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VECTOR VARIATIONAL INEQUALITY INVOLVING

SET-VALUED MAPPINGS

MOHD ISHTYAK, MOHD AKRAM∗, MIJANUR RAHAMAN, RAIS AHMAD

Abstract. In this article, we consider and study a vector variational inequal-
ity involving set-valued mappings. The concepts of vector 0-diagonally convex-

ity and escaping sequence are used to obtain some results for vector variational

inequality involving set-valued mappings. We mention some special cases of
our problem.

1. Introduction and Preliminaries

A generalization of a scalar variational inequality, called vector variational in-
equality in a finite-dimensional Euclidean space was introduced by Giannessi [12].
The vector variational inequalities are applicable in different areas of optimization,
optimal control, operations research, economic equilibrium and free boundary value
problems, etc.. Many generalizations of vector variational inequalities are available
in the literature with their applications, see for example [1, 2, 5, 6, 7, 8, 10, 13, 14,
15, 16, 19] and references therein.

Using the concept of vector 0-diagonally convexity and escaping sequence, we
obtain some results for a vector variational inequality involving set-valued mappings
in a Banach space. Since our problem appears to be new, we also mention some
of its special cases. Our results are improvement and refinement of many known
results related to vector variational inequalities.

Let X be a Banach space. A nonempty subset C of X is called a convex cone
in λC ⊂ C, for all λ ≥ 0 and C + C = C. A cone C is called a pointed cone if
C+ (−C) = {0}, where 0 denotes the zero vector. A cone C is called a proper cone
if it is properly contained in X.

Let K be a nonempty subset of X and Y be another Banach space with a moving
convex cone C(x) such that int C(x) 6= φ, for all x ∈ K. We denote by L(X,Y ),
the space of all continuous linear operators from X into Y and 〈l, x〉, the evaluation
of l ∈ L(X,Y ) at x ∈ X.
Now we state our problem:
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Let A : L(X,Y )→ Y, g : K → K,h : K ×K → Y be the single-valued mappings
and T : K → 2L(X,Y ), f : K × K → 2Y and C : K → 2Y be the set-valued
mappings. For some x ∈ K, find g(x) ∈ K such that s ∈ T (g(x)) and

〈As, h(g(y), g(x))〉+ f(g(x), g(y)) * −int C(x), ∀ g(y) ∈ K. (1.1)

We call problem (1.1) as vector variational inequality involving set-valued mappings.

If g = I and A = 0, then problem (1.1) reduces to the problem of finding x ∈ K

f(x, y) * −int C(x),∀y ∈ T (x). (1.2)

Problem (1.2) is called generalized vector equilibrium problem, studied and intro-
duced by Fakhar and Zafarani [11].

We remark that for suitable choices of operators involved in the formulation of
problem (1.1), one may obtain many previously studied problems related to vector
equilibrium problems and vector variational inequalities.

The following definitions and concepts are essential for the proof of our results.

Definition 1.1. [3]. Let X be a topological space and K be a subset of X such that

K =
∞⋃
n=1

Kn, where {Kn}∞n=1 is an increasing sequence of non-empty compact sets

in the sense that Kn ⊆ Kn+1, for all n ∈ N. A sequence {xn}∞n=1 in K is said to
be escaping sequence from K (relative to {Kn}∞n=1) if for each n = 1, 2, ....., there
exists m > 0 such that xk /∈ Kn for all k ≥ m.

Definition 1.2. [9, 17] Let K be a convex subset of a topological vector space X,
and Y be a topological vector space. Let C : K → 2Y be a set-valued mapping. For

any finite subset {x1, x2, ....., xn} of K and for any x =
n∑
i=1

tixi with ti ≥ 0,
n∑
i=1

ti =

1, i = 1, 2, ...., n.
(i) a single-valued mapping f : K×K → Y is said to be vector 0-diagonally convex
in the second variable, if

n∑
i=1

tif(x, xi) /∈ −int C,

(ii) a set-valued mapping h : K × K → 2Y is said to be generalized vector 0-
diagonally convex in the second variable, if

n∑
i=1

tiui /∈ −int C,∀ui ∈ h(x, xi), i = 1, 2, ....., n.

