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COUPLED COINCIDENCE POINT THEOREMS FOR

GENERALIZED NONLINEAR CONTRACTION IN ORDERED

CONE METRIC SPACES RELATED WITH NASH EQUILIBRIUM

OF TWO PERSONS GAME

PLERN SAIPARA1, POOM KUMAM1,2,∗

Abstract. In the present paper, we prove the existence of a coupled coin-
cidence point for Hardy-Rogers’s contraction mappings of partially ordered
cone metric spaces and application to game theory. Our results improves and
extends various results in the literature and we give two examples for Nash
equilibrium.

1. Introduction

The several real world problem can be modeled as a mathematical equation. The
existence of a problems solution has been checked in various branches of mathe-
matics, for example, differential equations, integral equations, functional analysis,
partial differential equations, random differential equations, etc. and one has sug-
gested solutions for such problems via fixed point theory. However, the area for
application of fixed point theory is not only limited to mathematics, and also arise
in another quantitative sciences, for example, physics, chemistry, biology, com-
puter science, economics etc., especially, the branch of economic which use fixed
point theory techniques approaches to solve some problems in game theory, such
as, non-cooperative game etc..

In 2006, the mixed monotone mapping concept was suggested by Bhaskar and
Lakshmikantham [1] which they showed a coupled fixed point theorems for this
mapping. In 2009, the theorems of coupled coincidence point for the mixed g-
monotone mappings were established by Lakshmikantham and Ciric [2]. Later,
based on two prevoius papers in [1, 2] many authors generalized and extended these
fixed point theorems (see [3, 4, 5]). In 2007, Huang and Zhang [6] suggested the
definition of cone metric spaces which they verified the convergence for a sequence
belong to these spaces in order to introduce the concept of completeness and showed
fixed point theorems for some type of contractive in these spaces. After that many
authors [7, 8, 9, 10, 11, 12, 13, 14, 15, 16] generalized their fixed point theorems
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to various contraction mappings in these spaces. In addition, in 2010, Shatanawi
[17], proved some fixed point and coupled coincidence point theorems on partially
ordered cone metric spaces. Also, Altun et al. [18] proved some fixed point and
common fixed point theorems for self-maps on ordered cone metric spaces in the
case of the cone is not necessarily normal. Recently, Alireza and Ghods [19] showed
coupled coincidence point theorems for mappings, where these mappings have the
mixed monotone property, and obtain uniqueness for this coincidence point and
showed to useful examples to Nash equilibrium for two player games.

On the other hand, Banach’s contraction principle [20] is very important to
show the existence of solutions of some nonlinear equations, differential and integral
equations, and other nonlinear problems.

Theorem 1.1. If (X, d) is a complete metric space and T be a self-mapping from
X into X such that, for some α ∈ [0, 1),

d(Tx, T y) ≤ αd(x, y)

for any x, y ∈ X, then T has a unique fixed point in X.

Many researcher studied and generalized Banach’s contraction principle for ob-
tain the results of fixed points. In 1973, Hardy and Rogers [21] introduced gener-
alized Banach’s contraction mappings as follow. Let T : X → X be amapping such
that for some α, β, γ, δ, η ≥ 0 with α+ β + γ + δ + η < 1,

d(Tx, T y) ≤ αd(x, y) + βd(x, Tx) + γd(y, T y) + δd(x, T y) + ηd(y, Tx) (1.1)

for each x, y ∈ X .

Motivated and inspired by Theorem 2.1 in [19] and (1.1), we will prove the exis-
tence of a coupled coincidence point for Hardy-Rogers’s contraction in the context
of ordered cone metric spaces with application to game theory. We have also de-
vide our paper into 4 sections as follows. First section shows about introduction,
second section shows about the definitions which contains in preliminaries, third
section shows about coupled coincidence point results and the last section shows
some application of game theory.

2. Preliminaries

In this section, we present about the definitions that use in this paper as follows.

First, we give the definitions of a cone with some property, a cone metric space
and the convergence of the sequence in this space, see in [6] as follow. Let P be a
subset of a real Banach space B. We denote the zero element of E by θ and the
interior of P by IntP . The set P is said to be a cone if and only if P is non-empty,
closed and P 6= {θ}; if α, β ∈ R, α, β ≥ 0, x, y ∈ P , then αx + βy ∈ P ; and if
x,−x ∈ P , then x = θ. A cone P is said to be solid if it contains its interior
points(i.e., IntP 6= ∅). Define partial ordering � with respect to a cone P subset
of a Banach space B by x � y if and only if y − x ∈ P . We will determine x ≺ y

to show that x � y and x 6= y, whilst x ≪ y will stand for y − x belong to IntP

which denoted by IntP . This cone said to be an order cone. It can be easily shown
that λIntP ⊆ IntP for all λ ∈ R. The order cone P is said to be normal if there
exists K > 0 such that for any x, y ∈ B, θ � x � y, means ‖x‖ ≤ K‖y‖, where K

is said to be the normal constant of P . The symbol (X, d) is called a cone metric
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space, where X be a non-empty set and the mapping d from X×X into E is called
a cone metric on X , if

