Γ(1 + µ)Γ(−β + η + 1)

Γ(1− β)Γ(α+ µ+ η + 1)
Iγ,δ,ζ,νh [f(t)g(t)]

≥ Iγ,δ,ζ,νh [f(t)] Iα,β,η,µh [g(t)] + Iγ,δ,ζ,νh [g(t)] Iα,β,η,µh [f(t)] .

(3.9)

Proof. We use (3.8) inequality to prove the theorem. Multiplying both sides of
(3.8) with,

h (t)
(−δ−γ−2ν)

Γ (γ)
ρ(k+1)ν(h (t)− h (ρ))γ−1

2F1(γ + δ + ν,−ζ; γ; 1− h(p)
h(t) )h′(ρ), ρ ∈ (0, t)

(3.10)
which remains positive in view of the conditions stated with (3.9) and integrating

with respect to ρ from 0 to t, we get
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Iγ,δ,ζ,νh [1] Iα,β,η,µh [f(t)g(t)] + Iγ,δ,ζ,νh [f(t)g(t)] Iα,β,η,µh [1]

≥ Iγ,δ,ζ,νh [f(t)] Iα,β,η,µh [g(t)] + Iγ,δ,ζ,νh [g(t)] Iα,β,η,µh [f(t)] .
(3.11)

This result reduce to desired inequality by using (3.1) (for λ = 1). �

Remark. Let may be said that inequalities (3.4) and (3.9) are reversed if the
functions are asynchronous on [0,∞); that is,

(f(x)− f(y))(g(x)− g(y)) ≤ 0, (3.12)

for any x, y ∈ [0,∞) .

Remark. If we consider γ = α, δ = β, ζ = η, and ν = µ, Theorem 3.3 we obtain
that change to Theorem 3.2.

Theorem 3.4. Let (fi)i=1,...,n be n positive increasing function on [0,∞). Then
the following inequality holds for all t > 0, α > max {0,−β − µ} , µ > −1,
β < 1, β − 1 < η < 0

Iα,β,η,µh

[
n∏
i=1

fi(t)

]
≥
[

Γ(1− β)Γ(α+ µ+ η + 1)

Γ(1 + µ)Γ(1− β + η)
h (t)

(β+µ)

]n−1 n∏
i=1

Iα,β,η,µh [fi(t)] .

(3.13)

Proof. Our proof is by induction. Clearly, for n = 1 we have

Iα,β,η,µh [f1(t)] ≥ Iα,β,η,µh [f1(t)] . (3.14)

For n = 2, applying (3.4), we obtain:

Iα,β,η,µh [f1(t)f2(t)] ≥ Γ(1−β)Γ(α+µ+η+1)
Γ(1+µ)Γ(1−β+η) h (t)

(β+µ)

×Iα,β,η,µh [f1(t)] Iα,β,η,µh [f2(t)] .
(3.15)

Now, suppose that

Iα,β,η,µh

[
n−1∏
i=1

fi(t)

]
≥
[

Γ(1−β)Γ(α+µ+η+1)
Γ(1+µ)Γ(1−β+η) h (t)

(β+µ)
]n−2 n−1∏

i=1

Iα,β,η,µh [fi(t)] .

(3.16)

Since (fi)i=1,...,n are positive increasing functions, then
n−1∏
n=1

fi(t) is an increasing

function. Hence we can apply Theorem 3.2 to the functions
n−1∏
n=1

fi(t) = g and

fn = f. We obtain:

Iα,β,η,µh

[
n∏
i=1

fi(t)

]
≥ Γ(1−β)Γ(α+µ+η+1)

Γ(1+µ)Γ(1−β+η) h (t)
(β+µ)

Iα,β,η,µh

[
n−1∏
i=1

fi(t)

]
Iα,β,η,µh [fn(t)] .

(3.17)
Taking into account the hypothesis (3.16), we obtain:

Iα,β,η,µh

[
n∏
i=1

fi(t)

]
≥
[

Γ(1−β)Γ(α+µ+η+1)
Γ(1+µ)Γ(1−β+η) h (t)

(β+µ)
]n−1 n−1∏

i=1

Iα,β,η,µh [fi(t)] I
α,β,η,µ
h [fn(t)] ,

and this ends the proof. �
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Theorem 3.5. Let f and g be two synchronous functions on [0,∞) such that f is

increasing and g is differentiable and there exists a P (t) polynomial inf
t≥0

(
g′(t)
P ′(t)

)
≥

1. Then the following inequality holds for all t > 0, α > 0, µ > −1, β < 1, β − 1 <
η < 0,

Iα,β,η,µh [f(t)g(t)] ≥ Γ(1− β)Γ(α+ µ+ η + 1)

Γ(1 + µ)Γ(1− β + η)
h (t)

(β+µ)
Iα,β,η,µh [f(t)]

×Iα,β,η,µh [g(t)]

−Γ(1− β)Γ(α+ µ+ η + 1)

Γ(1 + µ)Γ(1− β + η)
h (t)

(β+µ)
Iα,β,η,µh [f(t)]

×Iα,β,η,µh [P (t)] + Iα,β,η,µh [f(t)P (t)] .