Lemma 1.3. [Maximal Element Lemma; 4,20] Let X be a non-empty convex
subset of a topological vector space E. Let P : X → 2X be a set-valued mapping
satisfying the following conditions:

(i) for each x ∈ X,x /∈ CoP (x) and for each y ∈ X,P−1(y) is open valued in
X;

(ii) there exists a non-empty compact subset A of X and a non-empty convex
subset B of X such that

Co(P (x)) ∩B 6= φ, ∀x ∈ X \A.

Then there exists x0 ∈ X such that P (x0) = φ.
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Lemma 1.4. [18] Let X and Y be two topological spaces and let T : K → 2Y an
upper semicontinuous set-valued mapping with compact values. Suppose {xα} is a
net in X such that xα → x0. If yα ∈ T (xα) for each α, then there is y0 ∈ T (x0)
and a subset {yβ} of {yα} such that yβ → y0.

2. Existence Results

In this section, we prove two existence results for vector variational inequality
involving set-valued mappings (1.1). The first result is proved by using the concept
of generalized vector 0-diagonally convexity and maximal element lemma, while the
last result is proved by using the concept of escaping sequence.

Theorem 2.1. Let K be a convex subset of a Banach space X, Y be another
Banach space with a moving convex cone C(x) such that int C(x) 6= φ.
Assume that

(i) the set-valued mapping T : K → 2L(X,Y ) is upper semicontinuous with
compact values;

(ii) g : K → K be a mapping and A : L(X,Y ) → Y , h : K × K → Y be the
continuous mappings such that h(g(x), g(x)) = 0,∀g(x) ∈ K;

(iii) the set-valued mapping f : K ×K → 2Y is generalized vector 0-diagonally
convex in the second variable;

(iv) the mapping G(x) = Y/ − int C(x) is upper semicontinuous with closed
values;

(v) there exists a non-empty compact set A of K and a non-empty compact
convex subset B of K such that for each g(x) ∈ K \A, there exists g(ȳ) ∈ B
such that

〈As, h(g(ȳ), g(x))〉+ f(g(x), g(ȳ)) ⊆ −int C(x), ∀ s ∈ T (g(x)).

Then vector variational inequality involving set-valued mappings (1.1) is solvable.

Proof. Define a set-valued mapping F : K → 2X by

F (g(x)) =
{
g(y) ∈ K : 〈As, h(g(y), g(x))〉+f(g(x), g(y)) ⊆ −int C(x)

}
,∀g(x) ∈ K.

(2.1)
First we will show that g(x) /∈ CoF (g(x)) for all g(x) ∈ K. Suppose to the con-

trary, there exists g(x̄) ∈ K such that g(x̄) ∈ CoF (g(x̄)). Then there exists a finite
subset {g(y1), g(y2), ...., g(yn)} ⊂ F (g(x̄)) such that g(x̄) ∈ Co{g(y1), g(y2), ...., g(yn)},
thus we have

〈As, h(g(yi), g(x̄))〉+ f(g(x̄), g(yi)) ⊆ −int C(x̄), i = 1, 2, ....n. (2.2)

Since int C(x̄) is convex, for g(x̄) =
n∑
i=1

tig(yi) ∈ K, ti ≥ 0, i = 1, 2, ....., n. with

n∑
i=1

ti = 1, we have〈
As, h

( n∑
i=1

tig(yi), g(x̄)
)〉

+

n∑
i=1

tif(g(x̄), g(yi))

=
〈
As, h

(
g(x̄), g(x̄)

)〉
+

n∑
i=1

tif(g(x̄), g(yi)) ⊆ −int C(x̄),
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since h(g(x̄), g(x̄)) = 0 by condition (ii), we have

n∑
i=1

tif(g(x̄), g(yi)) ⊆ −int C(x̄),

i.e.,
n∑
i=1

tiui ⊆ −int C(x̄),∀ui ∈ f(g(x̄), g(yi)), i = 1, 2, ....., n,

which contradicts the generalized vector 0-diagonally convexity of f in the second
argument, thus g(x̄) /∈ CoF (g(x)), for all g(x) ∈ K.

Next we prove that for each g(y) ∈ K,F−1(g(y)) is an open set in K. To show
that F−1(g(y)) is open set in K, we will show that F (g(x)) is a closed set in K. Let
{gn} be a net in K such that gn converges pointwise to g i.e. lim

n→∞
gn(x∗) = g(x∗).

Now, we will show that g(x∗) ∈ K. Since T is upper semicontinuous set-valued
mapping with compact values, it follows from Lemma 1.4, that there exists sn ∈
T (gn(x∗)) and a subnet {sn′} of {sn} such that sn → s∗.

