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PARA-SASAKIAN MANIFOLDS AND RICCI SOLITONS

SHYAMAL KUMAR HUI AND DEBABRATA CHAKRABORTY

Abstract. The object of the present paper is to study Ricci solitons on Para-

Sasakian manifolds. We also study Ricci solitons on Para-Sasakian manifolds
admitting a quarter symmetric metric connection and obtain a necessary and

sufficient condition of a Ricci soliton on Para-Sasakian manifold admitting
a quarter symmetric metric connection to be Ricci soliton on Para-Sasakian

manifold with a Levi-Civita connection. We also construct an example through

which the result of the paper is illustrated.

1. Introduction

In 1982, Hamilton [16] introduced the notion of Ricci flow to find a canonical
metric on a smooth manifold. Then Ricci flow has become a powerful tool for
the study of Riemannian manifolds, especially for those manifolds with positive
curvature. Perelman ([28], [29]) used Ricci flow and its surgery to prove Poincare
conjecture. The Ricci flow is an evolution equation for metrics on a Riemannian
manifold defined as follows:

∂

∂t
gij(t) = −2Rij .

A Ricci soliton emerges as the limit of the solutions of the Ricci flow. A solution
to the Ricci flow is called Ricci soliton if it moves only by a one parameter group
of diffeomorphism and scaling. A Ricci soliton (g, V, λ) on a Riemannian manifold
(M, g) is a generalization of an Einstein metric such that [17]

£V g + 2S + 2λg = 0, (1.1)

where S is the Ricci tensor, £V is the Lie derivative operator along the vector field
V on M and λ is a real number. The Ricci soliton is said to be shrinking, steady
and expanding according as λ is negative, zero and positive respectively.

During the last two decades, the geometry of Ricci solitons has been the focus
of attention of many mathematicians. In particular, it has become more important
after Perelman applied Ricci solitons to solve the long standing Poincare conjecture
posed in 1904. In [37] Sharma studied the Ricci solitons in contact geometry.
Thereafter Ricci solitons in contact metric manifolds have been studied by various
authors such as Bagewadi et al. ([4], [5], [6], [23]), Bejan and Crasmareanu [7],
Blaga [8], Chandra et al. [9], Chen and Deshmukh [10], Deshmukh et al. [12], He
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and Zhu [18], Nagaraja and Premalatta [27], Tripathi [40] and many others.
Motivated by the above studies the present paper deals with the study of Ricci

solitons on Para-Sasakian manifolds. The paper is organized as follows. Section 2
is concerned with Para-Sasakian manifolds and Ricci solitons. In [11] De and Gazi
introduced the notion of nearly quasi-Einstein manifolds. A Para-Sasakian manifold
M is called a nearly quasi-Einstein if its Ricci tensor S is not identically zero and
satisfies the condition

S(X,Y ) = ag(X,Y ) + bD(X,Y ), (1.2)

where a, b are non-zero scalars and D is a symmetric non-zero (0,2) tensor.
In section 2 it is proved that if (g, ξ, λ) is a Ricci soliton on a Para-Sasakian

manifold M then M is a nearly quasi-Einstein manifold. Also it is shown that a
Ricci soliton (g, ξ, λ) on a Para-Sasakian manifold M is always expanding.

In [13] Friedmann and Schouten introduced the notion of a semi-symmetric linear
connection on a differentiable manifold. Then in 1932 Hayden [15] introduced the
idea of metric connection with torsion on a Riemannian manifold. A systematic
study of the semi-symmetric metric connection on a Riemannian manifold has been
given by Yano in 1970 [41]. In 1975, Golab [14] introduced the idea of a quarter
symmetric linear connection in differentiable manifolds. Quarter symmetric metric
connection have been studied by many authors in several ways to a different extent
such as [2], [3], [19], [20], [24], [25], [26], [30], [31], [32], [33], [34], [36], [38], [39].
Recently the first author [21] studied φ-pseudo symmetric Para-Sasakian manifolds
with respect to a quarter symmetric metric connection.