(d-1). θ ≺ d(x, y) and d(x, y) = θ if and only if x = y for any x, y ∈ X ;
(d-2). d(x, y) = d(y, x) for any x, y ∈ X ;
(d-3). d(x, y) � d(x, z) + d(y, z) for any x, y, z ∈ X .

Let {xn} be a sequence such that {xn} ∈ X and x ∈ X . If for any c ∈ E

with θ ≪ c there is an N such that for any n > N , d(xn, x) ≪ c, then {xn} is
called convergent to x and x is the limit of {xn}, which usually determined by
limn→∞ xn = x or xn → x as n → ∞. If for any c ∈ E with θ ≪ c there is an
N such that for each n,m > N, d(xn;xm) ≪ c, then {xn} is said to be a cauchy
sequence in X . If for all cauchy sequence is convergent, then (X, d) is a complete
cone metric space. Let (X, d) be a cone metric space, P be a normal cone and {xn}
be a sequence in X . Then

1. a sequence {xn} is convergent to x if and only if limn→∞ d(xn, x) = θ;
2. a sequence {xn} is a cauchy sequence if and only if limn,m→∞ d(xn, xm) = θ.

Now, we give the definitions of a coupled fixed point was suggested by Bhaskar
and Lakshmikantham [1] as follow. Let (X,⊑) be a partially ordered set and F be
a mapping from X ×X into X . If F (x, y) is monotone nondecreasing in x, that is,
for all y ∈ X ,

if x1, x2 ∈ X, x1 ⊑ x2, then F (x1, y) ⊑ F (x2, y);

and it is monotone non-increasing in y, i.e., for all x ∈ X ,

if y1, y2 ∈ X, y1 ⊑ y2, then F (x, y1) ⊒ F (x, y1);

then F has the mixed monotone property. For x, y ∈ X , an symbol (x, y) is called
a coupled fixed point for F if

F (x, y) = x, F (y, x) = y.

Next, we give the definitions of a coupled coincidence point was suggested by
Lakshmikantham and Ciric [2] as follow. Let (X,⊑) be a partially ordered set, F
be a mapping from X × X into X and g be a mapping from X into X . If F is
monotone-g-non-decreasing in its first argument, i.e., for all y ∈ X ,

if x1, x2 ∈ X, g(x1) ⊑ g(x2), then F (x1, y) ⊑ F (x2, y);

and is monotone-g-non-increasing in its second argument, i.e., for each x ∈ X ,

y1, y2 ∈ X, g(y1) ⊑ g(y2), then F (x, y1) ⊒ F (x, y1);

then F has the mixed g-monotone property. An element (x, y) ∈ X ×X is said to
be a coupled coincidence point of F and g if

F (x, y) = g(x), F (y, x) = g(y).

We say that F and g are commutative if g(F (x, y)) = F (g(x), g(y)), for any x, y ∈
X .

Finally, we can mention the definition of n-person game and the equilibrium
points in n-person game were introduced by Nash [22], see in [23] and [24] as
follows: The normal form of an n− person game is (Xi, ri)

n
i=1, where, for each i ∈

{1, 2, ..., n}, Xi is a non-empty set (the set of individual strategies of player i) and
ri is the preference relation on X :=

∏
i∈I Xi of player i. The individual preferences

ri are often represented by utility functions, that is, for any i ∈ {1, 2, ..., n} there
exists a real valued function ui : X :=

∏
i∈I Xi → R (usually called the utility

function of i), such that xriy ⇔ ui(x) ≥ ui(y), ∀x, y ∈ X . Then the normal form
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of n− person game is (Xi, ui)
n
i=1. The Nash equilibrium for the game (Xi, ui)

n
i=1 is

a point x∗ ∈ X which satisfies for any i ∈ {1, 2, ..., n} : ui(x
∗) ≥ ui(x

∗, xi) for each
xi ∈ Xi and Nash equilibrium exist in finite games.

3. The main results

In this section, we present about the result of coupled coincidence point in or-
dered cone metric spaces which we proposed the theorem as follows.