〈Asn, h(g(y), gn(x∗))〉+ f(gn(x∗), g(y))→ 〈As∗, h(g(y), g(x∗))〉+ f(g(x∗), g(y)).
(2.3)

As Y/− int C(x∗) is upper semicontinuous with closed values, it follows that

〈As∗, h(g(y), g(x∗))〉+ f(g(x∗), g(y)) ⊆ Y/− int C(x∗), (2.4)

and hence

〈As∗, h(g(y), g(x∗))〉+ f(g(x∗), g(y))
⋂
Y/− int C(x∗) 6= φ, (2.5)

which implies that F (g(x)) is a closed set and hence F−1(g(y)) is an open set in K.
In view of condition (v), all the conditions of Lemma 1.3 are satisfied i.e. there

exists g(x) ∈ K such that F (g(x)) = φ. Thus there exists g(x) ∈ K, s ∈ T (g(x))
such that

〈As, h(g(y), g(x))〉+ f(g(x), g(y)) * −int C(x),∀g(y) ∈ K.

�

Theorem 2.2. Let K be a non-empty subset of Banach space X and K =
∞⋃
n=1

Kn,

where {Kn}∞n=1 is an increasing sequence of non-empty, compact and convex subsets
of K. Let all the other spaces and mappings are same as in Theorem 2.1 with the
condition that the mapping g : K → K is continuous. In addition, suppose that
for each sequence {xn}∞n=1 in K with xn ∈ Kn, n ∈ N which is escaping from K
relative to {Kn}∞n=1, there exists m ∈ N and ym ∈ Km such that

〈Asm, h(g(ym), g(xm))〉+ f(g(xm), g(ym)) ⊆ −int C(xm). (2.6)

Then there exists x∗ ∈ K such that

〈As∗, h(g(y), g(x∗))〉+ f(g(x∗), g(y)) * −int C(x∗),∀s∗ ∈ T (g(x∗)).

Proof. Since for each n ∈ N, Kn is compact and convex set in X, applying Theorem
2.1, for all n ∈ N, there exists xn ∈ Kn such that sn ∈ T (g(xn)) and

〈Asn, h(g(y), g(xn))〉+ f(g(xn), g(y)) * −int C(xn). (2.7)
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Suppose that the sequence {xn}∞n=1 is escaping from K relative to {Kn}∞n=1. By
(2.6), there exists m ∈ N and ym ∈ Km such that

〈Asm, h(g(ym), g(xm))〉+f(g(xm), g(ym)) ⊆ −int C(xm),∀ xm ∈ Km and sn ∈ T (g(xm)),
(2.8)

which contradicts (2.7). Hence {xn}∞n=1 is not an escaping sequence from K relative
to {Kn}∞n=1. Therefore, there exists an r ∈ N and there is some subsequence
{xjn} of {xn}∞n=1, which must lie entirely in Kr. Since Kr is compact, there is a
subsequence {xin}in∈Λ of {xjn} in Kr and there is x∗ ∈ Kr such that xin → x∗,
where in → ∞. Since {Kn}∞n=1 is an increasing sequence for all y ∈ K, there
exists i0 ∈ Λ with i0 > r such that y ∈ Ki0 for all in ∈ Λ and in > i0, we have
y ∈ Ki0 ⊆ Kin , T (xin) ⊆ T (Kr) and f(g(xin), g(y)) ⊆ f(g(Kr), g(y)) such that

〈Asin , h(g(y), g(xin))〉+ f(g(xin), g(y)) * −int C(xin), for all sin ∈ T (g(xin)),

which implies that

〈Asin , h(g(y), g(xin))〉+ f(g(xin), g(y)) ⊆ Y/− int C(xin). (2.9)

As A, h and g are continuous and Y/ − int C(xin) is upper semicontinuous with
closed values, we have

〈Asin , h(g(y), g(xin))〉+f(g(xin), g(y))→ 〈As∗, h(g(y), g(x∗))〉+f(g(x∗), g(y)) ⊆ Y/−int C(x∗),
(2.10)

and then
〈As∗, h(g(y), g(x∗))〉+ f(g(x∗), g(y)) * −int C(x∗).

This completes the proof. �

References

[1] Q.H. Ansari, Y.C. Lin, J.C. Yao, General KKM Theorem with applications to minimax and

variational inequalities, J. Optim. Theory Appl., 104 (2000) 41–57.
[2] Q.H. Ansari, F.F. Bazan, Generalized vector quasi-equilibrium problems with applications, J.