Section 3 is devoted to the study of Ricci solitons on Para-Sasakian manifolds
with respect to a quarter symmetric metric connection and obtain a necessary
and sufficient condition of a Ricci soliton on Para-Sasakian manifold with respect
to a quarter symmetric metric connection to be a Ricci soliton on Para-Sasakian
manifold with respect to Levi-Civita connection.

In [35] Shaikh introduced the notion pseudo quasi-Einstein manifolds. In similar
way we can say a Para-Sasakian manifold M is called pseudo η-Einstein manifold
if its Ricci tensor S of type (0,2) is not identically zero and satisfies the following:

S(X,Y ) = ag(X,Y ) + bη(X)η(Y ) + cD(X,Y ), (1.3)

where a, b, c are scalars of which c 6= 0 and D is a symmetric non-zero (0,2) tensor
satisfying D(X, ξ) = 0 for all vector fields X. In section 3 it is proved that if
(g, ξ, λ) is a Ricci soliton on a Para-Sasakian manifold M with respect to a quarter
symmetric metric connection then M is pseudo η-Einstein manifold. Also it is
shown that a Ricci soliton (g, ξ, λ) on a Para-Sasakian manifold M with respect to
a quarter symmetric metric connection is always expanding.
Finally in the last section we construct an example of Para-Sasakian manifold whose
metric is Ricci soliton through which the result of the paper is illustrated.

2. Para-Sasakian manifolds and Ricci solitons

An n-dimensional differentiable manifold M is called an almost paracontact man-
ifold if it admits an almost paracontact structure (φ, ξ, η) consisting of a (1,1) tensor
field φ, a vector field ξ, and a 1-form η satisfying

φ2X = X − η(X)ξ, (2.1)

η(ξ) = 1, φξ = 0, η(φX) = 0. (2.2)
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If g is a compatible Riemannian metric with (φ, ξ, η), that is,

g(φX, φY ) = g(X,Y )− η(X)η(Y ), η(X) = g(X, ξ) (2.3)

ω(X,Y ) = g(φX, Y ) = g(X,φY ) = ω(Y,X) (2.4)

for all vector fields X, Y on M , then M becomes an almost paracontact Riemannian
manifold equipped with an almost paracontact Riemannian structure (φ, ξ, η, g).
Here ω is the fundamental 2-form associated to the almost paracontact Riemannian
structure.

In this connection it is mentioned that for an almost paracontact structure, the
1-form η is closed, where as in case of almost contact structure, the 1-form η is not
closed.

An almost paracontact Riemannian manifold is called a Para-Sasakian manifold
if it satisfies

(∇Xφ)(Y ) = 2η(X)η(Y )ξ − g(X,Y )ξ − η(Y )φX, (2.5)

where ∇ denotes the Riemannian connection of g. From the above equation it
follows that

∇Xξ = φX, (∇Xη)(Y ) = ω(X,Y ) = g(X,φY ) = (∇Y η)(X). (2.6)

In an n-dimensional para-Sasakian manifold M , the following relations hold ([1],
[31]):

η(R(X,Y )Z) = η(Y )g(X,Z)− η(X)g(Y, Z), (2.7)

R(X,Y )ξ = η(X)Y − η(Y )X, (2.8)

R(ξ,X)Y = η(Y )X − g(X,Y )ξ, (2.9)

S(X, ξ) = −(n− 1)η(X), Qξ = −(n− 1)ξ (2.10)

for any vector field X, Y and Z on M and R is the Riemannian curvature tensor
and S is the Ricci tensor of type (0,2) such that g(QX,Y ) = S(X,Y ).

We now consider (g, ξ, λ) is a Ricci soliton on a Para-Sasakian manifold M . Then
from (1.1) we have

(£ξg)(Y, Z) + 2S(Y,Z) + 2λg(Y,Z) = 0. (2.11)

From (2.4) and (2.6) we have

(£ξg)(Y,Z) = g(∇Y ξ, Z) + g(Y,∇Zξ) (2.12)

= 2g(φY,Z) = 2ω(Y,Z).

In view of (2.12), (2.11) yields

S(Y, Z) = −λg(Y,Z)− ω(Y, Z), (2.13)

which implies that the manifold under consideration is a nearly quasi-Einstein man-
ifold.
This leads to the following:

Theorem 2.1. If (g, ξ, λ) is a Ricci soliton on a Para-Sasakian manifold M then
M is a nearly quasi-Einstein manifold.

