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CHAOS IN FRACTIONALLY INTEGRATED ASYMMETRIC

POWER AUTOREGRESSIVE CONDITIONAL

HETEROSKEDASTIC (FIAPARCH) PROCESSES

MURAT GENCER, GAZANFER ÜNAL

Abstract. Fractionally integrated asymmetric power autoregressive condi-
tional heteroskedastic processes (FIAPARCH) arises in modeling of financial

time series. In this work, it is shown that the largest Lyapunov exponents
are negative and correlation dimension figures don’t saturate with respect to
embedded dimensions, therefore, FIAPARCH doesn’t exhibit low dimensional

chaos. Short-term predictability of FIAPARCH can’t be accomplished which
is a sign of not representing a low dimensional chaotic behavior as well. Results
supports many studies in which there is no chaotic behavior found in financial
series by examining a simulated FIAPARCH data.

1. Introduction

Chaos is developed in the fields of physics, but has been applied to many other
fields such as chemistry, biology, geography, psychology, and recently economics.
Therefore, researchers have become interested in applying chaos theory to analyze
economic and financial time series data. The existence of the chaotic behavior in
economic series, however, is not very certain.

High dimensional chaos is indistinguishable from a random stochastic process in
which the economic series look like. Stochastic process is irreproducible and unpre-
dictable. Chaos is on the other hand, (a) irregular in time and deterministic; same
initial conditions lead to same final state, but the final state can be very different if
there is only small change to initial conditions, (b) difficult or impossible to make
long-term prediction, (c) complex, but ordered, in phase space: it is associated with
a fractal structure. In this paper, we are interested in low-dimensional chaos.

Brock, Hsieh and LeBaron [6] concluded that the evidence for the presence of
deterministic low-dimensional chaotic generators in economic and financial data is
not very strong.

Willey [36] tested the daily prices of the S&P 100 and the NASDAQ-100. De-
terministic chaos was rejected by two of three recently developed empirical tests.
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In a paper, Hsieh [9] found no evidence of low complexity chaotic behavior in
stock returns.

Mayfield and Mizrach [20] estimate the dimension of the S&P 500 (sampled at
approximately 20-second intervals) and conclude that the data are either of low
dimension with high entropy or non-linear but of high dimension.

Abhyankar, Copeland and Wong [3] tested the world’s four most important stock
market indices: the S&P 500, the DAX, the Nikkei 225 and the FTSE 100 Index
and found no evidence of low-dimensional chaotic processes.

The empirical studies in finance literature emphasize some stylized facts such as
excess volatility, volatility clustering, fat-tails of return distributions, long memory
and asymmetry in the asset prices. To evaluate both asymmetry and long memory
in the conditional variance, Tse [34] proposes a Fractionally Integrated Asymmetric
Power Autoregressive Conditional Heteroskedastic (FIAPARCH) model. In this
paper, we focus on the low dimensional chaoticity properties of an experimental
data produced by FIAPARCH model.

The signal is chaotic if it has all of the following attributes: it is nonlinear, has
SDIC (sensitive dependence on initial conditions), a strange attractor, continuous
broadband Fourier power spectrum, at least one positive Lyapunov exponent and
ergodicity. In this paper we studied two of the above characteristics, namely: the
strange attractor, by calculating correlation dimension, and SDIC, by estimating
the maximum Lyapunov exponent.

If the time series data appears to be from a low-dimensional chaotic source,
then one can predict the ”continuation” of the data in the short term. Chaos
lies between the domain of predictable, regular, or quasi-periodic signals and the
totally irregular stochastic signals, commonly called ”noise”, which are completely
unpredictable. As a result, chaos has some interesting properties: namely that it is
irregular in time and slightly predictable, and that it has structure in phase space.
This structure is exhibited in its strange attractor Abarbanel, [2].

So, in addition to correlation dimension and Lyapunov exponents, what we in-
tend to show, though, is that short-term prediction will be possible for a chaotic
time series which is not possible for a randomly-generated time series Casdagli et.
al., [8].