Theorem 3.1. Let (X,⊑) be a partially ordered set and d be a cone metric on X

such that a cone metric space (X, d) is complete. Let P be a subset of a real Banach
space B and ϕ be a self mapping on P such that ϕ(t) � t and limr→t+ ϕ(r) ≪ t for
any t ∈ P . Suppose F is a mapping from X ×X into X and g is a mapping from
X into X such that F (X ×X) ⊆ g(X) and F has the mixed g-monotone property
on X with respect to ⊑. Suppose four assumption the following hold:

(1) g is continuous and commutes with F ,
(2) there exists αi ≥ 0 with αi <

1
8 for i = 1, 2, 3, 4, 5 such that

d(F (x, y), F (u, v)) � ϕ(α1d(g(x), g(u)) + α2d(g(x), F (x, y)) (3.1)

+α3d(g(u), F (u, v)) + α4d(g(x), F (u, v))

+α5d(g(u), F (x, y)))

for any x, y, u, v ∈ X and g(x) ⊑ g(u), g(y) ⊒ g(v),
(3) there exists x0, y0 ∈ X such that g(x0) ⊑ F (x0, y0) and g(y0) ⊒ F (y0, x0),
(4) F is continuous.

Then, F and g have a coupled coincidence point in X, i.e., there exist x̃∗, ỹ∗ ∈ X

such that g(x̃∗) = F (x̃∗, ỹ∗) and g(ỹ∗ = F (ỹ∗, x̃∗)).

Proof. Since F (X ×X) ⊆ g(X) and x0, y0 ∈ X , then there exists x1, y1 ∈ X such
that F (x0, y0) = g(x1) and F (y0, x0) = g(y1). Again there exists x2, y2 ∈ X such
that F (x1, y1) = g(x2) and F (y1, x1) = g(y2). Consequential this system we can
build two sequences {xn} and {yn} belong to X such that

F (xn, yn) = g(xn+1) and F (yn, xn) = g(yn+1). (3.2)

Next, we show that

g(xn) ⊑ g(xn+1) for any n ≥ 0 (3.3)

and

g(yn) ⊒ g(yn+1) for any n ≥ 0. (3.4)

Let n = 0, because of g(x0) ⊑ F (x0, y0) and g(y0) ⊑ F (y0, x0), and while F (x0, y0) =
g(x1) and F (y0, x0) = g(y1), we get g(x0) ⊑ g(x1) and g(y0) ⊒ g(y1). So (3.3) and
(3.4) hold for n = 0.

For n ≥ 0, now we suppose that (3.3) and (3.4) hold. Since g(xn) ⊑ g(xn+1) and
g(yn) ⊒ g(yn+1), and while F has the mixed g-monotone property, by (3.2), we get

g(xn+1) = F (xn, yn) ⊑ F (xn+1, yn) and (3.5)

g(yn+1) = F (yn, xn) ⊒ F (yn+1, xn).
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And also

g(xn+2) = F (xn+1, yn+1) ⊒ F (xn+1, yn) and (3.6)

g(yn+2) = F (yn+1, xn+1) ⊑ F (yn+1, xn).

Next, by (3.5) and (3.6), we have

g(xn+1) ⊑ g(xn+2) and g(yn+1) ⊒ g(yn+2).

By using mathematical induction, for all n ≥ 0, we summarize that (3.3) and (3.4)
hold. Hence, we get

g(x0) ⊑ g(x1) ⊑ g(x2) ⊑ ...g(xn+1) ⊑ ... (3.7)

and

g(y0) ⊒ g(y1) ⊒ g(y2) ⊒ ...g(yn+1) ⊒ .... (3.8)

Since g(xn−1) ⊑ g(xn) and g(yn−1) ⊒ g(yn), by condition (2) in Theorem 3.1
and (3.2) and the triangle inequality, we obtain

d(g(xn), g(xn+1)) = d(F (xn−1, yn−1), F (xn, yn))

� ϕ(α1d(g(xn−1), g(xn)) + α2d(g(xn−1), F (xn−1, yn−1))

+α3d(g(xn), F (xn, yn)) + α4d(g(xn−1), F (xn, yn))

+α5d(g(xn), F (xn−1, yn−1)))

= ϕ(α1d(g(xn−1), g(xn)) + α2d(g(xn−1), g(xn))

+α3d(g(xn), g(xn+1)) + α4d(g(xn−1), g(xn+1))

+α5d(g(xn), g(xn)))

≤ α1d(g(xn−1), g(xn)) + α2d(g(xn−1), g(xn))

+α3d(g(xn), g(xn+1)) + α4d(g(xn−1), g(xn+1))

� α1d(g(xn−1), g(xn)) + α2d(g(xn−1), g(xn))

+α3d(g(xn), g(xn+1)) + α4d(g(xn−1), g(xn))

+α4d(g(xn), g(xn+1)).

