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SEVERAL INEQUALITIES WITH POSITIVE LINEAR

FUNCTIONALS

ZLATKO PAVIĆ

Abstract. In this paper, we combine the application of different forms of

Jensen’s inequality to convex and affine combinations. Using this approach we

obtained several extensions of the functional form of Jensen’s inequality for
affine combinations of real valued functions. One of the resulting inequalities

is applied to quasi-arithmetic means.

1. Introduction

Let X be a real linear space. We specify three types of combinations of points
(vectors) from X and coefficients (scalars) from R. The simplest way is to start
with the binomial combinations

αa+ βb (1.1)

of points a, b ∈ X and coefficients α, β ∈ R.

The combination in equation (1.1) is called linear. A set L ⊆ X is linear (usually
called a linear subspace) if it contains all binomial linear combinations with points
from L. A function L : L → R is linear (usually called a linear functional) if the
equality

L(αa+ βb) = αL(a) + βL(b) (1.2)

holds for all binomial linear combinations αa+ βb of the linear subspace L.

If α + β = 1, the term linearity becomes affinity using the adjective affine for
combinations, sets and functions.

The combination in equation (1.1) is called convex if α + β = 1 and α, β ≥ 0.
A set C ⊆ X is convex if it contains all binomial convex combinations with points
from C. A function f : C → R is convex if the inequality

f(αa+ βb) ≤ αf(a) + βf(b) (1.3)

holds for all binomial convex combinations αa+βb of the convex set C. A function
f is concave if the function −f is convex. Thus, a function is affine if, and only if,
it is convex and concave.
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Using the mathematical induction, the above binomial combination properties
can be extended to all finite combinations

n∑
i=1

αiai, (1.4)

of points ai ∈ X and coefficients αi ∈ R, assuming that
∑n
i=1 αi = 1 in the affine

case, and additionally assuming that all αi ≥ 0 in the convex case.

Using the inductive method, Jensen presented in [2] the discrete form of the
inequality relating to convex combinations and convex functions. Adapted to our
needs, this inequality reads as follows.

Theorem A. Let C be a convex set of a real linear space, let a1, . . . , an ∈ C be
points, and let

∑n
i=1 αiai be a convex combination.

Then every convex function f : C → R satisfies the inequality

f

(
n∑
i=1

αiai

)
≤

n∑
i=1

αif(ai). (1.5)

If f is concave, then the reverse inequality is valid in equation (1.5). If f is
affine, then the equality is valid in equation (1.5).

In more than one hundred years of its existence, the famous Jensen’s inequality
in equation (1.5) has entered into many areas of mathematics.

2. Inequality for trinomial affine combination

If a, b ∈ R are different numbers, say a < b, then every number x ∈ R can be
uniquely presented as the binomial affine combination

x =
b− x
b− a

a+
x− a
b− a

b (2.1)

which is convex if, and only if, the number x belongs to the closed interval [a, b].
Given the function f : R→ R, let f line

{a,b} : R→ R be the function of the chord line

passing through the points A(a, f(a)) and B(b, f(b)) of the graph of f . Applying
the affinity of f line

{a,b} to the combination in (2.1), we get

f line
{a,b}(x) =

b− x
b− a

f(a) +
x− a
b− a

f(b). (2.2)

If the function f is convex, then we have the inequality

f(x) ≤ f line
{a,b}(x) (2.3)

for every x ∈ [a, b]. The reverse inequality is valid in equation (2.3) if x /∈ (a, b).

Our main results are based on the discrete variant of the inequality relating to the
trinomial affine combination. Let α, β, γ ∈ R be coefficients such that α+β−γ = 1.
Let a, b, c ∈ R be points such that c ∈ [a, b]. We consider the affine combination
αa+ βb− γc. Inserting the affine combination c = λa+ µb, that is, assuming that
λ+ µ = 1, we get the binomial form

αa+ βb− γc = (α− γλ)a+ (β − γµ)b. (2.4)

Relying on the above form and the inequality in equation (2.3), we attain the
following simple result for trinomial affine combinations and convex functions.
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Theorem B. Let a, b, c ∈ R be points such that c ∈ [a, b]. Let α, β, γ ∈ [0, 1] be
coefficients such that α+ β − γ = 1.