2. Fractionally Integrated Asymmetric Power Autoregressive
Conditional Heteroskedastic (FIAPARCH) Processes

In order to evaluate the excess volatility, volatility clustering, fat-tail, long mem-
ory and asymmetry properties in returns, symmetric or asymmetric Generalized Au-
toregressive Conditional Heteroscedasticity (GARCH)-type models are commonly
used in the literature. Especially, time varying volatility in returns and high fre-
quency data have been modeled by the GARCH-type models which only capture
the short-term dependencies. Furthermore, Fractionally Integrated Generalized Au-
toregressive Conditional Heteroscedasticity (FIGARCH) model proposed by Baillie
et al. [5] investigates the long memory property in volatility of financial time series.
Although the FIGARCH model can capture long-term dependencies in conditional
variance, model assumes that positive (good-news) and negative (bad-news) shocks
have same impacts on the volatility in [34]. So, both GARCH and FIGARCH pro-
cesses are unable to capture the widely documented asymmetries in equity market
volatility.
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This is addressed by Tse [34] who develops the Fractionally Integrated Asymmet-
ric Power ARCH (FIAPARCH) model, which allows for long memory and asym-
metries in volatility.

Baillie et al [5] propose the FIGARCH (p,d,q) model as one way of modelling
long memory in volatility. They develop the FIGARCH (p,d,q) model by allowing
the differencing parameter in the IGARCH (p,q) model to take non-integer values
as follows:

ø(L)(1− L)dε2t = ω + [1− β(L)]υt (2.1)

Where β(L) and ø(L) represent lag polynomials of order p and q respectively, d
is the fractional differencing parameter and

(1− L)d = 1− dL− d(1− d)

2!
L2 − d(1− d(2− d))

3!
L3 − . . .where 0 < d < 1. (2.2)

Given that vt = ε2t − σ2
t , the FIGARCH (1, d, 1) process can be expressed as an

infinite order ARCH process

σ2
t =

ω

1− β
+

(
1− (1− øL)(1− L)d

1− βL

)
ε2t (2.3)

The FIGARCH model imposes a rate of decay on the impulse response coeffi-
cients and the autocorrelation function that is eventually hyper geometric. This is
in contrast to the GARCH class of models which exhibit short memory and impose
much faster exponential rates of decay see Baillie et al, [5].

The FIAPARCH model of Tse (1998) modifies the FIGARCH process to allow
for asymmetries

σδ
t =

ω

1− β
+

(
1− (1− øL)(1− L)d

1− βL

)
(|εt| − γεt)

δ (2.4)

Where −1 < γ < 1 and δ > 0 .When γ > 0, negative shocks give rise to higher
volatility than positive ones. The reverse applies if γ < 0. The FIAPARCH process
therefore reduces to the FIGARCH process when γ = 0 and δ = 2.

The FIAPARCH model increases the flexibility of the conditional variance speci-
fication by allowing (a) an asymmetric response of volatility to positive and negative
shocks, (b) the data to determine the power of returns for which the predictable
structure in the volatility pattern is the strongest and (c) long-range volatility de-
pendence.

3. Data Preparation

Our experimental data is produced by FIAPARCH simulation for each d in
between 0.2 and 0.9 by setting the following fixed parameters as an example:
ω : 0.001 γ : 0.001 δ : 0.2 β : 0.5 φ : 1.92

There are 8.192 data points generated with 10.000 simulations produced by using
Kevin Sheppard’s’ MFE Toolbox. Then, Oxmetrics Garch package is used to verify
the FIAPARCH model specification.
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4. Chaotic Testing Framework

The major empirical question of our concern is whether an experimental
FIAPARCH generated series exhibit chaotic behavior, or alternatively, whether
these series are generated by a low dimensional deterministic system.

In general, the chaotic nature of a system can be detected in two ways:

• An indirect one, which is related to the low-dimensionality of a system, a
necessary but not sufficient condition for chaoticity; Correlation Dimension
estimation.

• A direct one, which stems from the definition of a chaotic system as a
system with Sensitive Dependence on Initial Conditions; Largest Lyapunov
Exponent estimation.

4.1. Correlation Dimension. Dimensionality in nonlinear dynamics is related
to information that can help to describe a dynamical system, chaotic or not. In
this context, dimensions can provide information about the number of the dynamic
variables governing the motion of a system (or in empirical terms about the number
of variables needed to model the system).

In empirical terms, dimensions are complexity measures which can specify the
effective degrees of freedom of a dissipative dynamical system by measuring the
dimension of its attract. A strange attractor which characterizes a chaotic system
should exhibit low dimensionality (a few active modes), while a stochastic system
should have many active modes, i.e. it is a high-dimensional one.