Thus, we get

(1 − (α3 + α4))d(g(xn), g(xn+1)) � (α1 + α2 + α4)d(g(xn−1), g(xn))

that is,

d(g(xn), g(xn+1)) �
α1 + α2 + α4

1− (α3 + α4)
d(g(xn−1), g(xn)). (3.9)

By using (3.9), we get

d(g(xn), g(xn+1)) � knd(g(x0), g(x1)),

where k = α1+α2+α4

1−(α3+α4)
< 1

2 < 1. By using (3.2), we obtain

d(g(xn), g(xn+1)) � knd(g(x0), F (x0, y0)). (3.10)

Similarly,
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d(g(yn), g(yn+1)) = d(F (yn, xn), F (yn−1, xn−1))

� ϕ(α1d(g(yn−1), g(yn)) + α2d(g(yn−1), F (yn−1, xn−1))

+α3d(g(yn), F (yn, xn)) + α4d(g(yn−1), F (yn, xn))

+α5d(g(yn), F (yn−1, xn−1)))

= ϕ(α1d(g(yn−1), g(yn)) + α2d(g(yn−1), g(yn))

+α3d(g(yn), g(yn+1)) + α4d(g(yn−1), g(yn+1))

+α5d(g(yn), g(yn)))

≤ α1d(g(yn−1), g(yn)) + α2d(g(yn−1), g(yn))

+α3d(g(yn), g(yn+1)) + α4d(g(yn−1), g(yn))

+α4d(g(yn), g(yn+1)).

Thus, we get

(1− (α3 + α4))d(g(yn), g(yn+1)) � (α1 + α2 + α4)d(g(yn−1), g(yn))

that is,

d(g(yn), g(yn+1)) �
α1 + α2 + α4

1− (α3 + α4)
d(g(yn−1), g(yn)). (3.11)

By using (3.9), we get

d(g(yn), g(yn+1)) � knd(g(y0), g(y1)),

where k = α1+α2+α4

1−(α3+α4)
< 1

2 < 1. That is,

d(g(yn), g(yn+1)) � knd(g(y0), F (y0, x0)). (3.12)

Let m > n; by (3.10), it follow that

d(g(xm), g(xn)) � d(g(xm), g(xm−1)) + d(g(xm−1), g(xm−2)) + ...+ d(g(xn+1), g(xn))

� (km−1 + km−1 + ...+ kn)d(g(x0), F (x0, y0))

=
kn − km

1− k
d(g(x0), F (x0, y0))

�
kn

1− k
d(g(x0), F (x0, y0)).

Hence, we have

d(g(xm), g(xn)) �
kn

1− k
d(g(x0), F (x0, y0)). (3.13)

Now, we prove that {g(xn)}n≥1 is a cauchy sequence in (X, d). Suppose that θ ≪ c

be arbitrary. Because of c ∈ IntP , there is a neiborhood of θ:

Nδ(θ) = {y ∈ E : ‖y‖ < δ}, δ > 0,

such that c+Nδ(θ) ⊆ IntP . Select a natural number N1 such that

‖ −
kN1

1− k
d(g(x0), F (x0, y0))‖ < δ.

Then− kn

1−k
d(g(x0), F (x0, y0)) ∈ Nδ(θ) for all n ≥ N1. Therefore c−

kn

1−k
d(g(x0), F (x0, y0)) ∈

c+Nδ(θ) ⊆ IntP . So, we get

kn

1− k
d(g(x0), F (x0, y0)) ≪ c, for all n ≥ N1. (3.14)
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Hence, by (3.13) and (3.14), we get

d(g(xm), g(xn)) ≪ c, for all n ≥ N1.

Therefore, we can summarize that {g(xn)}n≥1 is a cauchy sequence in (X, d). Alike,
we can check that {g(yn)}n≥1 is also a cauchy sequence in (X, d). Because of (X, d)
is a complete cone metric space, there exist x̃∗, ỹ∗ ∈ X such that g(xn) → x̃∗ as
n → ∞ and g(ym) → ỹ∗ as n → ∞. Now, since g is a continuity,

lim
n→∞

g(g(xn)) = g( lim
n→∞

(g(xn)) = g(x̃∗), (3.15)

lim
n→∞

g(g(yn)) = g( lim
n→∞

(g(yn)) = g(ỹ∗).