Putting Z = ξ in (2.13) we get

S(Y, ξ) = −λη(Y ). (2.14)

From (2.10) and (2.14) we obtain λ = n− 1 > 0. Thus we can state the following:

Theorem 2.2. A Ricci soliton (g, ξ, λ) on a Para-Sasakian manifold M is always
expanding.
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3. Para-Sasakian manifolds with quarter symmetric metric
connection and Ricci solitons

A linear connection ∇ on an n-dimensional differentiable manifold M is said to
be a quarter symmetric connection [14] if its torsion tensor τ of the connection ∇
is of the form

τ(X,Y ) = ∇XY −∇YX − [X,Y ] (3.1)

= η(Y )φX − η(X)φY,

where η is a 1-form and φ is a tensor of type (1,1). In particular, if φX = X
then the quarter symmetric connection reduces to the semi-symmetric connection.
Thus the notion of quarter symmetric connection generalizes the notion of the semi-
symmetric connection. Again if the quarter symmetric connection ∇ satisfies the
condition

(∇Xg)(Y,Z) = 0 (3.2)

for all X, Y , Z ∈ χ(M), where χ(M) is the Lie algebra of vector fields on the
manifold M , then ∇ is said to be a quarter symmetric metric connection.

Let M be an n-dimensional Para-Sasakian manifold and ∇ be the Levi-Civita
connection on M . A quarter symmetric metric connection ∇ in a Para-Sasakian
manifold is defined by ([14], [31])

∇XY = ∇XY +H(X,Y ), (3.3)

where H is a tensor of type (1,1) such that

H(X,Y ) =
1

2

[
τ(X,Y ) + τ ′(X,Y ) + τ ′(Y,X)

]
, (3.4)

where the tensor τ ′ and τ are related by

g(τ ′(X,Y ), Z) = g(τ(Z,X), Y ). (3.5)

From (3.1) and (3.5), we get

τ ′(X,Y ) = η(X)φY − g(φX, Y )ξ. (3.6)

Using (3.1) and (3.6) in (3.4), we obtain

H(X,Y ) = η(Y )φX − g(φX, Y )ξ. (3.7)

Hence a quarter symmetric metric connection ∇ in a Para-Sasakian manifold is
given by

∇XY = ∇XY + η(Y )φX − g(φX, Y )ξ. (3.8)

If R and R are respectively the curvature tensor of Levi-Civita connection ∇ and
the quarter symmetric metric connection ∇ in a Para-Sasakian manifold then we
have [31]

R(X,Y )Z = R(X,Y )Z + 3g(φX,Z)φY − 3g(φY,Z)φX (3.9)

+
[
η(X)Y − η(Y )X

]
η(Z)

−
[
η(X)g(Y, Z)− η(Y )g(X,Z)

]
ξ.

From (3.9) we have

S(Y,Z) = S(Y,Z) + 2g(Y, Z)− (n+ 1)η(Y )η(Z), (3.10)
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where S and S are the Ricci tensor of a Para-Sasakian manifold with respect to
the quarter symmetric metric connection and Levi-Civita connection, respectively.
Contracting (3.10) and using (2.2), we get

r = r + (n− 1), (3.11)

where r and r are the scalar curvatures with respect to a quarter symmetric metric
connection and Levi-Civita connection, respectively. Again from (2.8) and (3.9),
we obtain

R(X,Y )ξ = 2[η(X)Y − η(Y )X]. (3.12)

Also in view of (2.10) we get from (3.10) that

S(Y, ξ) = −2(n− 1)η(Y ). (3.13)

Let (g, V, λ) be a Ricci soliton on a Para-Sasakian manifold with respect to a
quarter symmetric metric connection. Then we have

(£V g)(Y, Z) + 2S(Y,Z) + 2λg(Y,Z) = 0, (3.14)

where £V is the Lie derivative along the vector field V on M with respect to a
quarter symmetric metric connection.
By virtue of (3.8), we have

(£V g)(Y, Z) = g(∇Y V,Z) + g(Y,∇ZV ) (3.15)

= g
(
∇Y V + η(V )φY − g(φY, V )ξ, Z

)
+ g

(
Y,∇ZV + η(V )φZ − g(φZ, V )ξ

)
= (£V g)(Y, Z) + 2η(V )g(φY,Z)

−
[
η(Z)g(φY, V ) + η(Y )g(φZ, V )

]
.