There has been several methods established in an attempt to define and measure
the attractors dimension. One of the most commonly used is the correlation dimen-
sion, which belongs to the family of fractals. Due to its computational simplicity,
correlation dimension is one of the most popular techniques. In essence, it helps
researchers quantify self-simplicity. A big value of correlation dimension implies a
high degree of complexity and low self-similarity.

Correlation dimension can be calculated by the Grassberger and Procaccia (here-
after GP) (1983) method. They used the correlation integral C(r) which denotes
the probability that a randomly selected pair of points in the reconstructed phase
space is separated by a distance less than r. If N is the number of points in the
reconstructed vector time series the correlation integral will be approximately equal
to

CN (r) =
2

N(N − 1)

N∑
j=1

N∑
i=j+1

Θ(r − ||Xi −Xj ||) (4.1)

Where Θ is the Heaviside function with
Θ(x) = 1 if x ≥ 0 and Θ(x) = 0 if x < 0
And
||Xi − Xj || is the distance between points Xi and Xj . Then the correlation

dimension Dc will be equal to

Dc = lim
N→∞

lim
r→0

logCN (r)

log r
(4.2)

When the time series are of finite length the sum of CN (r) will depend on the
embedding dimension m. For this reason, the correlation dimension Dc can be
calculated by inspecting the slope of the linear portion of the diagram of logCN (r)
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versus log r for successively bigger values of m. In cases where m < Dc the
structure of the dynamical state cannot be resolved because the dimension of the
reconstructed phase state is low and thus the slope is approximately equal to the
embedding dimension. For higher values of m, the resolution of the dynamical
state is improved. In most cases, the slope of the diagram of logCN (r) versus
log(r) increases with m until it reaches an area of stability called plateau. In the
value that this occurs is taken as the best approximation of Dc. It can be shown
that for an accurate estimation of the correlation dimension, the set N must be in
accordance with the following inequality.

Dc < 2 logN10 (4.3)

In order to distinguish between deterministic chaos and stochastic random noise,
one embeds data in higher and higher spaces (by increasing the embedding dimen-
sion m) and calculates the slope of logCN (r) against log r for each m. For random
noise this slope will increase indefinitely with the increase in m (slope will be ap-
proximately equal to m). For a signal that comes from a deterministic system the
slope will reach the value of correlation dimension and then will become indepen-
dent of further increases in m.

Correlation dimension is calculated for each embedding dimensions from 2 to 20
for the simulated data of FIAPARCH in which d is set as 0.4 as an example.

Figure 1. Correlation dimension results for each embedded di-
mension (FIAPARCH; d = 0.4)

The graph of the correlation dimension versus the embedding dimension is illus-
trated in Figure 1. According to the theory when white noise is present the corre-
lation dimension increases at the same rate as the embedding dimension, meaning
that the slope is equal to 1 and the correlation dimension equals the embedding
dimension. This can be explained by the fact that because white noise is random
fills whatever space is available to it. In the case that the correlation dimension
increases in slower rate as the embedding dimension increases, meaning that slope
is less than 1, this indicates the existence of a deterministic system. It is clear
that the correlation dimension stays well below the embedding dimension even as
the embedding dimension increases. This implies that there are signs of inherent
non-linear determinism in the FIAPARCH series.
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4.2. Lyapunov Exponents. Lyapunov Exponents (hereafter LE) can be consid-
ered as providing the most useful information in order to describe a non-linear
dynamical system.

LE are measures of the SDIC property of chaotic systems and measures the
average rate at which nearby trajectories of a dynamical system diverge or converge
over time in phase space. In topological terms and in the case of chaotic systems,
LE describes the stretching (or divergence) in phase space needed to generate a
strange attractor. Each dynamical system has a spectrum of LE, which might
contain positive, negative and zero exponents. This spectrum corresponds to the
number of dimensions in phase space of the system (each dimension has its own
Lyapunov exponent).

LE offers a way to classify attractors and this ability is related to their signs,
which provides a qualitative picture of a system’s dynamics. In general, negative
exponents correspond to contraction, zero exponents correspond to convergence or
divergence to a slower rate than exponential, and positive exponents correspond
to expansion or divergence at an exponential rate. This means, positive values
are considered evidence of chaos, negative exponents imply stochastic processes
whereas values near zero indicate the existence of noisy chaos i.e. high-dimensional
chaotic system Kyrtsou & Terraza, [14].