By (3.2) and since F, g are a continuity,

g(g(xn+1)) = g(F (xn, yn)) = F (g(xn), g(yn)), (3.16)

g(g(yn+1)) = g(F (yn, xn)) = F (g(yn), g(xn)). (3.17)

By (3.15), (3.16) and (3.17), since F, g are the continuity and F, g are the commu-
tativity, we get

g(x̃∗) = lim
n→∞

g(g(xn+1))

= lim
n→∞

F (g(xn), g(yn)))

= F ( lim
n→∞

g(xn), g(yn)))

= F (x̃∗, ỹ∗),

and also,

g(ỹ∗) = lim
n→∞

g(g(yn+1))

= lim
n→∞

F (g(yn), g(xn)))

= F ( lim
n→∞

g(yn), g(xn)))

= F (ỹ∗, x̃∗),

Hence, we proved that g(x̃∗) = F (x̃∗, ỹ∗) and g(ỹ∗) = F (ỹ∗, x̃∗). �

If we use the conditions (4) and (5) replaced of the condition (4) in Theorem
3.1, we get the following result.

Theorem 3.2. Let (X,⊑) be a partially ordered set and d be a cone metric on X

such that a cone metric space (X, d) is complete. Let P be a subset of a real Banach
space B and ϕ be a self mapping on P such that ϕ(t) � t and limr→t+ ϕ(r) ≪ t for
any t ∈ P . Suppose F is a mapping from X ×X into X and g is a function from
X into X such that F (X ×X) ⊆ g(X) and F has the mixed g-monotone property
on X with respect to ⊑. Suppose the following five conditions hold:

(1) g is continuous and commutes with F ,
(2) there exists αi ≥ 0 with αi <

1
8 for i = 1, 2, 3, 4, 5 and α3 = α4 such that

d(F (x, y), F (u, v)) � ϕ(α1d(g(x), g(u)) + α2d(g(x), F (x, y)) (3.18)

+α3d(g(u), F (u, v)) + α4d(g(x), F (u, v))

+α1d(g(u), F (x, y)))
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for any x, y, u, v ∈ X and g(x) ⊑ g(u), g(y) ⊒ g(v),
(3) there exist x0, y0 ∈ X such that g(x0) ⊑ F (x0, y0) and g(y0) ⊒ F (y0, x0),
(4) xn ⊑ x for all n, if a non-decreasing sequence {xn} → x,
(5) yn ⊒ y for all n, if a non-increasing sequence {yn} → y.

Then, F and g have a coupled coincidence point in X, that is, there exist x̃∗, ỹ∗ ∈ X

such that g(x̃∗) = F (x̃∗, ỹ∗) and g(ỹ∗ = F (ỹ∗, x̃∗)).

Proof. We only have to show that g(x̃∗) = F (x̃∗, ỹ∗) and g(ỹ∗ = F (ỹ∗, x̃∗)) by
following the proof of Theorem 3.1. Let θ ≪ c. Since {g(xn)}n≥1 → x̃∗ and
{g(yn)}n≥1 → ỹ∗, there exist n1 ∈ N, n2 ∈ N such that for any n ≥ n1 and m ≥ n2,
we get

d(g(xn), x̃
∗) ≪

c

3
, d(g(ym), ỹ∗) ≪

c

3
.

By using g(xn) ⊑ x̃∗ and taking n ∈ N such that n ≥ max{n1, n2}, we have

d(F (x̃∗, ỹ∗), g(x̃∗)) � d(F (x̃∗, ỹ∗), g(g(xn+1))) + d(g(g(xn+1)), g(x̃
∗))

= d(F (x̃∗, ỹ∗), F (g(g(xn)), g(g(yn))) + d(g(g(xn+1)), g(x̃
∗))

� ϕ(α1d(g(g(xn)), g(x̃
∗)) + α2d(g(x̃

∗), F (x̃∗, ỹ∗))

+α3d(g(xn), F (g(xn), g(yn))) + α4d(g(x̃
∗), F (g(xn), g(yn)))

+α5d(g(xn), F (x̃∗, ỹ∗))) + d(g(g(xn+1)), g(x̃
∗))

≤ α1d(g(g(xn)), g(x̃
∗)) + α2d(g(x̃

∗), F (x̃∗, ỹ∗))

+α3d(g(xn), F (g(xn), g(yn))) + α4d(g(x̃
∗), F (g(xn), g(yn)))

+α5d(g(xn), F (x̃∗, ỹ∗)) + d(g(g(xn+1)), g(x̃
∗)).

Since α3 = α4, taking n → ∞, we get

d(F (x̃∗, ỹ∗), g(x̃∗)) � (α2 + α5)d(g(x̃
∗), F (x̃∗, ỹ∗)).