In view of (3.10) and (3.15), (3.14) yields

(£V g)(Y, Z) + 2S(Y,Z) + 2λg(Y,Z) (3.16)

+ 2η(V )g(φY,Z) + 2g(Y, Z)− (n+ 1)η(Y )η(Z)

−
[
η(Z)g(φY, V ) + η(Y )g(φZ, V )

]
= 0.

If (g, V, λ) is a Ricci soliton on a Para-Sasakian manifold with respect to Levi-Civita
connection then (1.1) holds. Thus from (1.1) and (3.16) we can state the following:

Theorem 3.1. A Ricci soliton (g, V, λ) on a Para-Sasakian manifold is invariant
under quarter symmetric metric connection if and only if the relation

2η(V )g(φY,Z) + 2g(Y, Z)− (n+ 1)η(Y )η(Z)

−
[
η(Z)g(φY, V ) + η(Y )g(φZ, V )

]
= 0

holds for arbitrary vector fields Y , Z and V .

Now, let (g, ξ, λ) be a Ricci soliton on a Para-Sasakian manifold with respect to
a quarter symmetric metric connection. Then we have

(£ξg)(Y,Z) + 2S(Y, Z) + 2λg(Y, Z) = 0. (3.17)

From (2.2), (2.6) and (3.8) we have

(£ξg)(Y, Z) = g(∇Y ξ, Z) + g(Y,∇Zξ) (3.18)

= g(∇Y ξ + φY,Z) + g(Y,∇Zξ + φZ)

= 4g(φY,Z) = 4ω(Y, Z).
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Using (3.10) and (3.18) in (3.17), we get

S(Y,Z) = −(λ+ 2)g(Y,Z) + (n+ 1)η(Y )η(Z)− 2ω(Y,Z). (3.19)

From (1.3) and (3.19), we can state the following:

Theorem 3.2. If (g, ξ, λ) is a Ricci soliton on a Para-Sasakian manifold M with
respect to a quarter symmetric metric connection then M is a pseudo η-Einstein
manifold.

Putting Z = ξ in (3.19) and using (2.2) and (2.6), we get

S(Y, ξ) = [(n− 1)− λ]η(Y ). (3.20)

From (2.10) and (3.20), we obtain

λ = 2(n− 1) > 0 since n > 1. (3.21)

This leads to the following:

Theorem 3.3. A Ricci soliton (g, ξ, λ) on a Para-Sasakian manifold Mn(φ, ξ, η, g)
with respect to a quarter symmetric metric connection is always expanding.

4. Example

Example 4.1. In this section we will verify our results by an example. We consider
a 3-dimensional manifold M =R3 with standard cartesian coordinates. We choose
the vector fields

e1 = ex
∂

∂y
, e2 = ex(

∂

∂y
− ∂

∂z
), e3 = − ∂

∂x
,

which are linearly independent at each point of M . Let g be the Riemannian metric
defined by g(ei, ej) = δij. Let η be the 1-form defined by η(Z) = g(Z, e3), for any
vector field Z on M . We define the (1, 1) tensor field φ as φ(e1) = e1, φ(e2) = e2
and φ(e3) = 0. One can verify easily that with ξ = e3, (φ, ξ, η, g) defines an almost
paracontact structure on M [22]. Let ∇ be the Levi-Civita connection with respect
to g. Then we have

[e1, e2] = 0, [e1, e3] = e1, [e2, e3] = e2.

Taking e3 = ξ and using Koszul’s formula, we obtain

∇e1e2 = 0,∇e1e3 = e1,∇e1e1 = −e3,

∇e2e3 = e2,∇e2e2 = −e3,∇e2e1 = 0,

∇e3e3 = 0,∇e3e2 = 0,∇e3e1 = 0.