(3.18)

Proof. Let us consider the function h(t) := g(t) − P (t). It is clear that h is dif-
ferentiable and it is increasing on [0,∞). Then using the Theorem 3.2, we find
that

Iα,β,η,µh [f(t)(g(t)− P (t))] ≥ Γ(1− β)Γ(α+ µ+ η + 1)

Γ(1 + µ)Γ(1− β + η)
h (t)

(β+µ)
Iα,β,η,µh [f(t)]

×Iα,β,η,µh [g(t)− P (t)]

≥ Γ(1− β)Γ(α+ µ+ η + 1)

Γ(1 + µ)Γ(1− β + η)
h (t)

(β+µ)
Iα,β,η,µh [f(t)] Iα,β,η,µh [g(t)]

−Γ(1− β)Γ(α+ µ+ η + 1)

Γ(1 + µ)Γ(1− β + η)
h (t)

(β+µ)
Iα,β,η,µh [f(t)] Iα,β,η,µh [P (t)] .

(3.19)
If we use, (3.1) (for λ = 2) we have (3.18). �

Theorem 3.6. Let f and g be two synchronous functions on [0,∞) such that f

is increasing, g is differentiable, and there exists a p(t) polynomial sup
t≥0

(
g′(t)
p′(t)

)
≥

1. Then the following inequality holds for all t > 0, α > 0, µ > −1, β < 1, β−1 <
η < 0,

Iα,β,η,µh [f(t)g(t)] ≥ Γ(1− β)Γ(α+ µ+ η + 1)

Γ(1 + µ)Γ(1− β + η)
h (t)

(β+µ)
Iα,β,η,µh [f(t)]

×Iα,β,η,µh [g(t)]

−Γ(1− β)Γ(α+ µ+ η + 1)

Γ(1 + µ)Γ(1− β + η)
h (t)

(β+µ)
Iα,β,η,µh [f(t)] Iα,β,η,µh [p(t)]

+Iα,β,η,µh [f(t)p(t)] .
(3.20)

Proof. By applying the similar procedure as of Theorem 3.5, you can easily establish
the theorem above. Hence, we omitted the details of the theorem above. Therefore,
we omitted the details of the proof of this theorem. �

Let µ = 0 in Theorem 3.5 then the following result holds.

Corollary 3.7. Let f and g be two synchronous functions on [0,∞) such that f

increasing g is differentiable, and there exists a P (t) polynomial inft≥0

(
g′(t)
P ′(t)

)
≥ 1;
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then

Iα,β,η0,h {f(t)g(t)} = Iα,β,η,0h {f(t)g(t)}
≥ Γ(1−β)Γ(α+η+1)

Γ(1−β+η) h (t)
β
Iα,β,η0,h {f(t)} Iα,β,η0,h {g(t)}

−Γ(1−β)Γ(α+η+1)
Γ(1−β+η) h (t)

β
Iα,β,η0,h {f(t)} Iα,β,η0,h {P (t)}

+Iα,β,η0,h [f(t)P (t)] ,

(3.21)

for all t > 0, α > 0, β < 1, β − 1 < η < 0.

Let µ = 0 in Theorem 3.6 then the following result holds.

Corollary 3.8. Let f and g be two synchronous functions on [0,∞) such that f

increasing, g is differentiable, and there exists a p(t) polynomial sup
t≥0

(
g′(t)
p′(t)

)
≥ 1

Iα,β,η0,h {f(t)g(t)} = Iα,β,η,0h {f(t)g(t)}
≥ Γ(1−β)Γ(α+η+1)

Γ(1−β+η) h (t)
β
Iα,β,η0,h {f(t)} Iα,β,η0,h {g(t)}

−Γ(1−β)Γ(α+η+1)
Γ(1−β+η) h (t)

β
Iα,β,η0,h {f(t)} Iα,β,η0,h {p(t)}

+Iα,β,η0,h [f(t)p(t)] ,

(3.22)

for all t > 0, α > 0, β < 1, β − 1 < η < 0.

Let µ, β = 0 in Theorem 3.5 then the following result holds.

Corollary 3.9. Let f and g be two synchronous functions on [0,∞) such that f

increasing g is differentiable, and there exists a P (t) polynomial inf
t≥0

(
g′(t)
P ′(t)

)
≥ 1.

Then the following inequality holds for all t > 0, α > 0, −1 < η < 0,

Iα,ηh [f(t)g(t)] = Iα,0,η,0h [f(t)g(t)]

≥ Γ(α+ η + 1)

Γ(1 + η)
Iα,η0,h [f(t)] Iα,η0,h [g(t)]

−Γ(α+ η + 1)

Γ(1 + η)
Iα,η0,h [f(t)] Iα,η0,h [P (t)] + Iα,η0,h [f(t)P (t)] .

(3.23)

Let µ, β = 0 in Theorem 3.6 then the following result holds.

Corollary 3.10. Let f and g be two synchronous functions on [0,∞) such that f

increasing, g is differentiable, and there exists a p(t) polynomial sup
t≥0

(
g′(t)
p′(t)

)
≥ 1;

Then the following inequality holds for all t > 0, α > 0, −1 < η < 0,

Iα,ηh [f(t)g(t)] = Iα,0,η,0h [f(t)g(t)]

≥ Γ(α+ η + 1)

Γ(1 + η)
Iα,η0,h [f(t)] Iα,η0,h [g(t)]

−Γ(α+ η + 1)

Γ(1 + η)
Iα,η0,h [f(t)] Iα,η0,h [p(t)] + Iα,η0,h [f(t)p(t)] .

(3.24)

As a result, if we take µ = 0 and β = −α (ν = 0 and δ = −γ additionally for
Theorem 3.3), then Theorem 3.2 to Theorems 3.6, yields the known results due to
Belarbi and Dahmani [4].

Corollary 3.11. If we take h(x) = x in Definition 2.7, we obtain the results in [3].
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Corollary 3.12. If we take h(x) = xk+1

k+1 in Definition 2.7, we obtain the result in

[18].
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