By using condition (2), we obtain

d(F (x̃∗, ỹ∗), g(x̃∗)) �
1

4
d(F (x̃∗, ỹ∗), g(x̃∗)).

Hence, we have

3

4
d(F (x̃∗, ỹ∗), g(x̃∗)) � θ.

Therefore −d(F (x̃∗, ỹ∗), g(x̃∗)) ∈ P and so, as d(F (x̃∗, ỹ∗), g(x̃∗)) ∈ P , we also have

d(F (x̃∗, ỹ∗), g(x̃∗)) = θ.

Hence, F (x̃∗, ỹ∗) = g(x̃∗). Likewise, we can prove that F (ỹ∗, x̃∗) = g(ỹ∗). This
completes the proof. �

Next, we shall show the existence and uniqueness for a coupled common fixed
point.

Theorem 3.3. Furthermore to the assumption of Theorems 3.1, 3.2, suppose
that for any (x, y), (u, v) ∈ X × X there exists a (z1, z2) ∈ X × X such that
(F (z1, z2), F (z2, z1)) is comparable to (F (x, y), F (y, x)) and (F (u, v), F (v, u)). Then
F and g have a unique coupled common fixed point, that is, there exists a unique
(x̃∗, ỹ∗) ∈ X ×X, such that

x̃∗ = g(x̃∗) = F (x̃∗, ỹ∗), ỹ∗ = g(ỹ∗) = F (ỹ∗, x̃∗).
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Proof. By Theorems 3.1 and 3.2 the set of is non-empty. We will prove that if
(x̃∗, ỹ∗) and (x, y) are coupled coincidence points, then g(x) = g(x̃∗) and g(y) =
g(ỹ∗). By condition there exist (z1, z2) ∈ X ×X such that (F (z1, z2), F (z2, z1)) is
comparable to (F (x̃∗, ỹ∗), F (ỹ∗, x̃∗)) and (F (x, y), F (y, x)). Put u0 = z1, v0 = z2,
then such as in the proof of Theorem 3.1, we can define the sequences {g(un)} and
{g(vn)} such that

g(un+1) = F (un, vn), g(vn+1) = F (vn, un).

Onward, set x0 = x̃∗, y0 = ỹ∗, x0 = x, y0 = y and on the same way as define
the sequence {g(x̃n

∗
)}, {g(ỹn

∗
)} and {g(xn)}, {g(yn)}. Then it is obvious to prove

that

g(x̃n
∗
) = F (x̃∗, ỹ∗), g(ỹn

∗
) = F (ỹ∗, x̃∗),

g(xn) = F (x, y), g(yn) = F (y, x) for any n ∈ N.

Because of (F (x̃∗, ỹ∗), F (ỹ∗, x̃∗)) = (g(x̃1
∗
), g(ỹ1

∗) = (g(x̃∗), g(ỹ∗) and (F (z1, z2), F (z2, z1)) =
(g(u1), g(v1)) are comparable, that is g(x̃∗) ⊑ g(u1) and g(ỹ∗ ⊒ g(v1). Obviously, to
prove that (g(x̃∗), g(ỹ∗)) and (g(un), g(vn)) are comparable, that is g(x̃∗) ⊑ g(un)
and g(ỹ∗) ⊒ g(vn) for any n ≥ 1. Therefore, for each n ≥ 1, we get

d(g(x̃∗), g(un+1)) = d(F (x̃∗, ỹ∗), F (un, vn)

� ϕ(α1d(g(x̃
∗), g(un)) + α2d(g(x̃

∗), F (x̃∗, ỹ∗))

+α3d(g(un), F (un, vn)) + α4d(g(x̃
∗), F (un, vn))

+α5d(g(un), F (x̃∗, ỹ∗)))

≤ α1d(g(x̃
∗), g(un)) + α2d(g(x̃

∗), F (x̃∗, ỹ∗))

+α3d(g(un), F (un, vn)) + α4d(g(x̃
∗), F (un, vn))

+α5d(g(un), F (x̃∗, ỹ∗)).

Since α3 = α4 and α = max{α1, α2, α5}, thus

lim
n→∞

d(g(x̃∗), g(un+1)) ≤ (α1 + α2 + α5) lim
n→∞

d(g(x̃∗), g(un))

≤ 3α lim
n→∞

d(g(x̃∗), g(un))

≤ α lim
n→∞

d(g(x̃∗), g(un)).

Next this process, we have

lim
n→∞

d(g(x̃∗), g(un+1)) ≤ αn lim
n→∞

d(g(x̃∗), g(un)) = 0.