Then the affine combination

αa+ βb− γc (2.5)

is in [a, b], and every convex function f : [a, b]→ R satisfies the inequality

f (αa+ βb− γc) ≤ αf(a) + βf(b)− γf(c). (2.6)

If f is concave, then the reverse inequality is valid in equation (2.6). If f is
affine, then the equality is valid in equation (2.6).

Theorem B is trivially valid if a = b. It is also valid for γ ∈ [−1, 1] because
then the observed affine combinations with γ ≤ 0 become convex, and associated
inequalities follow from Jensen’s inequality. The similar combinations including
γ ∈ [−1, 1] were observed in [6, Corollary 11 and Theorem 12] additionally using a
monotone function. If α = β = γ = 1, then the inequality in (3.3) is reduced to the
simple case of Mercer’s variant of Jensen’s inequality obtained in [4].

3. Functional form of Jensen’s inequality

Let X be a non-empty set. Let X be a subspace of the linear space RX of all
real functions on the domain X . We suppose that the space X contains the unit
function e0 defined by e0(x) = 1 for every x ∈ X .

A linear functional L : X→ R is said to be positive (non-negative) or monotone
if L(g) ≥ 0 for every non-negative function g ∈ X. We use the positive functional
L satisfying L(e0) = 1. Such functional is called unital or normalized. For any
function g ∈ X, the number L(g) is located in the closed convex hull of the set
{g(x) : x ∈ X}, that is, in the closed interval of real numbers which contains the
image of g.

Cite an example of a unital positive linear functional. Given the n-tuple of
non-negative coefficients αi ∈ R satisfying

∑n
i=1 αi = 1, and the n-tuple of points

xi ∈ X , we define the summarizing linear functional L on the space X by

L(g) =

n∑
i=1

αig(xi). (3.1)

Obviously, the functional L is positive, and since L(e0) = 1, it is unital.

Let I ⊆ R be an interval. The subset XI of the space X which contains all
functions of X with the image in the interval I is convex. Indeed, if

∑n
i=1 αigi is the

function convex combination with gi ∈ XI , then the number convex combination∑n
i=1 αigi(x) ∈ I for every x ∈ X , that is,

∑n
i=1 αigi ∈ XI . Note that XR = X in

terms of the above notation.

In further work we only use the closed interval I ⊆ R, as well as the related
convex set XI ⊆ X.

Jessen formulated in [3] the functional form of Jensen’s inequality for convex
functions of one variable. Finishing version of this inequality stands as follows.

Theorem C. Let g ∈ XI be a function. Let f : I → R be a continuous convex
function such that f(g) ∈ X.

Then every unital positive linear functional L : X→ R satisfies the inclusion

L(g) ∈ I, (3.2)
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and the inequality

f(L(g)) ≤ L(f(g)). (3.3)

If f is concave, then the reverse inequality is valid in equation (3.3). If f is
affine, then the equality is valid in equation (3.3).

If L(g) is the interior point of the interval I, to prove the inequality in equation
(3.3) we use the support line of the function f at L(g). If L(g) is the end point of
the interval I, to prove this inequality we rely on the continuity of f applying the
support line at a point which is close enough to L(g).

Point out the two important facts in Theorem C. If the interval I is not closed,
it could happen that L(g) /∈ I as mentioned in [5]. Here is an example.

Example 3.1. Let X = I = (0, 1], X = {g : (0, 1] → R | limx→0+ g(x) ∈ R}, and
let L : X → R be defined with L(g) = limx→0+ g(x). Then the identity function g
on I is in X, and g(x) = x ∈ I for every x ∈ X , but L(g) = 0 /∈ I.

If the function f is not continuous, it could happen that the inequality in (3.3)
does not apply as noted in [8]. We have the following example.

Example 3.2. Consider the previous example with X = I = [0, 1]. Take the convex
function f : [0, 1] → R defined with f(0) = 1 and f(x) = 0 for x ∈ (0, 1]. Then
f(L(g)) = f(0) = 1 > 0 = L(f) = L(f(g)).

4. Main results

The first part of the section refers to the generalizations of Theorem C, presented
in the next two corollaries. The second part deals with the functional variants of
Theorem B.

Theorem C can be presented with several functions gi. The following corollary
is a consequence of the discrete and functional form of Jensen’s inequality.