Math. Anal. Appl., 277 (2003) 246–256.

[3] K.C. Border, Fix point Theorems with Applications to Economics and Game Theory, Cam-
bridge University Press, Cambridge (1985).

[4] S.S. Chang, K.K. Tan, Equilibria and maximal elements of abstract fuzzy economics and

qualitative fuzzy games, Fuzzy Sets Syst., 125 (2002) 389–399.
[5] G.Y. Chen, Existence of solutions for a vector variational inequality: an extension of

Hartman-Stampachia theorem, J. Optim. Theory Appl., 74 (1992) 445–456.

[6] G.Y. Chen, G.M. Chang, Vector variational inequalities and vector optimization, Lecture
Notes in Economics and Mathematical Systems, 285, Springer-Varlag (1987).

[7] G.Y. Chen, B.D. Craven, A vector variational inequality and optimization over an efficient
set, Zeitscrift for Operation Research, 3 (1990) 1–12.

[8] S.-L. Chen, N.-J. Huang, Vector variational inequalities and vector optimization problems on

Hadamard manifolds, Optim. Lett., 4 (2016) 753–767.

[9] Y. Chiang, O. Chadli, J.C. Yao, Generalized vector equilibrium problems with trifunctions,
J. Glob. Optim., 30 (2004) 135–154.

[10] X.P. Ding, E. Tarafdar, Generalized variational-like inequalities with pseudo-monotone set-
valued mappings, E. Arch. Math., 74 (2000) 302–313.

[11] M. Fakhar, J. Zafarani, Generalized Vector Equilibrium Problems for Pseudomonotone Mul-

tivalued Bifunctions, J. Optim. Theory Appl., 126(1) (2005) 109–124.
[12] F. Giannessi, Theorems of alternative, quadratic programs and complementarity problems,

Variational Inequalities and Complementarity Problems, Edited by R. Cottle, F. Giannessi

and J. L. Lions, John Wiley and Sons, Chichester (1990).
[13] F. Giannessi, Vector Variational inequality and vector equilibria mathematical theorems,

Edited by R.Cottel, F. Giannessi and J.L. Lions, Kluwer Academic Publishers, Dor-

drecht/Boston/London (2000).



104 MOHD ISHTYAK, MOHD AKRAM, MIJANUR RAHAMAN, RAIS AHMAD

[14] G.M. Lee, D.S. Kim, B.S. Lee, Generalized vector variational inequality, Appl. Math. Lett.,

9(1) (1996) 39–42.

[15] G.M. Lee, D.S. Kim, B.S. Lee, G.Y. Chen, Generalized vector variational inequality and its
duality and set-valued maps, Appl. Math. Lett., 11(4) (1998) 21–26.

[16] G.M. Lee, D.S. Kim, B.S. Lee, S.J. Cho, Generalized vector variational inequality and fuzzy

extention, Appl. Math. Lett., 6 (1993) 47–51.
[17] Q.M. Liu, L.Y. Fan, G.H. Wang, Generalized vector quasi equilibrium problems with set

valued mappings, Appl. Math. Lett., 21 (2008) 946–950.

[18] C.H. Su, V.M. Sehgal, Some fixed point theorems for condensing multifunctions in locally
convex spaces, Proc. Natl. Acad. Sci. USA, 50 (1975) 150–154.

[19] X.-K Sun, Y. Chai, Gap functions and error bounds for genralized vector variational inequal-

ities, Optim. Lett., 5, (2014) 1663–1673.
[20] G.X.Z. Yuan, KKM Theory and Application in Nonlinear Analysis, Marcel Dekker, Inc. New

York, Basel, (1999).

Mohd Ishtyak
Department of Mathematics, Aligarh Muslim University, Aligarh, India

E-mail address: ishtyakalig@gmail.com

Mohd Akram

Department of Mathematics, Islamic University in Madinah, Madinah, KSA.

E-mail address: akramkhan 20@rediffmail.com

Mijanur Rahaman

Department of Mathematics, Aligarh Muslim University, Aligarh, India
E-mail address: mrahman96@yahoo.com

Rais Ahmad

Department of Mathematics, Aligarh Muslim University, Aligarh, India
E-mail address: raisain 123@rediffmail.com


	1. Introduction and Preliminaries
	2. Existence Results
	References