So,

lim
n→∞

d(g(x̃∗), g(un+1)) = 0. (3.19)

Likewise,

lim
n→∞

d(g(ỹ∗), g(vn+1)) = 0. (3.20)

Also, we can show that

lim
n→∞

d(g(x), g(un+1)) = 0 (3.21)
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and

lim
n→∞

d(g(y), g(vn+1)) = 0. (3.22)

By (3.19), (3.20), (3.21), (3.22) and the triangle inequality, we have

lim
n→∞

d(g(x̃∗), g(x)) � lim
n→∞

d(g(x̃∗), g(un+1)) + lim
n→∞

d(g(x), g(un+1)) = 0

implies that,

g(x) = g(x̃∗). (3.23)

Also, we have

lim
n→∞

d(g(ỹ∗), g(y)) � lim
n→∞

d(g(ỹ∗), g(vn+1)) + lim
n→∞

d(g(y), g(vn+1)) = 0.

implies that,

g(y) = g(ỹ∗). (3.24)

By the commutativity of F and g and we know that g(x̃∗) = F (x̃∗, ỹ∗) and g(ỹ∗) =
F (ỹ∗, x̃∗), so we get

g(g(x̃∗)) = g(F (x̃∗, ỹ∗)) = F (g(x̃∗), g(ỹ∗)) (3.25)

and also,

g(g(ỹ∗)) = g(F (ỹ∗, x̃∗)) = F (g(ỹ∗), g(x̃∗)). (3.26)

By (3.25) and (3.26) and denote that g(x̃∗) = X̃∗, g(ỹ∗) = Ỹ ∗, we get

g(g(X̃∗)) = F (g(X̃∗), g(Ỹ ∗)), (3.27)

and also,

g(g(Ỹ ∗)) = F (g(Ỹ ∗), g(X̃∗)). (3.28)

Thus, (X̃∗, Ỹ ∗) is a coupled coincidence point. By (3.23) and (3.25) with x = X̃∗

and y = Ỹ ∗ it implies that g(X̃∗) = g(x̃∗) and g(Ỹ ∗) = g(ỹ∗), that is

X̃∗ = g(g(X̃∗)), (3.29)

and also

Ỹ ∗ = g(g(Ỹ ∗)). (3.30)

By (3.27), (3.28), (3.29) and (3.30), we get The rest of this prove, we want to show

the uniqueness, by assume that X̃∗
1 = Ỹ ∗

1 is another coupled fixed point. From
(3.22) and (3.25), we get

X̃∗
1 = g(X̃∗

1 ) = g(X̃∗) = X̃∗, (3.31)

and also,

Ỹ ∗
1 = g(Ỹ ∗

1 ) = g(Ỹ ∗) = Ỹ ∗. (3.32)

By (3.29), (3.30), (3.31) and (3.32), we can conclude that F , and g have a unique
coupled common fixed point. This completes the proof.

�

From Theorem 3.1, if α1 = α2 = α3 = α4 = α5 = α, then we obtain the following
corollary:
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Corollary 3.4. (Theorem 2.1 in [19]) Let (X,⊑) be a partially ordered set and d

be a cone metric on X such that a cone metric space (X, d) is complete. Let P be
a subset of a real Banach space B and ϕ be a self mapping on P such that ϕ(t) � t

and limr→t+ ϕ(r) ≪ t for any t ∈ P . Suppose F is a mapping from X × X into
X and g is a function from X into X such that F (X × X) ⊆ g(X) and F has
the mixed g-monotone property on X with respect to ⊑. Suppose the following five
conditions hold:

(1) g is continuous and commutes with F ,
(2) there exists α ≥ 0 with α < 1

8 such that

d(F (x, y), F (u, v)) � ϕ(α[d(g(x), g(u)) + d(g(x), F (x, y)) (3.33)

+d(g(u), F (u, v)) + d(g(x), F (u, v)) + d(g(u), F (x, y))])

for any x, y, u, v ∈ X and g(x) ⊑ g(u), g(y) ⊒ g(v),
(3) there exist x0, y0 ∈ X such that g(x0) ⊑ F (x0, y0) and g(y0) ⊒ F (y0, x0),
(4) F is continuous.

Then, F and g have a coupled coincidence point in X, that is, there exist x̃∗, ỹ∗ ∈ X

such that g(x̃∗) = F (x̃∗, ỹ∗) and g(ỹ∗ = F (ỹ∗, x̃∗)).