From the above it can be easily seen that (φ, ξ, η, g) is a Para-Sasakian structure on
M . Hence M(φ, ξ, η, g) is a 3-dimensional Para-Sasakian manifold [22]. By using
above result, we can easily obtain the following:

R(e1, e2)e2 = −e1, R(e1, e3)e3 = −e1, R(e2, e1)e1 = −e2,

R(e2, e3)e3 = −e2, R(e3, e1)e1 = −e3, R(e3, e2)e2 = −e3,
R(e1, e2)e3 = 0, R(e3, e2)e3 = e2, R(e3, e1)e2 = 0.

Tracing the Riemann curvature tensor, the components of the Ricci tensor is given
by :

S(e1, e1) = −2, S(e2, e2) = −2, S(e3, e3) = −2,

S(e1, e2) = 0, S(e1, e3) = 0, S(e2, e3) = 0.
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That is S(X,Y ) = −2g(X,Y ).
Now the quarter symmetric metric connection is given by

∇XY = ∇XY + η(Y )φX − g(φX, Y )ξ

then,
∇e1e1 = −2e3,∇e1e2 = 0,∇e1e3 = 2e1,

∇e2e1 = 0,∇e2e2 = −2e3,∇e2e3 = 2e2,

∇e3e1 = 0,∇e3e2 = 0,∇e3e3 = 0,

implies
∇XY = 2∇XY, (By linearity of ∇).

Again the Ricci tensor for the quarter symmetric metric connection is given by

S(Y, Z) = S(Y, Z) + 2g(Y,Z)− 4η(Y )η(Z),

which gives
S(e1, e1) = 0, S(e2, e2) = 0, S(e3, e3) = −4

S(e1, e2) = 0, S(e1, e3) = 0, S(e2, e3) = 0.

Let
V = v1e1 + v2e2 + v3e3

Y = y1e1 + y2e2 + y3e3

Z = z1e1 + z2e2 + z3e3,

where vi, zi, yi ∈ C∞(R), i = 1, 2, 3. Then,

∇Y V = ∇y1e1+y2e2+y3e3(v1e1 + v2e2 + v3e3)

= v3y1e1 − v2y2e3 + v3y2e2 − y1v1e3
= v3y1e1 + v3y2e2 − (v2y2 + v1y1)e3.

Now,
(£V g)(Y, Z) = 2(£V g)(Y, Z), (By linearity of ∇),

and

S(Y,Z) = S(Y, Z) + 2g(Y,Z)− 4η(Y )η(Z)

= −2g(Y,Z) + 2g(Y, Z)− 4η(Y )η(Z)

= −4η(Y )η(Z)

= −4y3z3.

Now,

2η(V )g(φY,Z) + 2g(Y,Z)− 4η(Y )η(Z) (4.1)

−
[
η(Z)g(φY, V ) + η(Y )g(φZ, V )

]
= 2v3(y1z1 + y2z2) + 4(y1z1 + y2z2 + y3z3)

− 8y3z3 − [z3(y1v1 + y2v2) + y3(z1v1 + z2v2)]

= −v1(y1z3 + y3z1)− v2(y2z3 + y3z2) + 2v3(y1z1 + y2z2)

+ 4(y1z1 + y2z2 − y3z3).

Now let
H1(Y,Z) = (£V g)(Y,Z) + 2S(Y,Z) + 2λg(Y,Z)

and
H2(Y, Z) = (£V g)(Y,Z) + 2S(Y,Z) + 2λg(Y,Z).
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Then

(H2 −H1)(Y, Z) = (£V g)(Y,Z)− 2S(Y,Z)− 8y3z3 (4.2)

= g(∇Y V,Z) + g(Y,∇ZV )− 2S(Y,Z)− 8y3z3

= 2v3(y1z1 + y2z2) + 4(y1z1 + y2z2 − y3z3)

− v1(y1z3 + y3z1)− v2(y2z3 + y3z2).

Hence the required condition for the Ricci soliton to be invariant under quarter
symmetric metric connection is that :

(H2 −H1)(Y, Z) = 0,

=> 2v3(y1z1 + y2z2) + 4(y1z1 + y2z2 − y3z3)

−v1(y1z3 + y3z1)− v2(y2z3 + y3z2) = 0.

and this is also verified from (4.1) and (4.2) and hence our Theorem 3.1 is verified.
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