Corollary 4.1. Let g1, . . . , gn ∈ XI be functions, and let
∑n
i=1 αigi be a convex

combination. Let f : I → R be a continuous convex function such that all f(gi) ∈ X.
Then every unital positive linear functional L : X→ R satisfies the inclusion

n∑
i=1

αiL(gi) ∈ I, (4.1)

and the double inequality

f

(
n∑
i=1

αiL(gi)

)
≤

n∑
i=1

αif(L(gi)) ≤
n∑
i=1

αiL(f(gi)). (4.2)

Theorem C can also be presented with several linear functionals Li. Such a
generalization is considered as follows.

Corollary 4.2. Let g1, . . . , gn ∈ XI be functions. Let f : I → R be a continuous
convex function such that all f(gi) ∈ X. Let L1, . . . , Ln : X → R be positive linear
functionals such that all Li(e0) > 0 and

∑n
i=1 Li(e0) = 1.

Then we have the inclusion
n∑
i=1

Li(gi) ∈ I, (4.3)
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and the double inequality

f

(
n∑
i=1

Li(gi)

)
≤

n∑
i=1

f
(
Li(gi)

)
≤

n∑
i=1

Li
(
f(gi)

)
. (4.4)

Proof. Taking positive coefficients αi = Li(e0), and unital positive linear function-
als

Mi =
1

αi
Li, (4.5)

we have the convex combination
n∑
i=1

Li(gi) =

n∑
i=1

αiMi(gi) (4.6)

to which we can apply the inequality in equation (4.2). �

Now we focus on the functional variant formulation of Theorem B. First we
will analyze the special case of the equality in equation (3.3) for an affine function
h : R→ R. Using the equation h(x) = λx+µ with real constants λ and µ, we have
the equality

h
(
L(g)

)
= λL(g) + µ = λL(g) + µL(eo) = L(λg + µeo) = L

(
h(g)

)
. (4.7)

The above equality, with the function h as the chord line, will be applied in the
proof of the following functional variant of Theorem B. Among others, we use the
functions a, b, c ∈ X.

Lemma 4.3. Let a, b, c ∈ XI be functions, and let L : X → R be a unital pos-
itive linear functional so that c ∈ XI′ where I ′ = [L(a), L(b)]. Let f : I → R
be a continuous convex function such that compositions f(a), f(b), f(c) ∈ X. Let
α, β, γ ∈ [0, 1] be coefficients such that α+ β − γ = 1.

Then the affine combination

l = L
(
αa+ βb− γc

)
= αL(a) + βL(b)− γL(c)

(4.8)

is in the interval [L(a), L(b)], and we have the inequalities

f(l) ≤ αf(L(a)) + βf(L(b))− γf(L(c)) (4.9)

and
f(l) ≤ αL(f(a)) + βL(f(b))− γL(f(c)). (4.10)

Proof. Since L(c) ∈ [L(a), L(b)], the affine combination in equation (4.8) belongs
to [L(a), L(b)] by Theorem B. Then the inequality in equation (4.9) follows from
the inequality in equation (2.6). Prove the inequality in equation (4.10).

If L(a) = L(b), the function c is constant. Using the presentation c = L(a)e0 =
L(c)e0, we get that

f(c) = f(L(c))e0. (4.11)

In this case, (4.10) follows from (4.9) because f(L(a)) ≤ L(f(a)) and f(L(b)) ≤
L(f(b)) by (3.3), and L(f(c)) = f(L(c)) by (4.11).

If L(a) 6= L(b), we can use the chord line function f line
{L(a),L(b)}. Since the number

inequality f line
{L(a),L(b)}(c(x)) ≥ f(c(x)) holds for every x ∈ X , we have the function

composition inequality
f line
{L(a),L(b)}(c) ≥ f(c). (4.12)
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Applying the convexity of f , the affinity of f line
{L(a),L(b)}, as well as the formulae in

equations (2.3), (4.7), (3.3) and (4.12), we get the series of inequalities

f(l) ≤ f line
{L(a),L(b)}

(
αL(f(a)) + βL(f(b))− γL(f(c))

)
= αf(L(a)) + βf(L(b))− γf line

{L(a),L(b)}(L(c))

= αf(L(a)) + βf(L(b))− γL
(
f line
{L(a),L(b)}(c)

)
≤ αL(f(a)) + βL(f(b))− γL(f(c))

(4.13)

concluding the proof of the inequality in equation (4.10). �

Remark 4.4. If the functions a, b, c ∈ X satisfy the conditions of Lemma 4.3, then
the inclusion αa(x) + βb(x)− γc(x) ∈ [L(a), L(b)] does not necessarily be valid for
every x ∈ X .