In mathematics, the Lyapunov exponent of a dynamical system is a quantity
that characterizes the rate of separation of infinitesimally close trajectories. If the
initial separation of two trajectories in phase space can be expressed as a vector
and denoted as δX(0), the divergence after some time t can be represented as

||δX(t)|| = eλt||δX(0)|| (4.4)

Where δX(t) is the separation vector of the two state vectors of the two tra-
jectories, and the exponent λ varies with time. The properly averaged exponent,
λ, is called the Lyapunov exponent. For systems with more than one dimension,
the rate of separation can be different for the different orientations of the initial
separation vector.

Thus the Lyapunov exponent is precisely defined as the average exponential rate
of divergence or convergence of two trajectories with nearby initial conditions. In a
dynamical system or phase space with d dimensions, the separation rate of differ-
ent orientations may be different and the number of Lyapunov exponents should be
equal to the number of dimensions d. This group of Lyapunov exponents ordered
from the largest to the smallest is called the spectrum of Lyapunov exponents,
and the largest exponent which called the Maximal or Largest Lyapunov Exponent
(MLE or LLE), is usually considered to be the indicator of chaos because it de-
termines the predictability of a dynamical system. A positive Lyapunov exponent
denotes a system to be chaotic, and a negative one indicates no chaos.

The expression used to calculate the Lyapunov exponents can be stated as

λi = lim
N→∞

1

N

N∑
n=1

log
σXi(n+ 1)

σXi(n)
(4.5)

for a discrete system; and

λt = lim
σXi(0)→0

lim
t→∞

1

t
log

σXi(t)

σXi(0)
(4.6)
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for a continuous system. xi(n) or xi(t) is the ith state of the state vector. When
N or t is finite, λ is called the local Lyapunov exponent. In order to calculate the
maximal Lyapunov exponent (LE) of the system, we use the algorithm developed
independently by Rosenstein et al. [26]. The algorithm tests the exponential di-
vergence of nearby trajectories directly and thus allows a robust estimation of the
maximal Lyapunov exponent. To estimate the exponent, we first have to find all
neighbors p(k) that are closer to a particular reference point p(i) than ε. Thereby,
we obtain a set of starting points for nearby trajectories. Further, we have to cal-
culate the average distance of all trajectories to the reference trajectory (Di) as a
function of the relative time n (counted from i and k onwards). Finally, the average
of the logarithm of Di, obtained for several different reference points p (i), is the
effective expansion rate S (n), of which the linear slope in dependence on n is a
robust estimate for the maximal Lyapunov exponent. To obtain an accurate result,
the whole algorithm has to be repeated for a few hundred different p (i) and various
. In particular, should be chosen as small as possible, but still large enough so that
on average each reference point p (i) has at least a few neighbors.

The LE distribution for all 10.000 simulation can be seen in Figure 2. The
average value is calculated as -0.0037 and there is no positive value observed.

Figure 2. LE distribution (FIAPARCH; d = 0.4)

Negative values of LE indicates that the experimental data produced by
FIAPARCH doesnt reveal chaotic characteristics.

5. Short-Term Prediction

If we have a chaotic time series, we should expect to see predictor error starting
out small for a small prediction interval, and increasing as the prediction interval
increases. No such relationship between predictor error and prediction interval will
exist for a randomly-generated time series because the predictor error will always
be large.

For a chaotic system and for a given short prediction interval, we should also
see predictor errors decrease to a value near zero as d is increased to the correct
minimal embedding dimension dE, then increase as d is increased beyond dE . This
will not occur for a randomly-generated time series, because the predictor error will
be large no matter what embedding dimension is used (Casdagli, [8]).
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We have claimed that short term prediction can be accomplished on a chaotic
time series s(n), n = 1, 2, . . . , N ; in fact, we mentioned that this is a feature of
chaotic time series which distinguishes it from a randomly-generated one. Predic-
tion is called the ”inverse problem” in dynamical systems. That is, given a sequence
of iterates from a time series, we want to construct a nonlinear map that gives rise
to them. Such a map would be a candidate for a predictive model. The considera-
tion of a nonlinear map is essential, since linear maps do not produce chaotic time
series.