Corollary 3.5. Let (X,⊑) be a partially ordered set and d be a cone metric on X

such that a cone metric space (X, d) is complete. Suppose F : X × X → X is a
continuous mapping having the mixed monotone property on X with respect to ⊑.
Let P be a subset of a real Banach space B and ϕ be a self mapping on P such that
ϕ(t) � t and limr→t+ ϕ(r) ≪ t for any t ∈ P . Suppose the following two conditions
hold:

(1) there exists α ≥ 0 with αi <
1
8 for i = 1, 2, 3, 4, 5, α2 = α5 and α3 = α4

such that

d(F (x, y), F (u, v)) � ϕ(α1d(x, u) + α2d(x, F (x, y)) (3.34)

+α3d(u, F (u, v)) + α4d(x, F (u, v))

+α5d(u, F (x, y)))

for any x, y, u, v ∈ X which x ⊑ u, y ⊒ v, that is for all (u, v) ⊑ (x, y);
(2) there exist x0, y0 ∈ X such that x0 ⊑ F (x0, y0) and y0 ⊒ F (y0, x0).

Then, there exist x̃∗, ỹ∗ ∈ X such that x̃∗ = F (x̃∗, ỹ∗) and ỹ∗ = F (ỹ∗, x̃∗)). In
addition, if x0, y0 are comparable, then x̃∗ = ỹ∗, that is x̃∗ = F (x̃∗, x̃∗).

Proof. Let I be the identity mapping and suppose that g = I, we can prove this
theorem by following of the Theorem (3.1). Now, we only have to prove that
x̃∗ = F (x̃∗, x̃∗). Suppose that x0 ⊑ y0. We will prove that

xn ⊑ yn, for any n ≥ 0, (3.35)

where xn = F (xn−1, yn−1);n ∈ N. Suppose that (3.35) holds for some n ≥ 0. Then,
from F has the mixed monotone property, we get

xn+1 = F (xn, yn) ⊑ F (yn, xn) = yn+1.

Hence, (3.35) holds. By (3.35) and (1), we get
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d(F (xn, yn), F (yn, xn)) � ϕ(α1d(xn, yn) + α2d(xn, F (xn, yn))

+α3d(yn, F (yn, xn)) + α4d(xn, F (yn, xn))

+α5d(yn, F (xn, yn)))

= ϕ(α1d(xn, yn) + α2d(xn, xn+1)

+α3d(yn, yn+1) + α4d(xn, yn+1)

+α5d(xn, xn+1))

� α1d(xn, yn) + α2d(xn, xn+1)

+α3d(yn, yn+1) + α4d(xn, yn+1)

+α5d(xn, xn+1).

Next, from the triangle inequality,

d(x̃∗, ỹ∗) � d(x̃∗, xn+1) + d(xn+1, yn+1) + d(ỹ∗, yn+1)

= d(F (xn, yn), F (yn, xn)) + d(x̃∗, xn+1) + d(ỹ∗, yn+1)

� α1d(xn, yn) + α2d(xn, xn+1)

+α3d(yn, yn+1) + α4d(xn, yn+1)

+α5d(xn, xn+1) + d(x̃∗, xn+1)

+d(ỹ∗, yn+1).

Since xn → x̃∗, yn → ỹ∗ as n → ∞, by taking the limit as n → ∞ and suppose
that α = max{α1, α2, α3, α4, α5}, we have

d(x̃∗, ỹ∗) � 3αd(x̃∗, ỹ∗) �
3

8
d(x̃∗, ỹ∗).

That is,

5

8
d(x̃∗, ỹ∗) � θ.

Thus −d(x̃∗, ỹ∗) ∈ P and so, d(x̃∗, ỹ∗) ∈ P , we get d(x̃∗, ỹ∗) = θ. Hence, x̃∗ = ỹ∗,
that is x̃∗ = F (x̃∗, x̃∗). �

4. Application to the Nash equilibrium for two persons game

In this section, we present the examples in two persons game as follow.

Example 4.1. The battle of the sexes game has two Nash equilibrium (MT,FT ),
(MS,FS) with (3, 2) and (2, 3), where ”Male like playing tennis” denoted by MT ,
”Male like shopping” denoted by MS, ”Female like playing tennis” denoted by FT

and ”Female like shopping” denoted by FS, see in figure 1.
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Figure 1. The Battle of the sexes game

In fact, these Nash equilibrium are two fixed point of function and the number
of fixed point are not unique.

Example 4.2. The oligopoly behavior game is a unique Nash equilibrium (Aa,Ba)
where ”A coffee shop use a strategy for don’t advertising” denoted by Ad, ”A coffee
shop use a strategy for advertising” denoted by Aa, ”A coffee shop use a strategy for
don’t advertising” denoted by Bd, and ”A coffee shop use a strategy for advertising”
denoted by Ba, see in figure 2.

Figure 2. The oligopoly behavior game

In fact, this Nash equilibrium is the unique fixed point of function.
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