Lemma 4.3 can be extended to the convex combination of functions ci satisfying
the same condition as the function c. It will be affirmed in the following theorem.

Theorem 4.5. Let a, b, c1, . . . , cm ∈ XI be functions, and let L : X→ R be a unital
positive linear functional so that all cj ∈ XI′ where I ′ = [L(a), L(b)]. Let f : I → R
be a continuous convex function such that all compositions f(a), f(b), f(cj) ∈ X. Let
α, β, γ, γj ∈ [0, 1] be coefficients such that α+ β − γ =

∑m
j=1 γj = 1.

Then the affine combination

l = L

αa+ βb− γ
m∑
j=1

γjcj


= αL(a) + βL(b)− γ

m∑
j=1

γjL(cj)

(4.14)

is in the interval [L(a), L(b)], and we have the inequalities

f(l) ≤ αf(L(a)) + βf(L(b))− γ
m∑
j=1

γjf(L(cj)) (4.15)

and

f(l) ≤ αL(f(a)) + βL(f(b))− γ
m∑
j=1

γjL(f(cj)). (4.16)

Proof. The convex combination c(x) =
∑m
j=1 γjcj(x) belongs to [L(a), L(b)] for

every x ∈ X . Therefore, respecting Lemma 4.3 the same is true for the affine
combination l in equation (4.14).

The series of inequalities in equation (4.13) can be applied to the proof of the
inequality in equation (4.16) because the formula in equation (4.12) holds for every
function cj . �

Combining Theorem 4.5 and Corollary 4.2, we get the following generalization.

Corollary 4.6. Let ai, bi, cij ∈ XI be functions, and let Li : X → R be positive
linear functionals so that all Li(e0) > 0,

∑n
i=1 Li(e0) = 1, and for every i all

cij ∈ XI′i where I ′i = [Li(ai), Li(bi)]. Let f : I → R be a continuous convex
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function such that all compositions f(ai), f(bi), f(cij) ∈ X. Let αi, βi, γi, γij ∈ [0, 1]
be coefficients such that αi + βi − γi =

∑m
j=1 γij = 1 for every i.

Then the affine combination

l =

n∑
i=1

Li

αiai + βibi − γi
m∑
j=1

γijcij


=

n∑
i=1

αiLi(ai) + βiLi(bi)− γi
m∑
j=1

γijLi(cij)

 (4.17)

is in the interval [minLi(ai),maxLi(bi)], and we have the inequalities

f(l) ≤
n∑
i=1

αif(Li(ai))+ βif
(
Li(bi)

)
− γi

m∑
j=1

γijf
(
Li(cij)

) (4.18)

and

f(l) ≤
n∑
i=1

αiLi(f(ai)
)

+ βiLi
(
f(bi)

)
− γi

m∑
j=1

γijLi
(
f(cij)

) . (4.19)

5. Application to quasi-arithmetic means

The Jensen inequality in equation (1.5) contains two means expressed as the

convex combination centers, a =
∑n
i=1 αiai on the left-hand side and f(a) =∑n

i=1 αif(ai) on the right-hand side. Accordingly, Jensen’s inequality is applied
to means. Basic facts on means and their associated inequalities are written in [1].
Among other means, the quasi-arithmetic functional means were investigated in [5].

Inequalities for quasi-arithmetic means can be obtained from Jensen’s inequality
and related inequalities. For this purpose we use strictly monotone continuous real
functions ϕ and ψ such that the function ψ ◦ ϕ−1 is convex, in which case we say
that ψ is ϕ-convex. The same notation is used for concavity. This terminology
is taken from [7, Definition 1.19]. Jensen type inequalities can be transferred to
quasi-arithmetic means by applying the above functions ϕ and ψ.