Several methods exist for predicting time series. The primary references for
this paper are Casdagli [8] and Casdagli et. al. (1992). The methods fall into
the categories of global function representation and local function approximation.
These functions can be one of the followings: Polynomials, Rational Functions,
Wavelets, Neural Networks, and Radial basis functions.

In this paper, we demonstrate the method of local fitting, using the ideas con-
tained in Farmer and Sidorowich [13] and Casdagli [8] as our guide. The first step,
which we have already discussed and demonstrated, is to embed the time series
s(n), n = 1, 2, . . . , N , in a state space with embedding dimension dE and delay
parameter τ chosen as previously discussed. Next, we assume a functional relation-
ship between the current state vector y (n) and the future state y (n+T), where T
is the number of steps ahead one wants to predict. If this functional relationship is
y(n+ T ) = fτ (y(n)), then we want to find a predictor Fτ which approximates fτ .
As mentioned earlier, if the time series is chaotic, fT is necessarily nonlinear.

To predict s (n+T), we first define a metric ||.|| on the state space, and find the
k nearest neighbors of y (n), i.e. the k states y (n’) with n′ < n that minimize
||y(n) − y(n′)||. We can then construct a local predictor, regarding each neighbor
y(n′) as a dE dimensional point in the domain and s(n′ + T ) as the corresponding
point in the range. A common approach for constructing this local predictor is to
fit a linear polynomial to the pairs (y(n′), x(n′ + T )). Note that the range is a
scalar, and is not dE dimensional like the domain. For some purposes, it may be
desirable to let the range be dE dimensional as well. When k = d+ 1 this scheme
is equivalent to linear interpolation, but Farmer and Sidorowich [13] propose that
a choice of k > d + 1 ensures greater stability of the solution. Of course, one may
want to fit a higher-order polynomial for the local map, but in this paper we shall
only demonstrate the use of the linear map. To make a prediction, a local chart is
fit with the neighbors in its domain and the states they evolve into a time T later
in its range.

We will need some measure of how accurate our predictions are. We use the
normalized mean-square-error, which will be further denoted as E. In order to test
our predictions we will need to treat part of the data we have as the training data
set (the part we assume we know) and the other part as the test data set, against
which we plan to test our predictions. The normalized error E is given by

E =

∑m
j=1

(
strue(j)− spred(j)

)2

(
strue(j)− smean

)2 (5.1)

Where Strue by (j) is the true value of the time series, Spred (j) is the computed
predicted value, Smean is the average of the true values over the range of predictions,
and m is the number of data points in the test data set. This formula assumes the
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calculation of predictions which are compared to the (assumed known) time series
values. Predictions are perfect if E = 0, while E = 1 indicates that the accuracy of
predictions is no better than a constant predictor equal to the average of previous
time series values. A value for E which is greater than one indicates even worse
performance than the average of previous time series values.

Prediction and normalized errors results for FIAPARCH simulation (with d = 0.4
as an example) are presented in Figure 3 and 4.

Different choices of k (number of nearest neighbors), N (number of data points
in the training data set), τ (delay), and the multi-step prediction code allows for
different choices of T (prediction interval) is used for the prediction study and the
following one is presented as an example.

Number of nearest neighbors; 5, number of data points in the training data set
9.000, delay; 1, prediction interval; 100, embedding dimension; three.

Since the series is not chaotic, results dont change for the higher embedding
dimensions. Of the delay parameters used, the value of one seemed to result in the
most accurate predictions.

Figure 3. 100 steps to
predict ahead

Figure 4. Normalized
mean square errors

E > 1 indicates worse performance of prediction means that the series can’t be
low-dimensional chaotic but stochastic.

6. Conclusion

In this paper, the question whether a FIAPARCH simulated process represents
low-dimensional chaotic behavior or not is being answered?

There are 3 tests done in order to have a conclusion;

(1) An absence of correlation dimension saturation provides evidence against
chaotic structure.

(2) The Lyapunov Exponent (LE) test for low-dimensional chaos clearly suggest
that the LE is signicantly negative. This indicates that the series is consis-
tent with a stochastic process rather than a deterministic low-dimensional
chaotic system.

(3) Short-term prediction cant be accomplished, so it is proven again that the
FIAPARCH process is not chaotic but stochastic.
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Since FIAPARCH is a common representation of economic and financial time se-
ries, we can support the evidences found in literature as follows; there is no evidence
for the presence of deterministic low-dimensional chaotic behaviors in economic and
financial series.
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