Take an affine combination

l = αL(a) + βL(b)− γ
m∑
j=1

γjL(cj). (5.1)

that satisfies the assumptions of Theorem 4.5, and strictly monotone continuous
function ϕ : I → R. We define the ϕ-quasi-arithmetic mean of the combination l
as the point

Mϕ(l) = ϕ−1

αϕ(L(a)
)

+ βϕ
(
L(b)

)
− γ

m∑
j=1

γjϕ
(
L(cj)

) . (5.2)

The mean Mϕ(l) is contained in [L(a), L(b)] because the point

lϕ = αϕ
(
L(a)

)
+ βϕ

(
L(b)

)
− γ

m∑
j=1

γjϕ
(
L(cj)

)
(5.3)
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is contained in ϕ
(
[L(a), L(b)]

)
. The quasi-arithmetic means defined in (5.2) are

invariant with respect to the affinity, that is, the equality

Mλϕ+µ(l) = Mϕ(l) (5.4)

holds for all pairs of real numbers λ 6= 0 and µ. Indeed, if ψ(x) = λϕ(x) +µ (using
the above terminology we can say that ψ is ϕ-affine), then

lψ = λlϕ + µ (5.5)

and

ψ−1(x) = ϕ−1

(
1

λ
(x− µ)

)
, (5.6)

and therefore, it follows that

Mψ(l) = ψ−1(lψ) = ϕ−1

(
1

λ

(
lψ − µ

))
= ϕ−1(lϕ) = Mϕ(l).

The order of the pair of quasi-arithmetic means Mϕ and Mψ depends on con-
vexity of the function ψ ◦ ϕ−1 and monotonicity of the function ψ. Theorem 4.5
can be applied to functional means as follows.

Corollary 5.1. Let l be an affine combination of Theorem 4.5. Let ϕ,ψ : I → R
be strictly monotone continuous functions.

If ψ is either ϕ-convex and increasing or ϕ-concave and decreasing, then we have
the inequality

Mϕ(l) ≤Mψ(l). (5.7)

If ψ is either ϕ-convex and decreasing or ϕ-concave and increasing, then we have
the reverse inequality in equation (5.7).

If ψ is ϕ-affine, then the equality is valid in equation (5.7).

Proof. Let us prove the case in which ψ is ϕ-convex and increasing. Put J = ϕ(I).
Applying the inequality in equation (4.16) to the affine combination lϕ in equation
(5.3) which belongs to J , and the convex function f = ψ ◦ ϕ−1 : J → R, we get

ψ ◦ ϕ−1(lϕ) ≤ lψ.

Assigning the increasing function ψ−1 to the above inequality, we attain the in-
equality

Mϕ(l) = ϕ−1(lϕ) ≤ ψ−1(lψ) = Mψ(l)

ending the proof of the observed case. �

Corollary 5.1 can be further applied to obtain the inequalities of power means.
We will employ the above corollary here just to get the version of the harmonic-
geometric-arithmetic mean inequality for functionals.
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Corollary 5.2. If a closed interval I is the subset of (0,∞), and if l is an affine
combination of Theorem 4.5, then we have the harmonic-geometric-arithmetic func-
tional mean inequality  α

L(a)
+

β

L(b)
− γ

m∑
j=1

γj
L(cj)

−1

≤ L(a)αL(b)β
m∏
j=1

L(cj)
−γγj

≤ αL(a) + βL(b)− γ
m∑
j=1

γjL(cj).

(5.8)

Proof. To prove the left-hand side of the inequality in equation (5.8) we use the
functions ϕ(x) = lnx and ψ(x) = x−1. The composition ψ ◦ ϕ−1(x) = exp(−x)
is convex, so ψ is ϕ-convex and decreasing. Applying the reverse inequality in
equation (5.7), we have

Mln x(l) ≥Mx−1(l). (5.9)

To prove the right-hand side of the inequality in equation (5.8) we use the func-
tions ϕ(x) = lnx and ψ(x) = x. Then the composition ψ ◦ ϕ−1(x) = expx is
convex, thus ψ is ϕ-convex and increasing. Applying the inequality in equation
(5.7) to this case, we get

Mln x(l) ≤Mx(l). (5.10)

The double inequality in (5.8) follows by connecting the inequalities in equations
(5.9) and (5.10). �
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